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FOREST ECOSYSTEM ANALYSIS AND MODELLING

The contemporary life is characteristic by 

fast pace of life. To a major extent, this has 

been caused by the technological advances. 

Nowadays, a human is able to perform many 

things in a short time, which in the past took 

ten to hundred times longer, or their realisation 

was impossible due to technical limits or gaps in 

knowledge. Technical limits are now eliminated 

by computer techniques, while knowledge gaps 

are mainly fi lled by internet and thanks to the 

development of information and communication 

facilities. When in 1990 my parents bought me, 

the student of the fi rst grade of Forestry faculty, 

the fi rst 8-bit microcomputer of the type Didaktik 

Gama, which was produced in Czechoslovakia, 

the programming language Basic attracted 

my interest. I immediately tried to write the fi rst 

lines of the source code, although I had never 

come across programming before. I created 

a computer program for automatic solution of 

the assignments from the subject „Statistical 

methods in forestry“, which was oriented at 

regression and correlation analysis for linear and 

polynomial regression model. I was very proud 

when I could help my schoolmates with their 

assignments. I even did not mind that before I 

began to work I had had to lay out my computer, 

connect it to TV and a tape-recorder and wait 

until my program with the source code had been 

loaded from the tape. It was very impractical, 

although now it smells of nostalgia. That was 

the time when I realised that I would have been 

very glad to utilise the computers´ capabilities 

for solving forestry problems. This infl uenced 

my diploma as well as my dissertation thesis. 

Already during university studies I dreamt of how 

it would have been if computers had been able 

to forecast forest development, inclusive of its 

visualisation. At that time I considered this to be 

the topic of science-fi ction literature. However, in 

the course of time as I was tracing the progress 

of computer technology, which I by the way 

upgraded regularly, I realised that it was not so 

impossible and that I could experience it even 

in my active age. The turning point came after 

I had fi nished my dissertation thesis. Thanks 

to my experience with programming in Delphi 

language and with Microsoft Access database 

system, I became a part of the team of prof. 

Hans Pretzsch. For the chance to work in this 

inspiring team I primarily thank Dr. habil. Ján 

Ďurský, who was the supervisor of my diploma 

thesis, and who at that time, participated in the 

development of growth model SILVA in Freising 

at Technical University in Munich. Thanks to 

him and to reference of prof. Štefan Šmelko, the 

supervisor of my dissertation thesis, I became 

a scientifi c worker there for nine months. In 

Freising, I fi nally comprehended that there were 

no barriers to forest growth modelling and forest 

visualisation on computer, and that was the fi eld 

I wanted to devote myself to. The following one-

year scholarship of Alexander von Humboldt 

at University of Georg August in Göttingen 

promoted my work in this fi eld further, where in 

the team of prof. Branislav Sloboda I fi nished my 

inaugural dissertation focused on Slovak growth 

simulator and forest modelling. 

For the progress of computer-aided forest 

modelling in Slovak conditions and for the origin 

of growth simulator SIBYLA I can thank a great 

dose of happiness that I met the right people 

under right circumstances. First to mention, prof. 

Hans Pretzsch, impressed me by his systematic 

approach. Prof. Štefan Šmelko infl uenced me 

by his methodological approach, while prof. 

Branislav Sloboda shaped me by his algorithmical 

approach. Hans Pretzsch familiarised me with 

forest modelling. I highly appreciate the results 

of the work of his team, and consider them as 

Preface
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infl uential and inspiring. I am grateful to him for 

the opportunity to spread his scientifi c school in 

Slovakia. The research school of prof. Štefan 

Šmelko imprinted in me the principles and the 

techniques of methodological scientifi c work 

based on quantitative methods and statistical 

evaluation of data with adequate interpretation 

and evaluation of results´ accuracy. The third 

scientifi c school of prof. Branislav Sloboda 

shaped me in the viewing the scientifi c problems 

through the prism of algorithms in such a way, 

that they corresponded to solving the particular 

problem and that they were the most optimal 

from the effi ciency point of view. 

Nowadays, the knowledge in the fi eld of 

forest growth modelling is so profound, that it 

is also being introduced to educational system 

at universities. Research results in the form of 

growth models are implemented in practice. 

At Technical University Zvolen a new subject 

was created entitled „Computer-aided forest 

modelling“. On the lectures, the up-to-date 

knowledge from this fi eld is presented, while on 

practical lessons the growth model SIBYLA is 

used. The knowledge and the growth simulator 

are also integrated into the educational systems 

of Czech University of Life Sciences in Prague 

and of Mendel University in Brno in the form of 

invited lectures and practical trainings. The fi eld 

of forest modelling is very dynamic and very 

wide: empirical approaches, process-based 

approaches, structural approaches. Since, 

according to my experience, the knowledge-

hunger is driven by a complete lack of such a 

literature for students at Technical University 

in Zvolen. I asked prof. Hans Pretzsch to be 

a co-author of this book. The reason for this 

is that I consider his books „Modellierung 

des Waldwachstums“ and „Grundlagen der 

Waldwachstumsforshung“ published in German 

language and his book „Forest Dynamics, 

Growth and Yield“ published in English 

language to be the most comprehensive and 

recent publication on analysing and modelling of 

forest ecosystems. The book in hand repeatedly 

refers on the content of the above publications 

by Hans Pretzsch. Here I would like to sincerely 

thank him for his kindness and assistance. 

This publication attempts to present a 

comprehensive survey of forest ecosystem 

analysis and modelling. Hence, the knowledge 

is disseminated among the public, primarily 

students, researchers and scientifi c workers, 

as well as representatives of forestry and 

ecological practice. The publication is oriented 

at Slovak and Czech reading public, while it also 

utilises the references to German and Austrian 

conditions, which belong to the countries with 

high level of forest modelling progress and are 

the countries with similar production conditions. 

For making this publication possible, I am 

also grateful to a group of professionals from 

related fi elds that made expert proof readings 

of the text. From a great number of them I 

would like to mention the following (listed in 

alphabetical order without their academic 

titles): Jaroslav Kmeť, Ján Merganič, Katarína 

Merganičová, Róbert Sedmák, Ľubomír Scheer, 

and Katarína Střelcová. I thank Boris Beláček 

for illustrations and Peter Valent for English 

translation of illustrations. I would also like to 

thank Ján Kouba, Branislav Sloboda and Štefan 

Šmelko for their reviews, which helped me to 

improve the professional standard of the book. 

My gratitude also goes to my colleagues at the 

department, who unburdened me from other 

work and who provided me with the space for 

making this publication possible for the period 

of book production. I am also grateful to my 

family for their kindness and patience. 

Zvolen, June 2013

Marek Fabrika
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Forest students and others who are interested 

in forest ecosystems are drowned in information. 

This is caused by the prevailing reductionism 

which drills deeper and deeper and fl oods us 

with amazing and often breath-taking mosaic 

pieces of facts. But an increasing abundance of 

information does not necessarily mean a better 

understanding of the structure and functioning of 

forest ecosystems as a whole. The abundance of 

scattered information even may lead not to see 

the forest for the trees. Understanding is more 

than accumulation of information and facts. 

System understanding begins, when the mosaic 

pieces are integrated, when reductionism is 

coupled with holistic thinking. Understanding 

and system knowledge is generated when 

the broth of information and facts is organized 

to a conceptual model of the ecosystem, a 

biometrical model, or even a simulation model 

which is a hypothesis on system structure and 

behaviour. Due to emerging system properties 

the system as a whole turns out to be more than 

merely the sum of the mosaic pieces. This book 

shows approach how to get from mosaic pieces 

of information to system knowledge by methods 

of ecosystem analysis and model building. 

Freising-Weihenstephan, September 2013

Hans Pretzsch
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A lifespan of forests usually exceeds the 

duration of a professional career of an individual 

researcher. In addition, they live in various 

site conditions resulting in various courses 

of growth processes making it impossible to 

generalize the results from the individual local 

experiments. These properties of forests make 

their experimental investigation more diffi cult, 

and require their own experimental methods 

that exceed the standard methods of physics, 

medicine or agriculture as for time and space. 

Thus the methods of planning and evaluation 

of experiments described in the standard 

publications of COCHRAN and COX (1957), JEFFERS 

(1960), LINDER (1953), MUDRA (1958), MUNZERT 

(1992), RASCH et al. (1992), WEBER (1980) may be 

used when dealing with the questions of forest 

science only to a limited extent.

The prudent personalities in research as 

FRANZ VON BAUR, BERNHARD DANCKELMANN, ERNST 

EBERMAYER, AUGUST VON GANGHOFER, KARL GAYER, 

CARL HEYER, GUSTAV HEYER, FRIEDRICH JUDEICH 

and ARTHUR VON SECKENDORFF-GUDENT proposed 

the professional and organisational basis for 

the investigation of growth and production 

processes in long-term time spans and 

extensive experimental areas in the 1960s and 

1970s (Pictorial Gallery 1). Opinions grounded 

predominantly on observations and practical 

experience should have been complemented 

or replaced with repeated measurements from 

long-term experimental plots. On the basis of 

the activities of the named founders of forestry 

research, fi rst forestry experimental institutes have 

been established as of 1870, inter alia in Baden, 

Bavaria, Prussia, Saxony and Württemberg. 

Within the next years, these and other 

established experimental institutes have been 

organized in the Association of German Forest 

Experimental Stations focused on the support of 

forestry research by means of standardisation of 

working procedures, methodological unifi cation, 

work distribution and common assessments 

and publications. The establishment of the 

International Union of Forest Experimental 

Stations followed from the Association of German 

Forest Experimental Stations in 1892. The 

named personalities of research thus prepared 

the establishment of the International Union 

of Forest Research Organizations (IUFRO) in 

1929 and the German Union of Forest Research 

Organisations in1951.

Since the establishment of fi rst long-term 

experimental sites in the 1960s and 1970s, 

for almost 150 years, the forestry science has 

developed a specifi c spectrum of methods for 

the planning of experiments, their establishment 

and regulation, without which the research of 

growth processes in a forest and the supply of 

forest economy by validated knowledge are not 

feasible. Many of the following examples refer 

to the network of experimental sites in Bavaria, 

which nowadays includes 147 experiments with 

878 plots and 147 ha of measured area (as of 1st 

January 2000). Comparable experiments, as for 

the duration and number of sites, exist only in the 

research institutes in Eberswald, Freiburg and 

Göttingen. The fact that there is still a traditional 

department of production experiments in many 

regional forestry research institutes, as it is often 

considered to be the same as forestry research, 

is the consequence of a specifi c history of 

forestry research origin, since it was started by 

the organisation of long-term experimental sites 

in the middle of the 19th century.

Long lifespan and site variability of forests 

repeatedly led to the undiscerning taking 

over and exploitation of alleged practical 

knowledge in the 19th century already. Due to 

a long response time of forests to the regulating 

Introduction

From traditional rules to the acknowledged knowledge

’History of science demonstrates absolutely everywhere that the individual personalities had more 

veridical opinions than the entire scientifi c societies or hundreds and thousands of scientists adhering 

the prevailing opinions...‘

V. I. Vernadskij
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interventions, such as the selection of an initial 

spacing or thinning programme, the practitioners 

could not discern the long-term impacts of 

their interventions. Thus the experience and 

hypotheses were hardly verifi able just for the 

reason of a different time scale. In addition, the 

locally obtained experience in forest growth 

could be seldom confi rmed elsewhere due to 

the regionally limited fi eld of activity of a forest 

practitioner. Therefore the practitioners inclined 

to the unjustifi ed generalisation of their locally 

obtained practical knowledge. A cliché that 

ten silviculturists- practitioners, should they be 

confronted in a single stand with one silvicultural 

task, shall have at least ten various opinions 

of how to best achieve the specifi ed objective, 

was the result of an obstinate persistence on 

the alleged practical experience. AUGUST VON 

GANGHOFER – the Bavarian royal forest offi cer and 

founder of the production research in Bavaria 

stated the following to that. ’... a practitioner 

grudgingly looks at everyone who dares to 

enforce his/her own opinions based on the 

theoretical knowledge and somewhere to declare 

a war on the rules based on the experience and 

transferred dogmatically from a generation to 

a generation. Once, some crosspatches even 

contemptuously turned up their nose when  G. 

L. Hartig tried just to systematically introduce the 

silvicultural rules considered to be correct till that 

time, or put in a better way believed to be correct, 

in his textbook for foresters, issued for the fi rst 

time in 1791.‘ AUGUST VON GANGHOFER thereby 

defended the systematic research of forest 

growth on a quantitative base during long-term 

observation periods and with supra-regional 

extension of experimental sites, at the same 

time he supported the establishment of research 

institutes that would have been able to manage 

such tasks. He showed a way for a systematic 

dissemination of knowledge of forest growth 

by means of long-term scientifi c experiments 

in his book named ’Forestry Research‘ of 1877. 

Should the research be restricted just to a short 

portion of a stand development under specifi c 

site conditions, there is a risk of premature 

conclusions and impermissible generalisations.

An example is the provenance experiment 

with Schwabach 304 pine established in 1927. 

The monitoring till the age of 50 years showed 

the lagging of Bamberg provenance in the 

overall production. Only the continuation of 

the experiment up to the higher age revealed 

later predominance of this provenance over 

Schwabach and Unterfranken provenances. If 

the experiment had been terminated after 50 

years, it would not have been possible to reveal 

the noteworthy production predominance of all 

the provenances over Wiedemann ś yield tables 

for pine (1943), nor the long-term changes in the 

order of the individual provenances according to 

the growth performance. Despite the observation 

till maturity age, this experiment provided the 

opportunity to generalize the suitability of tested 

pine provenances only as a part of site variable 

series of experiments. As it was usual at the time 

of the origin of forestry research, the variants 

had just one replication also in the provenance 

experiment Schwabach 304, so no statistic 

testing of results was possible.

From validated knowledge to forest 

models

’Experimental science continuously places the 

new properties of processes in nature in front 

of us and we must invent the new methods of 

thinking when researching them...‘

C. Maxwell

The forest ecosystem is a dynamic system in 

which the development and changes are subjects 

to a great number of biological, ecological, 

social, and economical factors. Thus it is not 

strange that its complexity attracts the attention 

of forestry science. It continuously strives for 

the conversion of growth processes to the 

system of growth patterns and mathematical 

algorithms. Withal, the efforts have not been 

autotelic. However, they pursue in the utilisation 

for practical purposes. Forestry and ecological 

science and practice need to foresee the impact 

of various external and internal interventions in 

forest ecosystems. It needs to determine the level 

of their change or impairment affected by various 

factors. The factors may have internal reasons. 

For example, age and spatial structure of an 

ecosystem represent internal factors that affect 

the competition and mortality relations. A similar 

internal factor is a genetic structure affecting 

the growth abilities and vitality of ecosystem 

components. However, the factors can also have 

external reasons. For example, the condition of 

an ambient environment in the form of climatic, 

soil and other environmental factors that affect the 
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Fig.1. The gallery of the founders of forest modelling research (photo: archives of Lower Saxony 

research institute in Göttingen, Forest Landscape Institute in Eberswalde, the Department of Forest 

Growth Science at the Technical University in Munich, the Department of Forest Regulation at the 

Czech Agricultural University in Prague and Forestry Research Institute at the National Forestry 

Centre in Zvolen).
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dynamics of the forest ecosystem development 

and that in extreme cases may cause calamitous 

disturbance. Anthropogenic factors in the form of 

human interventions in forest environment may 

have the same impact as well. 

The fi rst attempt to quantify the impact of the 

factors was the development of site classifi cation 

system trying to directly or indirectly aggregate 

the impact of the external environmental factors 

on forest growth. Site classifi cation is the integral 

part of the fi rst complex growth models, so called 

yield tables. With more than 200-year history, the 

yield tables for even-aged forests are the oldest 

models in forestry science and practice. They 

capture the growth of forest stands for longer 

than their maturity age and they are based on the 

long-term monitoring at research sites. As of the 

end of the 18th century till the middle of the 19th 

century, PAULSEN (1795), VON COTTA (1821), HARTIG 

(1868), HEYER (1852), HUNDESHAGEN (1825) and 

JUDEICH (1871) in addition to the others developed 

the fi rst generation of yield tables, affected 

by gathering the experience, though based on 

rather small empirical material. However, the 

tables responded to a wide spectrum of scientifi c 

problems and started the phase of an intense 

establishment of permanent research sites. A 

typical example of such tables in Slovakia are 

FEISTMANTEĹ S yield tables (1854) that specify the 

site class of forest stands according to the site 

description.

The second generation of yield tables can 

be dated back to the period from the end of the 

19th century to the middle of the 20th century. 

It can be characterized by the orientation 

to the uniform construction principles of the 

Union of German Forest Research Institutes 

in 1874 and 1888. It can be stated that these 

tables were based on solid empirical material. 

WEISE (1880), VON GUTTENBERG (1915), VANSELOW 

(1951), KRENN (1946), GRUNDNER (1913), and in 

particular SCHWAPPACH (1893), WIEDEMANN (1932) 

and SCHOBER (1967) /see Pictorial Gallery 1/ 

whose tables conceptually follow each other and 

some of them are used even now, belong to the 

protagonists of this generation of yield tables. 

For example, in Slovakia this generation of yield 

tables in the form of modifi ed Schwappach ś 

yield tables was used till 1992.

In the 1930s and 1940s, fi rst yield tables 

for mixed stands were developed under the 

leadership of WIEDEMANN. On the basis of 

the empirical material from more than 200 

experimental sites of the Prussian Research 

Institute, the well-known yield tables for 

mixed even-aged stands  of pine and beech 

(BONNEMANN 1939), spruce and beech (WIEDEMANN 

1942) and oak and beech (WIEDEMANN 1939) were 

constructed. Due to World War II, Wiedemann 

had to suspend further research activities in 

this fi eld. In spite of this, the works represent 

the beginning of the systematic research in 

mixed stands. Nevertheless, this generation of 

the yield tables for mixed stands has not found 

any application in forestry practice due to the 

restriction of their validity to the defi ned sites, 

type and character of mixing. 

The yield tables by GEHRHARDT (1923, 1930) 

of the 1920s introduced the third generation 

of yield tables, the models of which do not 

have just an empirical character, but are 

also theoretically justifi ed and biometrically 

formulated. The core of the models (for example 

ASSMANN and FRANZ 1963 /see Pictorial Gallery 

1/, HAMILTON and CHRISTIE 1973, VUOKILA 1966, 

SCHMIDT 1971, LEMBCKE et al. 1975 and HALAJ 

et al. 1987 and PETRÁŠ et al. 1990 in Slovakia) 

is a fl exible system of equations based on 

the validated growth patterns and it can also 

operate as a computer programme.

The beginning of the fourth generation of 

growth models can be dated back to the end of 

the 1960s, when the stand simulators originated 

(FRANZ 1968, HOYER 1975, HRADETZKY 1972, BRUCE 

et al. 1977, CURTIS 1981 and 1982). They enable 

to forecast the development of forest stands in 

selected growing conditions, with initial number 

of trees in a stand, and the selected silvicultural 

regime.

Even despite all the imperfections, the yield 

tables represent the basis for forestry planning 

that is based on the sustainability principles 

till now. PRODAN (1965, page 605) states the 

following to the position of the yield tables in 

the context of forest yield science and forestry: 

’It is beyond doubts that the construction of yield 

tables has been hitherto the most signifi cant and 

most positive output of forestry science. This fact 

is not demeaned even by the piece of knowledge 

that in future the yield tables shall serve only for 

comparison purposes.‘

Since 1960s, the construction of yield tables 

encouraged in particular in German-speaking 

countries, has been followed by forest growth 

modelling on the basis of frequency models 

(MOSER 1972 and 1974, CLUTTER 1963, but also 
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SLOBODA 1976, SUZUKI 1971, VON GADOW 1987, 

BOUNGIORNO and MICHIE 1980), on the basis 

of tree models (ARNEY 1972, BELLA 1971, EK 

and MONSERUD 1974, MITCHELL 1969 and 1975, 

MONSERUD 1975, NEWNHAM 1964, WYKOFF et 

al. 1982), so called process-based models 

(BOSSEL 1994, MÄKELÄ and HARI 1986, MOHREN 

1987, PFREUNDT 1988, HOFFMANN 1990, HAUHS 

et al. 1995), successional models (BOTKIN et 

al. 1972, Shugart 1984, PASTOR and POST 1985, 

LEEMANS a PRENTICE 1989, KIENAST and KRÄUCHI 

1991, KELLOMÄKI et al. 1993), dendro-climatic 

models (FRITTS 1978, SCHWEINGRUBER 1983), 

biome models (BOX and MEENTEMEYER 1991, 

PRENTICE et al. 1992) and morphological models 

(BELL et al. 1979, BOREL-DONOHUSE 1988, KURTH 

1999). However, none of the ’pure‘ approaches 

has found a wider application for dealing with the 

practical needs of forestry.

Therefore KOLSTRÖM (1993), NAGEL (1996), 

PRETZSCH (1992), PUKKALA (1987), HASENAUER 

(1994) and STERBA (1995) developed so called 

hybrid models combining the advantages 

of several above mentioned approaches in 

Europe. The basis is the individual tree model 

that enables to evaluate the so called spatial 

growth constellation of an individual tree, and 

on this basis it is possible to foresee its future 

development. Therefore, they are also very often 

called tree growth simulators. In addition to the 

individual tree approach, the typical features of 

these models are also site sensitivity, ability to 

generate the initial situation of a forest stand if 

it is unknown, and the ability to simulate various 

tending measures. Furthermore, they are based 

on a wide empirical database and their output 

is not only focused on the production, but also 

on the ecological and economic values. Due to 

the scope of outputs, they are also often called 

management models. The contemporary 

trend in the forest model development are thus 

hybrid and integrated models that are trying to 

achieve as great fusion or combination of various 

modelling principles and approaches as possible 

(see Chapter 5). In majority of cases, the starting 

point is a forest stand, frequency distribution of 

trees, or an individual tree, while ’downscaling‘to 

lower levels (for example organs and tissues 

of trees) and ’upscaling‘ to upper levels (for 

example ecosystem succession, landscape and 

biome) is performed. The principles of empirical 

(Chapter 6), structural (Chapter 7) and process-

based modelling (Chapter 8) are intermingled 

there. From the recent models, we may refer 

to BALANCE (GROTE a PRETZSCH 2002), PICUS 

(LEXER a HOENNINGER 2001), GOTILWA (GRACIA 

et al. 1999) and GroIMP (KNIEMEYER et al. 2006) 

models.

We tried to depict the development of forest 

modelling on time axis in Fig. 2. Time axis 

displays the periods during which the individual 

types of models have been developed. From 

the fi gure the gradual ’evolutionary genesis‘ 

of forest modelling can be seen. Withal, the 

individual model types intermingle in time and 

some of them persist over a long time. For 

example, the yield tables were constructed 

during the period of two centuries. First tables 

were already developed in 1795, while last 

tables were being constructed till 1995. The 

fi rst generation of yield tables was replaced by 

the second generation around 1880, which was 

being developed approximately till 1970. From 

1960, it was gradually replaced with the third 

generation. Upon the arrival of fi rst computers 

around 1965, the era of stand simulators began. 

Their development stopped approximately at 

the end of the twentieth century, when they have 

been replaced by more detailed models. These 

are the frequency models developed in parallel 

with the stand simulators; the era of tree models 

and succession models started in 1970; while 

the intense development of process-based and 

morphological models started in 1985, and 

modern biome models in 1990. These types 

of models are still being improved and have 

a promising future. At the same time, since 

approximately 1990, there have been trends 

towards integration and hybridisation of models 

striving for as great fl exibility and versatility as 

possible. It is clear from the scheme that the 

development of computing technology resulted 

in the intense development of forest modelling, 

and at the same time it proves we are just at 

the beginning of a long journey. While the yield 

tables have been developed for 200 years, the 

modern model types have been here for less 

than 50 years and their development has not 

probably reached the end of their journey.  

We shall successively defi ne and analyse the 

individual types of modern models in Chapter 

5 to 8.

The interest in the development of forest 

growth models is manifested also by an 

increased activity and cooperation of scientifi c 

personalities from several countries of Europe, 
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while mutual scientifi c projects supporting the 

development in the fi eld of forest modelling 

have been created. From amongst the 

most signifi cant ones, we may mention the 

project of Fifth Framework Programme of the 

European Union with acronym ITM meaning 

the ’Implementing Tree Growth Models as 

Forest Management Tools‘ and project COST 

FP0603 named ’Forest Models for Research 

and Decision Support in Sustainable Forest 

Management‘. ITM project was dealt with 

from 2001 to 2004, while several countries 

participated in its solutions: Austria, Germany, 

Finland, Greece, Denmark, Portugal and 

Slovakia. COST FP0603 project commenced in 

2007 and fi nished in 2011. Its territorial scope 

was even greater than the one of ITM project, 

since it associated the professionals from 22 

European countries, including Slovakia. The 

results of the projects were manifested in the 

exchange of experience in forest modelling, 

in the development of standards for forest 

ecosystem modelling, in the unifi cation of 

scientifi c terminology, in the development of 

models and computer programmes themselves, 

in their internationalisation and integration, they 

lead to the formation of trends, directions and 

future challenges in forest modelling, as well 

as the fi lling up of the international register of 

models (http://www.iefc.net/).

Forest modelling tradition in Slovakia

’The real tradition is not the relic of the days of 

yore; it is the living force that enlivens and creates 

the present time. The methods change, however 

the tradition goes on in order to create something 
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Fig. 2 Time axis of forest model development. Yield tables have been developed for 200 years. 

They were gradually replaced with stand simulators, the development of which was completed 

approximately in 2000. Mainly frequency, tree, succession, process-based, morphological and biome 

models have been developed till now. The attempts for the integration and hybridisation of models for 

the provision of their fl exibility and versatility are state-of-the-art ones. The development of models 

started by the era of computers around 1965.
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new. The tradition provides for the continuity in 

development.‘

I. Stravinskij

Germany established a copious tradition in 

forest modelling, as it was introduced in the text 

above. Slovakia has an ample tradition in forest 

modelling as well, thanks to some personalities 

contributing to the tradition. We may consider 

Václav Korf acting at the Faculty of Forestry 

of the Czech Technical University in Prague 

(in former Czechoslovakia) and the Faculty of 

Forestry of the University of Forestry and Wood 

Science in Zvolen and Ján Halaj acting at the 

Forestry Research Institute in Zvolen (see 

Pictorial Gallery 1) to be the founders of forest 

modelling in Slovakia.

Václav Korf left an extensive scientifi c work 

(see articles by VYSKOT 1977, 1985, ŘEHÁK 

1982, KOUBA and ZAHRADNÍK 2005), by which he 

signifi cantly contributed to the development of 

methods of forest mensuration, forest biometry, 

forest yield science and forest regulation. 

He was an author of one of the fi rst post-war 

university textbooks in these fi elds worldwide, 

which was positively accepted also abroad 

(HUSCH et al. 1963, 1972, KURTH 1994, PARDÉ 

1961, PRODAN 1961, 1965, 1968). He dealt 

with the theory of growth of trees and forest 

stands, utilisation of differential equations, 

forestry biometry, and relations between basic 

mensurational characteristics, problem of 

determination of current increment, methods 

of forest management, and other questions of 

forest management in his works. In particular, 

his growth function has attained the worldwide 

importance (KORF 1939). The source for him 

were the works of RYCHLÝ (1933), VAN DER VLIET 

(1934, 1935, 1937) and KORSUŇ (1935), also 

the ones by PESCHEL (1938) who summarized 

heretofore known growth functions, fi nally the 

ones by HOHENADL (1923, 1924) and GUTTENBERG 

(1915) and of course by GEHRHARDT (1930), 

whose yield tables Korf used to test his growth 

function. He developed his growth function and 

theory further in the following extensive work. 

KORF (1967) also dealt with the problems of 

asymmetry of increment curve – fi rst derivation 

of his growth function – with  regards to 

BACKMANN Ś works (1941, 1943) and he proved 

the asymmetry of increment function is caused 

by the asymmetry of values on y axis, thus by 

the fact that after the culmination the increment 

decreases more slowly than it rose before. He 

showed his function suits all the requirements 

specifi ed by Backmann. Withal, Backmann ś 

works still belong to the core works in modern 

science despite that the problem of existence of 

organic (or biological) time has not been solved 

in a satisfactory way yet. Korf ś function was 

used by authors from many countries of the 

world. On the basis of the quotation response, 

we can safely prove its utilisation in the following 

countries: Estonia, Finland, France, Ireland, 

Germany, Norway, Poland, Portugal, Austria, 

Romania, Spain, Sweden, Italy, Great Britain, 

Canada, the USA, Mexico, Costa Rica, French 

Guyana, China and of course, it has become 

the ground for  modelling the growth of mean 

and upper height as well as of the volume in the 

Czech and Slovak yield tables (HALAJ and ŘEHÁK 

1979, HALAJ et al. 1981, 1987).

Ján Halaj also left an extensive work during 

his approximately 50-year scientifi c activity (see 

articles ŠMELKO 1997 and PETRÁŠ 2009), by which 

he contributed to the problem of forest modelling 

in Slovakia even in a more signifi cant way. 

Immediately after war, he set about dealing with 

the problem of determination of timber volume 

in forest stands from aerial photographs, and 

his knowledge laid the foundations of forest 

photogrammetry in then Czechoslovakia. In 

addition to the contribution to the development 

of photogrammetry, he created an original 

system of uniform height and volume curves 

and tariffs for both even-aged and uneven-aged 

stands (HALAJ 1955). He paid a great attention 

to the study of diameter and height structure of 

forest stands (HALAJ 1957 and 1978), while he 

also derived the models of frequency curves 

of tree diameters. On the basis of this work, he 

constructed the tables for the determination of 

volumes and increment of stands (HALAJ 1963). 

At the same time, he elaborated several variants 

of determination of volume increment on the 

principle of tariff differences. He investigated 

the possibility of application of mathematical 

and statistical forest inventory, in particular 

the circular experimental plots under Slovak 

conditions. His contribution to the construction 

of national yield tables is of a special importance. 

He was the leading investigator of this very 

important and long-term research project 

from 1965 to 1990 at the country-wide level 

of former Czechoslovakia (the Czechoslovak 

Socialistic Republic). With regard to it, he 
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organized a close and effi cient cooperation 

between forest management and operation 

practice, and forest scientifi c and research and 

university workplaces when establishing and 

periodically repeating measurements at more 

than 4,000 research sites, when developing the 

methodology as well as validating the tables. He 

solved the whole range of complex problems of 

forest stand growth and production by himself, 

such as the system of site classifi cation (HALAJ 

and ŘEHÁK 1979), measurement of stand density 

as well as determination of critical stand density 

(HALAJ 1985), defi nition of thinning intensity 

(HALAJ et al. 1986), productivity of pure and 

mixed stands, determination of stand maturity 

(HALAJ et al. 1990), etc. The new type of yield 

tables differentiated according to the stock level 

of the stands is related to his name (HALAJ et al. 

1981, 1987).

Recently, the development of the modelling 

of tree growth and forest stand development 

in Slovakia has been impacted in particular 

by the activity of Štefan Šmelko and Rudolf 

Petráš, who directly followed up the works 

by Halaj as his younger colleagues and thus 

they continue in the forest modelling tradition 

till now. Štefan Šmelko has contributed in 

particular to the methods of determination of 

diameter increment of trees and stands (ŠMELKO 

1965) and to further development of methods of 

stand, enterprise and national forest inventory 

(ŠMELKO 1985 and 1990, ŠMELKO et al. 2006); he 

developed the methods of forestry biometry 

(ŠMELKO 1991) and forest mensuration (ŠMELKO 

2007), and he also contributed to mathematical 

formulation of some biometric relations that 

help in forest modelling till now, for example the 

mathematical model of uniform height curves 

(ŠMELKO et al. 1987) or the mathematical model 

of mean stem volume increment (ŠMELKO and 

PÁNEK 1985). A book on growth, structure and 

production of a forest (ŠMELKO et al. 1992) also 

Computing technology Information 
 science 

Mathematics 

Chemistry 

Physics 

Biology 

Biochemistry Plant physiology 

Plant genetics 

Geology 

Pedology 

Bioclimatology 

Forest hydrology 

Forest botany 

Forest dendrology 

Forest entomology 

Forest phytopathology 

Forest zoology 

Biometry Dendrometry Forest growth and yield  
science Forest management 

Remote sensing Geographic information systems 

Geodesy 

 Technical engineering 

Photogrametry 

Forestry mapping 

Forest ecology 

Forest  
establishment 

Forest phytocenology 

Forest ameliorations 

Wood science 

Silviculture 

Game 
 management 

Forest protection 

Ergonomy and work safety 

Forestry mechanisation 

Forest harvesting 

Forest roads 

Forest 
constructions 

Forest transport 

Forest economics 

Economical information 

Forestry administration 

Sociology and psychology 

Forest policy and legislation 

Macro and microeconomics 

Fig. 3 System of subjects of forest engineering study as a theoretical background for forest ecosystem 

analysis and modelling. Subjects having direct relationships to forest modelling are displayed by a 

darker colour.



23

FOREST ECOSYSTEM ANALYSIS AND MODELLING

deserves an attention, since it represents the 

hitherto knowledge base for empirical forest 

modelling in Slovakia. Rudolf Petráš as a direct 

successor of Halaj ś work has been contributing 

to the forest growth modelling till now. He has 

directly participated in the construction of the 

third issue of yield tables (PETRÁŠ et al. 1990), 

in the construction of volume tables (PETRÁŠ 

and PAJTÍK 1991), of tree and stand assortment 

tables (PETRÁŠ and NOCIAR 1990, 1991, PETRÁŠ et 

al. 1995), assortment yield tables (PETRÁŠ et al. 

1996) and morphological curves of stem shape 

(PETRÁŠ 1986, 1989, 1990). Modern simulation 

models used in Slovakia could not exist without 

the use of knowledge and partial functions, 

relations and algorithms by Korf, Halaj, Šmelko 

and Petráš, which is proven for example by 

SIBYLA growth simulator (FABRIKA 2005) derived 

and developed for Slovak production and 

economic conditions.

Position of forest modelling in the system 

of forestry subjects

 ’He who knows little and knows it, knows a lot.‘

D. Stuard

Forest ecosystem modelling is specifi c due 

to its multidisciplinary character. From the 

study of an object, through the establishment 

of an experiment, its statistical processing, till 

the derivation of mathematical algorithms and 

nowadays also the development of software 

solution in a computer, it is necessary to absorb 

and utilise the knowledge from many scientifi c 

disciplines. The same applies to the application of 

models for forestry and ecology purposes, which 

is also affected by a wide range of domains and 

fi elds. In order to understand the position of forest 

modelling in the system of forestry subjects, 

we shall fi rst introduce the list of professional 

Biometry 

Dendrometry 

Information 
science 

Forest growth 
and yield science 

Plant 
physiology 

Forest 
ecology 

Silviculture Forest  
management 

Geographic 
information 

systems 

Remote 
sensing 

Cybernetics Forest 
protection 

Forest 
harvesting 

Forest 
economics 

Forest 
modelling 

Fig. 4 Group of subjects in a direct connection to forest modelling. The benefi t is reciprocal. The 

subjects contribute to the construction of models whereas the models are benefi cial to further 

development of the subjects.
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disciplines that should be mastered by a forestry 

student (Fig. 3). The spectrum of subjects 

together with their mutual relations and links is 

shown in Fig. 3. Although the scheme is based 

on the system of forest engineering teaching at 

the Technical University in Zvolen, the majority 

of European universities educating the experts in 

forestry have a similar structure of subjects. With 

regards to the character of a forest as the study 

object and the subsequent forest operation, a 

forest engineer is a multidisciplinary-focused 

person, too. During the studies, he/she deals 

with the subjects in natural science (biology, 

physics, chemistry, biochemistry, mathematics), 

the subjects on natural environment (geology, 

pedology, bioclimatology, forest hydrology, 

forest ecology), the subjects in the fi eld of forest 

phytology (plant genetics, plant physiology, forest 

botany, forest dendrology, forest phytocenology), 

the subjects dealing with phytotechnics in forest 

management (forest ameliorations, forest 

establishment, silviculture, forest growth and 

yield science, forest management), the subjects 

in the fi eld of  mechanisation technology 

(wood science, forestry mechanisation means, 

ergonomy and safety at work, forest transport, 

forest harvesting), the subjects in the fi eld of civil 

engineering (technical engineering, geodesy, 

photogrammetry, forestry mapping, forest roads, 

forest engineering), the disciplines of economic 

sciences (macro- and micro-economy, economic 

information, sociology and psychology, forest 

policy and legislation, forestry administration), 

the subjects dealing with informatics of forest 

sources  (computing technology, information 

science, geographic information system, remote 

sensing, biometry, forest mensuration) as well as 

the subjects in the fi eld of forest risk management 

(forest entomology, forest phytopatology, forest 

zoology, hunting, forest protection). We tried 

to highlight those subjects in the scheme, the 

knowledge of which is inevitable for a responsible 

construction of forest models, and the subjects 

which can benefi t from the existence of forest 

models from the point of their implementation. 

They are highlighted by a darker colour, and 

individually depicted in Figure 4. The links 

between the subjects and forest modelling are 

reciprocal, since on the one hand the knowledge 

from the subjects contributes to the construction 

of models, and on the other, the models contribute 

to the further development of the subject. As it 

can be seen from Figure 4, 14 subjects from the 

whole spectrum of the forestry study subjects 

have a direct relation to forest modelling, which 

proves the versatility of the professionals or their 

teams dealing with the construction of models. 

The content hereof is the proof of variety within 

the topic, for example we touch the problem of 

forest ecology, silviculture and physiology of 

plants in Chapter 1, we deal with cybernetics 

in Chapter 2, biometry and forest mensuration 

in Chapter 3, forest growth and yield science 

in Chapter 4, and with information science, 

remote sensing and geographic information 

systems in Chapter 10. Of course, all this is 

viewed in the context of analysis and modelling 

of forest ecosystems. Other four subjects - forest 

protection, economy of forestry, forest harvesting 

and forest management are closely related to 

modelling and we shall meet them indirectly in 

Chapter 6, at least at the level of the terminology 

of models and their application.
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Why do we need to know the forest thoroughly 

to model it?

He who often strolls in the forest will certainly 

realise its diversity. It is dominated by trees 

which coexist with other vegetation organisms 

(plants, mosses, lichens, fungi), creating shelter 

for wildlife or represents their sustenance. At 

fi rst site, it appears as if the forest is very simple 

since we perceive that it grows independently, 

that it has been here for longer than us and that 

it will outlive us. In reality, it is a very complicated 

system since all its elements infl uence each 

other and form the forest as we know it. However, 

things which appear obvious to us may not be 

so simple. For example, things produced by 

mankind such as ordinary paper and a pen. 

They appear to be obvious and simple if we can 

purchase them in a shop. Let us imagine that 

we end up somewhere away from civilisation 

and would like to write down our ideas. Then we 

discover that we do not have a pen or paper. We 

would also discover very quickly that we have 

no replacement for them and we have no way of 

obtaining them. Then we suddenly realise that 

although a pen and paper seem very simple, 

their production requires certain physical and 

chemical processes for which we must also 

create suitable conditions. If we do not know the 

details about things made by humankind, then it 

is even more complicated with a forest. The fact 

that trees grow is down to photosynthesis. It is 

a process which produces organic components 

and oxygen from carbon dioxide, water and solar 

radiation, if suitable conditions exist. If it had 

been a simple process, we would have been 

able to transform carbon dioxide into oxygen 

without producing harmful compounds, and we 

would have immediately been able to resolve the 

greenhouse problem of overheating atmosphere. 

It is a problem similar to ’philosopher’s stone‘ 

and its resolving deserves the Nobel Prize. 

When creating any models, whether technical or 

biological, we must thoroughly understand the 

original systems. In order to build a functional 

model of a remotely controlled aeroplane, we 

must know the basic principles of an aeroplane’s 

fl ight and its aerial manoeuvres. If we want to 

build a functional model of a forest in the form of 

a computer program, we must know a lot about 

its components and reactions to the varying 

conditions of its surrounding environment. Our 

efforts are wasted without this knowledge.

What will we learn in this chapter?

Scientists who deal with forest modelling must 

know the forest ecosystem, its components and 

processes taking place in the forest. At the same 

time, they must obtain other data, for example, 

in the form of results from various experiments, 

which must be statistically processed and 

evaluated. Only then can the creation of a model 

itself go ahead. According to Einstein’s ‘recipe’, 

it is therefore benefi cial to spend two thirds of 

the time defi ning the problem; a quarter with 

collecting and processing fi eld experimental 

data, and the rest of the time should be dedicated 

to model construction.

In this chapter, we shall therefore talk about 

the basic information about forest ecosystems 

and eco-physiology. We shall repeat some 

basic information from secondary school biology 

and forestry. We shall address the relationship 

between a tree and the surrounding environmental 

factors. We shall defi ne the term ‘environment’, 

‘hierarchy of life’ and its organisational levels. 

We shall learn something of the succession 

of forests and a forest’s developmental cycle, 

whether natural or managed. We shall look at the 

circulation of water, carbon and nitrogen in nature 

and we shall learn about the importance of solar 

radiation for the life of a forest. Finally, we shall 

repeat some important terms and processes 

1.  Forest and tree functioning and structure

’If I had one hour to resolve a problem upon which my life depended, I would spend 40 minutes defi ning 

it, 15 minutes determining the proper question to ask for information and 5 minutes resolving it‘.

(A. Einstein)
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from tree morphology, the transportation of fl uids 

and nutrients in a tree as well as the creation 

of substances in a tree. This chapter does not 

replace literature from the areas of biology, 

ecology, botany, plant physiology, and forest 

silviculture. It only addresses the given terms to 

such a level that the text in the following chapters 

will be understandable. Those who would like 

to actively carry out forest modelling, meaning 

that they wish to create forest models, must 

become familiar with the issues or study them 

appropriately.

1.1 Forest as an ecosystem

1.1.1 Trees and environmental factors

The basic element of a forest is a tree. The 

growth and development of the tree is not 

isolated. It is infl uenced by a whole range of 

factors. These factors include climatic factors 

such as temperature, solar radiation and water, 

edaphic factors represented by physical and 

chemical properties of soil and, fi nally, plants 

and animals as biological factors. These 

factors do not act in isolation but are mutually 

interactive. For example, temperature is very 

closely related to solar radiation, physical 

and chemical properties are related to rainfall 

and water content in the soil, etc.  Figure 1.1 

schematically shows individual relationships 

between trees and environmental factors.  Solar 

radiation (yellow) infl uences the performance 

of photosynthesis. At the same time, it also 

infl uences temperature and heat fl ow between 

the tree and the environment, and also between 

soil and the environment. Heat fl ow also takes 

place inside the soil profi le and infl uences the 

activity of the soil and microbial processes. 

Heat fl ow is shown with red arrows. While the 

heat fl ow is a bi-directional process, the fl ow of 

solar radiation is one-directional process. The 

blue arrows show fl ows related to the movement 

of water in the forest and its environment. Water 

enters the forest in the form of rainfall. Part of 

rainfall runs down tree stems (stemfl ow), part 

falls through tree crowns as throughfall, part is 

trapped in tree crowns (interception) and part is 

evaporated from the surface of crowns and soil 

in the form of evaporation. Part of throughfall 

and rainfall in the openings of crown canopy 

penetrate the soil via a process of infi ltration 

and part fl ows away in the form of surface 

water runoff. Water which penetrates the soil 

contributes towards the biological activity of 

Fig. 1.1 Trees, environmental factors and their mutual roles in the process of forest growth and 

development.
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soil processes. It moves through the soil profi le 

mainly thanks to capillarity. The bi-directional 

movement of water is called ‘water transport’. 

Part of the water fl ows away via surface runoff. 

Another part of water enters underground 

reserves which form a source of water for the soil, 

or it fl ows into waterways. Water accumulated 

in soil and underground water creates a water 

source for trees. Tree roots use it for biological 

processes. Nutrients penetrate the tree through 

the roots together with water, in the form of 

chemical elements and their compounds, in 

order to positively or negatively infl uence the 

processes of tree growth and development. 

Nutrients and their movement is shown in 

brown in Figure 1.1. Water fl ows through tree 

tracheids in the direction from the roots to its 

leaves, where it takes part in the photosynthesis 

process. The majority of water is then 

evaporated via stomata of assimilation organs, 

which is of great signifi cance in maintaining the 

temperature of the leaves and thermal balance. 

The movement of water from the soil via the 

roots and leaves and until its release through 

stomata in the form of water vapour is called 

transpiration fl ow and the amount of this water 

determines the transpiration. Blue dashed lines 

denote the return of water to the atmosphere 

in the form of evaporation and transpiration 

(evapotranspiration). The continuous blue lines 

denote the movement of water in the direction 

from the atmosphere to the trees and soil, 

including soil transport and drainage (surface, 

sub-surface and underground). Light green 

arrows denote the direction of the fl ow of gases 

- carbon dioxide (continuous line) and oxygen 

(dashed line). Throughout the day, trees use 

carbon dioxide (CO
2
) in photosynthesis, the 

products of which include oxygen (O
2
) that is 

released into the atmosphere. At night-time, the 

reverse movement of gases occurs. Trees use 

oxygen for breathing (respiration) and produce 

carbon dioxide. Carbon dioxide is also produced 

by soil respiration and, at the same time, it 

is transported within the soil profi le. Living 

organisms are equally important environmental 

factors. They primarily infl uence the health and 

vitality of trees. Insects, for example, consume 

assimilation organs or wood and phloem of 

trees. Animals bite offshoots, bite and peel the 

bark and phloem or damage the bark by striking 

with antlers and by rubbing. At the same time, 

trees infl uence each other. We call it competition 

for resources to live. The location of a tree in the 

forest infl uences its position in the battle for light 

and suitable microclimatic and soil conditions 

for its growth.

1.1.2 Defi nition of forest environment

Defi nition 1.1

The biosphere is the part of Earth’s surface 

inhabited by organisms.

In terms of physiognomy, a biome is a sig-

nifi cant system of biogeocenoses of a larger 

geographical area with more or less unifi ed 

macroclimate.

A biotope is an assembly of all factors (liv-

ing and non-living) which mutually co-create 

the living environment of a given individual, 

species, population or community.

An ecological niche is an assembly of all 

environmental factors and resources re-

quired by living organisms for their existence.

An ecosystem is the basic functional unit in 

nature, where all living components are in a 

direct relationship with physical and chemi-

cal environmental factors.

The biosphere is the area of Earth inhabited 

by living organisms. It consists of the upper part 

of the solid Earth’s crust (lithosphere), the soil 

mantle (pedosphere), water cover (hydrosphere) 

and the lower air layer (atmosphere). We can 

therefore say that the biosphere is formed 

of all Earth’s ecosystems. The biosphere 

is characterised by its self-regulation, self-

restoration, its cycle of substances and 

energy fl ow. The biosphere contains various 

biomes. Biomes are large geographic regions 

of the planet (fi gure 1.2) whose microclimatic 

conditions determine the types of communities 

which live there. These are vegetation zones 

which have particular forms of main vegetation 

formations. We distinguish between formations 

without continuous vegetation cover (polar 

wilderness, tundra, deserts, mountains), grassy 

and herb formations (savannahs, bush, Euro-

Asian steppes, North American prairies, South 

American pampas and Hungarian puszta), 

intermediary formations (Mediterranean type 

hard-leaved open evergreen sub-tropical forests, 

also called Mediterranean forests or chaparral 
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Fig. 1.2 Biomes (vegetation zones) and their distribution on the Earth’s surface.
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in California, maquis in the Mediterranean, 

Chilean matorral or South African fynbos) and 

forest formations (northern coniferous forests, 

also called boreal forests or taiga, deciduous 

broadleaved and mixed forests, also called 

temperate forests, tropical alternating wet 

forests and tropical rainforests). Biomes are 

actually terrestrial macroecosystems that 

change their character with geographical 

latitude (from tropical rainforests on the Equator, 

through temperate forests and boreal forests to 

tundra and polar wildernesses beyond the North 

and South polar circles). Similar changes in the 

character of vegetation also occur with a change 

of altitude. In that case, we talk about vegetation 

zones such as planar (lowlands), colline (hilly), 

sub-mountain, mountain, sub-Alpine (scrub) and 

Alpine. In an ascending direction of vegetation 

zones from lower to higher altitudes, there is also 

a change in vegetation, or biomes (from tropical 

or wetland forests, through broadleaved forests, 

mixed forests, coniferous forests to tundra and 

continuous snow and ice). When modelling a 

forest in European conditions, we are mainly 

interested in biomes such as temperate forests, 

boreal forests and Mediterranean forests. They 

are mainly used in biome models which we 

will address in Chapter 5. Since biomes are 

geographically wide areas, they were classifi ed 

by the European Union as bio-geographical 

regions within the NATURA 2000 programme 

(biotopes directive, 62/43/EHS). Regions 

separate areas which are characterised by a 

typical vegetation mixture, climate, surface 

shapes and geological structures. Europe has 

11 bio-geographical regions: Alpine, Anatolian, 

Arctic, Atlantic, Boreal, Black Sea, Continental, 

Macaronesian, Mediterranean, Pannonian and 

Steppic. Their distribution is shown on the map 

(fi gure 1.3).  For example, Slovakia is typical of 

the Alpine and Pannonian regions, the Czech 

Republic of the Continental and Pannonian 

Map of european 
biogeographical 
regions (2005) 

Alpine 
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Arctic 
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Fig. 1.3 Map 

of European 

bio-geographical 

regions (2005).
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regions, and Germany and Austria of the 

Continental and Alpine regions. In European 

forest modelling, bio-geographical regions play 

a very important role, models (mainly process-

based) are very often created inside the given 

region. While a biome or bio-geographical 

region is defi ned by its macroclimatic character, 

a biotope is defi ned by its microclimatic nature. 

It is a living area for individuals or groups of 

organisms bordered by its surroundings with 

particular ecological conditions. We also call it a 

micro-ecosystem. A biotope is therefore a local 

environment which meets the requirements 

characteristic for particular living organisms. We 

can present riverine vegetation as an example of 

a biotope (fi gure 1.4). It has its own characteristic 

properties, ecological relationships and typical 

biological, physical and chemical processes. A 

topographically defi ned biotope is known as a 

habitat or location. The presence of a particular 

type of organism in its biotope is infl uenced by its 

ecological niche. An ecological niche is a set of 

conditions required by organisms of a particular 

type for their existence. These are, for example, 

suffi cient space, suitable temperature, light, 

humidity and pH value, suffi cient amount of food, 

not too strong competition and an appropriate 

number of enemies. From this viewpoint, an 

ecological niche contains an almost unlimited 

number of parameters and therefore, it is known 

as a multi-dimensional (overlapping) niche. For 

practical purposes, the number of monitored 

parameters is usually much lower. It is usually 

a habitat of an organism (spatial niche) or its 

food (trophic niche). Some very closely related 

species may only exist next to each other if 

they live in different ecological niches. This is 

called ecological isolation. An ecological niche 

is very important when modelling a forest. It is 

used, for example, in dose-response modelling. 

This determines ecological amplitude in which 

a tree of a certain species can persist, and the 

relationship between a value inside the given 

amplitude and tree growth increment. We shall 

address this issue in a separate chapter.

We consider a forest as an ecosystem. An 

ecosystem is a basic unit of the functional 

system of living nature on Earth. It is a spatial 

part of the biosphere consisting of a functional 

system of living organisms and the environment. 

It is, therefore, a complex of communities 

(plants, fauna, micro-organisms) together with 

the abiotic environment. It is an open system 

with a specifi c building and functional structure. 

A building (static) structure is formed of an 

inorganic component (ecotope) and an organic 

component (biocoenosis). An ecotope consists 

of physical environmental factors (geological 

substrate and climatic regime). Biocoenosis 

consists of individual communities of living 

organisms: plants (phytocoenosis), animals 

(zoocoenosis) and microorganisms (microbial 

Fig. 1.4 Example of a 

’riverine vegetation‘ biotope. 

The fi gure shows biotic and 

abiotic components of the 

biotope as well as typical 

physical, chemical and 

biological processes.
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coenosis). The functional (dynamic) structure 

of an ecosystem represents a complex of 

processes related to nutrient cycles and energy 

fl ows, as well as to the management and 

development of the entire system. In terms of 

nutrient and energy fl ow, an ecosystem is an 

open system. Energy originally coming from 

solar radiation drives and maintains all living (as 

well as non-living) processes. Nutrients (mass) 

which are transformed using energy circulate 

in an ecosystem in cycles. Cycles determine 

the circulation of nutrients in the environment 

and, in terms of forest life and environmental 

stability, are of irreplaceable signifi cance. Of 

main importance is the cycle of water, carbon 

and nitrogen. These very often become the 

target of ecologically orientated forest models. 

We will therefore address these in separate 

sections. In terms of management and 

development, an ecosystem is characterised by 

its ability to self-regulate, self-regenerate and 

the ability to develop over time. Management 

is intermediated by information genetically 

stored in living organisms (via genes) during 

phylogenesis and obtained during ontogenesis.

1.1.3 Hierarchy of forest life

Defi nition 1.2

A specimen (individual) is an organism con-

sisting of one or several cells.

A species is a systematic defi nition for 

organisms which share the same biological 

characteristics.

A population is a group of organisms belon-

ging to the same species living in a particular 

environment within a certain period.

A community (coenosis) is a group of spe-

cies which live together in space and time. We 

distinguish between zoocoenosis (community 

of fauna) and phytocoenosis (community of 

fl ora).

Forest growth and development is part of the 

hierarchy of life, as shown in fi gure 1.5. Forest 

ecosystems are part of the biosphere. They 

consist of groups of fl ora and fauna species 

living in the same space and time. Let us 

explain this hierarchy in an example of a forest 

stand which we call a ’Carpathian mixture‘. 

It consists of spruce, fi r and beech. Spruce 

ranks amongst the species called Picea abies, 

fi r amongst the Abies alba species and beech 

amongst the Fagus sylvatica species. A species 

therefore marks trees with identical biological 

characteristics, which means they have the 

same morphological characteristics and the 

same ecological requirements (ecological niche) 

created during the process of phylogenesis. 

Therefore, we call trees of the same species, 

growing in the same community, a ‘population’. 

A population contains individual trees. They 

are called ‘specimens’. Specimens mutually 

infl uence each other in the form of interaction 

and competition for light and nutrients. Each 

specimen is unique although they are part of 

the same population and the same species. 

Its individuality is based upon its unique 

development (ontogenesis). Specimens consist 

of a system of organs. For example, in beech, it 

could be a branch with leaves and beechnuts. 

An individual organ can then be a leaf or a fruit 

itself. All tree organs consist of tissues which 

consist of cells. Cells are formed of organelles 

and these are formed of molecules. Molecules 

contain atoms and atoms consist of sub-atomic 

particles (electrons, protons and neutrons). 

Animals have the same life hierarchy (second 

branch in fi gure 1.5). 

Hierarchical levels of forest life are not only 

expressed spatially but also defi ned within 

their timeframe.  On-going changes at various 

levels are time-dependent upon the hierarchical 

level. Changes in the biosphere take place in 

millennia, changes in ecosystems and forest 

communities in centuries, populations of tree 

species change at decade level, specimen at 

an annual level, organs at daily level and cells 

in a matter of seconds. It therefore applies 

that within a hierarchy, feedback exists as 

an inseparable part of the development of 

individual levels. Sub-levels infl uence the upper 

levels via signals and the upper levels regulate 

the sub-levels via controlling parameters. We 

will address this issue in Chapter 2. In terms of 

space and time details, we distinguish various 

types of models, for example: biome (biosphere 

and ecosystem), successional (community), 

stand (population), tree (specimens) and eco-

physiological (organs). When modelling a forest 

in downward direction, we call it ’down-scale‘ 

and in the opposite direction we call it ’up-scale‘. 

We will address the issue of models division in 

Chapter 5.
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Fig. 1.5 Life hierarchy and its organisation levels (illustrated following POSTLETHWAIT et al. 1991, page 7).
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1.1.4 Ecological succession of a forest

Defi nition 1.3

Ecological succession is gradual alternation 

of communities in the same place, infl uenced 

by biotic and abiotic factors, which means 

fl uent and very slow changes in the living 

components of an ecosystem.

A successional line is the sequence of com-

munities in a given area (territory).

A successional stage is a temporary com-

munity within a succession.

In terms of a development, a climax commu-

nity is the most sophisticated, stable com-

munity which survives without any signifi -

cant changes if the living conditions remain 

unchanged (climate). A climax community 

expresses the end of the successional line, 

characterised by its ecological balance.

An ecosystem is a dynamic system which 

means that it changes constantly. These changes 

are shown in the content and variety of biological 

species contributing towards the creation of an 

ecosystem. Unlike an organism, an ecosystem 

is not able to reproduce itself. Therefore, a 

new ecosystem is not created independently 

but it develops based on another ecosystem. 

The development of a new ecosystem may be 

divided into three stages. The fi rst stage occurs 

after disturbance of an old ecosystem. The 

disturbance of an old ecosystem may be caused 

by various factors. In the past, it could have been, 

for example, the process of mountain creation; 

nowadays it could be the disturbance of the 

natural equilibrium in the ecosystem or various 

insensitive impacts upon nature by humankind. 

After disintegration of an old ecosystem, there is 

a retreat of species of fl ora and fauna which were 

part of the ecosystem and their replacement 

by new species for which the new conditions 

are suitable. This process is called ecological 

succession (ecological replacement). In this 

initial phase, the number of species present in 

the ecosystem is usually low (but the number 

of specimens may be large). The second stage 

is maturing of an ecosystem. In this period, 

the process of settling abiotic environmental 

conditions takes place. An increase in the 

number of ecological species is typical for this 

stage. Interactions reach a balance between 

individual species. The third stage of ecosystem 

development is the achieving its stability. Such 

a stabilised ecosystem with fi rmly established 

biotic relationships and abiotic factors is 

called a climax. Climax equilibrium lasts until 

changed conditions cause the destruction of 

the ecosystem. In our conditions, a forest is a 

typical example of a climax community. Figure 

1.6 shows a successional line of an uncultivated 

Fig. 1.6 Ecological succession and 

successional stages of uncultivated fi elds.

Fig. 1.7 Ecological succession and 

successional stages of an exposed location. 
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fi eld and fi gure 1.7 shows a successional line of 

an exposed location. The examples are mainly 

typical of conditions in Pannonian, Alpine, 

Continental and Boreal bio-geographical regions 

where the climax community is a forest.

1.1.5 Developmental cycle of a natural forest

A natural forest is a forest ecosystem which 

develops naturally, without being infl uenced by 

humankind. Such a forest is a clear example 

of a climax community. Natural forests 

occur in places which have had the status of 

national nature conservation areas for several 

centuries, with limited access for people, and 

where any impact by a human hand has been 

fully excluded. Examples of such natural and 

primeval forest structures in the area of Europe 

are currently rare and therefore, they are under 

a great attention. They are a common object 

for scientists who invest fi nancial means and 

time in their investigation using non-destructive 

measurement and observation methods. 

Biological processes which take place in these 

forests serve as a good example for constructing 

forest models since human infl uence is at a 

minimum. In order to describe the developmental 

processes in a natural forest in more detail, we 

shall use the often quoted scheme by KORPEĽ 

(1989). According to Korpeľ, the developmental 

cycle of a natural forest consists of three typical 

developmental stages (fi gure 1.9): growth stage, 

optimum stage and disintegration stage. The 

stages overlap in two phases: the regeneration 

phase and the aging phase.  Stages express 

the generation with the majority of biomass, 

while the phases express the generation with 

the minority biomass, if they occur at the same 

time and in the same space. The full cycle is 

shown in fi gure 1.9 with a continuous line. A 

new generation is created under the canopy of 

the disintegrated, old generation of the stand 

by natural regeneration from seeds from the 

parent stand. The old generation ceases due to 

natural aging and disintegration of parent trees. 

The old generation is in the disintegration stage 

(dashed line) and the young generation is in the 

regeneration stage (solid line). At the moment 

Fig. 1.8 Natural forest. Dobročský Prales (Dobročský Primeval Forest) (photo: V. Čaboun 2007).
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when the new generation overtakes the biomass 

of the old, passing generation by its growth, 

the new generation enters the stage of growth 

(solid line) and the old generation enters the 

aging phase (dotted line). At the time when the 

biomass of the new generation culminates, the 

natural forest is in the optimum stage (solid line). 

This is the only stage of the development cycle 

where only one generation exists in the area. 

Due to the gradual aging and disintegration of 

trees, the stand enters the disintegration stage 

(solid line). At the same time, the following 

generation is created under its canopy and it 

is in the regeneration phase (dashed line). At 

the moment when the biomass of the parent 

generation decreases below the biomass of the 

subsequent generation, the parent generation is 

in the aging phase (solid line) and the subsequent 

generation is in the growth stage (dashed line). 

A more detailed description of the development 

cycle and biological processes in a natural forest 

can be found in the appropriate publications on 

forest silviculture (SANIGA 2009, POLENO, VACEK 

et al. 2007a, BURSCHEL and HUSS 1997, KIMMINS 

1997).

1.1.6  Developmental cycle of a managed 

forest

Managed forests are formed of stands in 

which targeted human activities take place. In 

these stands, the developmental cycle differs 

from the developmental cycle in a natural forest. 

We recognise three typical developmental 

cycles of a managed forest, depending upon 

the management method: cycle of clear-

cutting forest, cycle of shelter-wood forest and 

cycle of selection forest. A selection forest is 

closest to a natural forest and a clear-cutting 

forest is most distant. Stands created by stand 

Fig. 1.9 Time sequence, sequence and overlapping of developmental cycles (developmental stages 

and phases) - an example of a forest in the 6th forest altitudinal zone according to KORPEĽ (1989).
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components homogenous in age, which can be 

easily distinguished in the form of continuous 

spacing or levels, are ranked into forests of age 

classes. These stands are the result of clear 

cutting management as well as shelterwood 

management if the rotation period is shorter 

and regeneration itself is less structurally 

differentiated.  The opposite of these stands 

are forests very differentiated in terms of age, 

which include selection stands or shelterwood 

management stands with a long rotation 

period and with richly structured regeneration 

elements. The method of their management 

is called close-to-nature silviculture (KORPEĽ 

and SANIGA 1995). A detailed description 

of management cycles can be found in the 

appropriate literature on forest silviculture 

(BURSCHEL and HUSS 1997, SANIGA 2009, POLENO, 

VACEK et al. 2007b, SCHÜTZ 2001). We shall only 

describe their basic principles. 

Developmental cycle of a clear-cutting forest

The cycle is shown in fi gure 1.11 in a simplifi ed 

form. It starts with artifi cial regeneration of the 

forest. An area created by complete harvesting 

of the parent stand shall be planted using 

artifi cial planting of seedlings or seeding. 

This phase lasts approximately 10 years after 

harvesting of the parent trees, until a young 

stand is secured and able to further develop 

independently. Subsequently, cutting of trees in 

a young stand takes place in order to control the 

quality and quantity of forest production. This 

felling is called cleaning to remove unwanted 

tree species. This phase usually takes place 

from the age of 5 to 30 years. It is followed by 

thinning which usually takes place from the age 

of 20 to 80 years. In this period, felling activities 

in the forest take place in order to continuously 

regulate the production, quality and stability of 

the forest. The variety of thinning types is much 

greater than the one of cleanings, for example, 

thinning from below or from above, or neutral 

thinning as well as quality thinning, or future crop 

tree method (future crop trees). From the age of 

80 to 130 years, regeneration (rotation) felling 

takes place. During this period, the parent stand 

or its part is felled at once or gradually, in order 

to create a new stand generation by planting.  

Fig. 1.10 Clear-cut forest, Čierny Balog, Vydrovo valley (photo V. Čaboun 2005).
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The nature of the clear-cut management cycle is, 

therefore, characterised by the following features:

–  the age of felling maturity is defi ned by the 

rotation period of approximately 80 to 130 

years,

–  the regeneration period during which the 

felling of the parent stand starts and fi nishes 

is short, most frequently 1 year long, with 

maximum of 10 years if the felling is carried 

out in stages,

–  the regeneration element is a clear-cut 

forest,

–  in order to create a new generation of stands, 

planting is used almost exclusively next to a 

parent stand in a cleared, uncovered area 

outside the infl uence of the parent stand,

–  and even-aged, little structured forest stands 

are created.

Developmental cycle of a shelterwood forest

The cycle is shown in simplifi ed form in fi gure 

1.13. Similar to the previous cycle, a forest stand 

is managed using cleanings or thinnings in 

appropriate growth phases. At ages between Fig. 1.11 Developmental cycle of a clear-cut forest.

Fig. 1.12 Shelterwood forest, Kysuce, Gronik (photo V. Čaboun 2006).
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60 to 80 years, we will achieve a mature and 

reproducible parent stand. At ages from 80 to 

100 years, we commence preparatory felling, 

when we thin the stand to create suitable 

conditions for fertility of seeds from the parent 

stand and, at the same time, to prepare suitable 

microclimate conditions for future germination of 

seeds. Seed felling takes place at ages from 100 

to 120 years in the mast year or immediately after 

seeds fall. Its purpose is to thin the stand further 

to create suitable conditions for germination and 

growth of seedlings. After approximately the age 

of 120 years, the fi rst felling takes place, known 

as release felling. Its aim is to create optimum 

conditions for existing natural regeneration of 

future generations of stands. Subsequently, 

further felling treatments are carried out to 

gradually remove the parent stand and at the 

age of 140 years, fi nal felling takes place, which 

will completely remove the remains of the parent 

stand or will leave only a few trees as reserves for 

the production of additional seeds.  After complete 

felling of the parent stand, the subsequent 

generation is ready for independent development. 

The nature of shelterwood management cycle is, 

therefore, characterised by the following features:

–  the age of felling maturity is defi ned by the 

rotation period, which commences earlier, 

approximately from 80 to 100 years,

–  the regeneration period from the fi rst felling 

of a parent stand until completion is more 

than 60 years,

–  a regeneration component is shelterwood 

felling,

–  the following generation of a stand is created 

by natural regeneration under the parent 

stand, or next to it and under its infl uence, 

or occasionally underplanting is carried out,

Fig. 1.14 Selection forest. Mystríky, LUC Korytnica, Stand 631 (photo: M. SANIGA 2008).

Fig. 1.13 Developmental cycle of a shelterwood 
forest.
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–  this creates age differentiated stands, for 

example, with a layered structure.

Developmental cycle of a selection forest

A selection forest is a specifi c type of forest 

where inside a single area all age categories 

of trees from seedlings to adult specimens 

occur together. A typical feature is a decreasing 

frequency distribution of trees in diameter classes. 

This distribution is most frequently expressed by 

LIOCURT’S (1898) geometric descending series or 

MEYER’S exponential curve (1952). According to 

SCHÜTZ (1989), a selection stand has the following 

typical features: Trees have independent growth. 

The crowns of the trees do not touch each other 

until almost reaching the upper level of the stand. 

Trees of various age and diameter are present 

inside the smallest possible area and fully use 

the above ground space available. There is no 

spatial order in a selection forest. Trees of various 

diameters are situated randomly in the area. 

Natural regeneration takes place continuously. 

The stand has balanced (constant) production 

over a relatively wide scale of stand stock. There 

are no microclimate changes over a longer time 

horizon but there are great climatic differences 

within the stand. The term ‘rotation period’ is 

insignifi cant here. In addition, age does not have 

any signifi cant infl uence upon tree growth. The 

term ‘age’ may be replaced with tree diameter. A 

selection forest cannot exist without systematic 

and permanent intervention in the form of selection 

felling. Selection felling concentrates upon 

removing mature individuals that reached the 

pre-defi ned target diameter (felling dimension). At 

their places, good conditions for the development 

of natural youngsters are created. At the same 

time, the distribution of tree diameter frequencies 

is continuously checked and regulated by felling 

the trees in order to maintain the stated curve (fi g. 

1.15). When selecting trees, we apply a method 

of selective choice. The nature of a selection 

management cycle is, therefore, characterised by 

the following features:

–  the rotation age for felling is expressed by 

the felling dimension, i.e. the target diameter 

of individual trees,

–  the regeneration period is continuous and 

therefore this term is of no signifi cance,

–  selection felling is used, which means 

that individual (exceptionally group) tree 

selection is used,

–  a stand is regenerated using natural 

regeneration under the parent stand,

–  a stand has signifi cant age and diameter 

differentiation up to the level of individual 

trees, in the form of age and diameter 

diffusion without any spatial order.

1.2  Nutrient and energy cycle in forest 

environment

1.2.1 Chemical content of the biosphere

The Earth contains around 92 chemical 

elements; however, scientists discovered that 

living organisms only contain a few of them. 

The content of the Earth and living nature is 

diametrically different. Ninety eight per cent of all 

atoms on the surface of our planet originate from 

eight elements. Leading are oxygen, silica and 

aluminium, followed by sodium, calcium, iron, 

magnesium and potassium. In living organisms, 

99 per cent of all atoms consist of 6 elements: 

hydrogen, oxygen, carbon, nitrogen, phosphor 

and sulphur. At the same time, there are 9 more 

elements. These are sodium, magnesium, 

chlorine, potassium, calcium, manganese, iron, 

copper and iodine. In addition, the content of 
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Fig. 1.15 Tree number distribution in selection 
stand 9D1 LZ Hnúšťa, LS Kokava nad Rimavicou 
according to PRIESOL (VYSKOT et al. 1971, page 256).
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animal organisms differs from plants. We shall 

focus upon the content of plants.

Defi nition 1.4

Macro-elements (macro-nutrients, biogenic 

elements) are elements necessary for the 

normal growth and development of plants. 

They have high biological and metabolic 

activities at their disposal. These mainly 

include the elements: carbon, oxygen, 

hydrogen and nitrogen as well as elements 

of smaller proportions: potassium, calcium, 

magnesium, phosphorus and sulphur.

Micro-elements (micro-nutrients, trace 

elements) are elements with catalytic effects 

in plants. Although their content is very 

low, they are important for many metabolic 

processes. These, for example, include: iron, 

chlorine, manganese, boron, zinc, copper, 

molybdenum, lithium and cobalt.

Chemical elements infl uence all physiological 

processes in plants, such as breathing, 

photosynthesis, metabolism, growth and 

development, reproduction, etc.  In a plant, 

biogenic elements form the basic skeleton in 

the structure of organic compounds (fi gure 1.16). 

They determine their function, modify their spatial 

parameters and also infl uence the arrangement 

of colloids. A lack or absence of a particular 

biogenic element in a plant results in physiological 

disorders, abnormal morphological changes, 

signs of disease or even death. For these 

reasons, every biogenic element is functionally 

irreplaceable. Carbon (C) is of crucial signifi cance 

in the nutrition of a plant. It has optimum chemical 

properties (quadruple bond) and therefore it 

creates the basic ‘molecular’ skeleton of all 

organic compounds. A plant receives it either 

in the form of CO
2
 (via photosynthesis) or in the 

form of carbonates from the soil, and that is how 

it reaches all the organs of green plants. It forms 

around 45%. Oxygen (O) is received by plants in 

molecular form from the air when breathing. It is a 

condition for biological oxidation and subsequent 

plant metabolism. It forms around 45%. Hydrogen 

(H) is mainly obtained by plants via photolysis 

of water received through the roots. Together 

with carbon and oxygen, it forms the basis of 

all organic compounds. It forms around 6%. All 

other elements are received by plants in the form 

of water solutions. Nitrogen (N) is received by 

higher plants via roots in the form of nitrates (NO
3
) 

or ammonia salts (NH
4

+). It is contained in proteins, 

nucleic acids, chlorophyll and coenzymes. Air 

nitrogen, which forms 78% of the atmosphere, may 

only be used by cyanobacteria, nitrogen bacteria 

and truffl e bacteria. A lack of nitrogen in plants 

results in slowing of growth, etiolating of leaves, 

premature blossoming and paling of leaves. 

Excessive nitrogen causes massive growth but 

the cell walls of plants are not suffi ciently fortifi ed. 

It forms around 1 to 4%. Potassium (K) is 

received by a plant as a cation (K+). It is important 

in plant’s metabolism for activating enzymes and 

forming proteins. It regulates osmotic balance as 

well as stomata opening and closing. It increases 

hydrophilicity of cytoplasm and therefore improves 

the conditions for synthetic processes in cells. 

It contributes to the creation of saccharides.  A 

lack of potassium results in wilting and yellowing 

of leaves. It forms around 1%. Calcium (Ca) is 

received by plants from soluble calcium salts 

as cations Ca2+. It has the opposite effect upon 

plasmatic colloids as potassium. With calcium, 

plants neutralise organic acids in the cell fl uid, 

they contribute in building the middle lamella of 

cell walls and in transporting sugars. It is present 

in enzymes dissolvable in starch and regulates the 

permeability of cell membranes. In the majority 

of plants, it supports the development of root 

system. In acidic soils, it is added via fertilisers. 

If there is a lack of calcium, growth of plants is 

slowed down or they may even die. It forms around 

0.5%. Magnesium (Mg) is received by plants as 

cation Mg2+ from solutions of magnesium salts. It 

has similar properties to calcium and it is a part 

of chlorophyll as well as of many coenzymes. It 

is important during photosynthesis and energy 

transformation of cells (metabolism of sugars). It 

Fig.1.16 Typical concentration of nutrients as a 
percentage of dry matter. Actual content varies from 
species to species and from organ to organ.
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forms around 0.2%. Phosphorus (P) is received 

by plant roots from solutions of dissolvable 

phosphates as anions (H
2
PO

4
-). It contributes 

towards building cytoplasm and it is an important 

part of proteins, enzymes and some lipids. A 

plant uses it in the metabolism of sugars and in 

building nucleic acids.  It conditions the division 

of the core, cell reproduction and takes part in 

the creation of macro-energetic substances (e.g. 

ATP). It quickens the blossoming of plants. A 

lack of phosphorus is shown in atypical creation 

of fl owers and deformity of fruits. It forms around 

0.2%. Sulphur (S) is necessary for plants for the 

creation of proteins. It is also present in some 

lipids and coenzyme A. Plants obtain it from 

sulphate solution as anions (SO
4

-) A sulphite 

anion and hydrogen sulphide have toxic effects. 

It forms around 0.1%.

1.2.2 Water cycle

Water is a necessary component in all living 

organisms. It has such distinct chemical/physical 

properties that it may fulfi ll several functions 

simultaneously. In a plant organism, water is 

mainly the universal diluent and transporting 

factor. The great majority of inorganic and 

organic compounds is well soluble in water and, 

via water, can be transferred to all parts of a 

plant organism. Individual chemical compounds 

soluble in water dissociate into cations and 

anions, come into contact and may react with 

each other. Therefore, water also acts as an 

activator of chemical reactions. Depending 

upon the content of dissolved compounds and 

the character of the environment, water allows 

free diffusion or osmosis. Diffusion is mutual, 

free penetration of compound’s molecules (solute) 

into solvent’s molecules until a balance of their 

concentration is reached. Mutual penetration of 

compounds is based on the movement of solute 

molecules from the environment with a higher 

concentration into the environment of a solvent 

with a lower concentration. Movement stops 

when the molecules are evenly distributed and 

an even concentration is achieved. Osmosis is 

a special type of diffusion. It is the movement of 

molecules of a solvent through a semi-permeable 

membrane in order to decrease the concentration 

of solute on the other side of the membrane until 

concentrations on both sides are equal. The 

membrane only allows passage of trapped solvent 

molecules and not compounds diluted in the 

solvent. The pressure applied by these trapped 

molecules is in direct proportion to their amount. 

This is called osmotic pressure. It is created in an 

enclosed space, e.g. in a cell, where the solvent 

penetrates via osmosis. Water in a plant and in 

the soil also moves based on capillarity and 

percolation. Capillarity is the movement of water 

through narrow spaces, for example, through tree 

veins or through narrow, continuous openings 

in soil which create columns (capillaries) in the 

opposite direction to gravity. It is related to the 

surface tension of liquid. The movement is created 

based on capillary pressure and cohesion, 

allowing uninterrupted water columns. Another 

typical movement by water is percolation. It is, 

for example, movement of water in soil in the 

direction of gravity, similar to infusion where its 

gradual fi ltration through soil pores takes place. 

Water also helps plants to maintain optimum 

temperature. Thermal energy consumption is 

also the result of evaporation of trapped water 

(interception) on the surface of leaves, but mainly 

by evaporation of water via the stomata on leaves 

(transpiration), resulting in cooling. In this way, the 

plant prevents overheating. Water is therefore a 

necessary part of a plant and must be received in 

a suffi cient amount throughout its lifetime.

Defi nition 1.5

Interception is the trapped amount of rainfall 

in tree crowns.

Evaporation is physical evaporation of water 

trapped in any surface (soil, leaves, branches, 

etc.).

Transpiration is the release of water in gas 

state via evaporation mainly through stomata 

on leaves. Evaporated water comes from tran-

spiration fl ow from the roots to the leaves of 

the tree.

Evapotranspiration is the total amount of 

evaporated water which is the sum of evapora-

tion and transpiration.

Throughfall is rainfall which penetrated 

through tree crowns to soil surface level. 

Stem fl ow is the amount of rainfall water fl ow-

ing on the surface of tree stems in the direction 

of gravity.

Infi ltration is the amount of rainfall soaked into 

the soil from its surface.
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Water may exist in all states of matter: liquid, 

gas and solid. It moves in the biosphere based 

upon its physical properties. This movement of 

water is called circulation of water or the water 

cycle (fi gure 1.17). Liquid water evaporates 

from ocean surfaces and the Earth’s surface 

without vegetation, based on a physical 

process (evaporation). Water also evaporates 

from the surface of vegetation in the process 

of evapotranspiration. Evaporated water in gas 

state moves in the form of clouds based upon 

air circulation. Under suitable conditions, it 

condensates in the form of vertical rainfall (liquid 

rain or solid snow), or horizontal rainfall (gas fog). 

This water may be captured on the soil surface, 

on the surface of vegetation (interception) or 

may penetrate through vegetation crowns in 

the form of throughfall and stemfall to terrain 

level. Part of the water fl ows via surface runoff Fig.1.17 The water cycle at biosphere level.

Fig.1.18 Water movement in a forest environment.
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into rivers in the direction of gravity and is 

returned to the sea. Part of the water infi ltrates 

the soil where it may become part of the soil 

profi le. This water may move within the soil 

profi le based on percolation in the direction of 

gravity and capillarity in the opposite direction 

and may, via osmosis, penetrate plant roots 

and, together with the necessary nutrients, 

into plant organisms. It moves in the direction 

of transpiration fl ow from the roots of plants 

to their leaves via capillarity and evaporates 

back into the atmosphere via stomata in the 

form of transpiration. Water in the soil profi le 

can become part of ground water storage and 

may drain, in the direction of gravity, back to 

the sea via waterways. Apart from underground 

water runoff, sub-surface water fl ow may also 

occur. The cycle is shown in fi gure 1.17. Figure 

1.18 shows the movement of water in a forest 

environment.

Why is the water cycle so important in forest 

modelling?

Water is very often a limiting factor in tree 

growth, for example, in Mediterranean forests 

(Gracia et al. 1999). Therefore, the majority 

of modern models, and not only models for 

Mediterranean forests, orientate towards the 

calculation of the amount of accessible water. 

Modelled processes include interception, 

transpiration, evaporation, and surface and sub-

surface runoff, etc. These are dependent upon 

accessible rainfall. The content of accessible 

water in the soil is determined by a balance 

of the mentioned processes. Further, porosity 

of the soil is addressed. The calculation may 

vary. For example, GOTILWA model (GRACIA et 

al. 1999) fi rstly calculates the amount of dead 

organic carbon in the soil as a function of the 

amount of fallen organs and dead roots. From 

this, the density of clean soil and the density 

of soil with pores are derived, from which soil 

porosity is calculated. Soil depth, porosity, 

content of accessible water and capillarity form 

the basis for modelling soil moisture, which 

fi nally infl uences growth processes such as, for 

example, photosynthesis.

1.2.3 Carbon cycle

Carbon cycle is the continuous circulation 

of carbon through living organisms, soil and 

the atmosphere. It infl uences, directs and 

permanently balances the proportion of carbon 

dioxide (CO
2
) in the atmosphere. The cycle is 

shown in fi gure 1.19. During carbon circulation, 

it is bound to living matter (thick green frame) 

and is also bound to non-living matter (thick 

grey frame). Various processes (thin yellow 

frame) and fl ows (blue arrows) participate in the 

binding. Atmospheric carbon dioxide is used by 

plants in the photosynthesis process. It is a 

chemical process that under suitable conditions 

using solar radiation, and water turns carbon 

dioxide into glucose which is allocated to the 

bodies of plants in the form of living matter (as 

saccharides and proteins). This living matter 

forms the basis of the food chain which starts 

with herbivores and omnivores. The consumed 

plant mass contributes to the building of the 

living matter of animals. Plant organs or whole 

plants die. A typical example is when leaves 

fall from trees in autumn, fruit drop, branches 

or whole trees dry out,  rot and exist in the form 

of lying dead wood. Part of the carbon from this 

fallen or decayed matter may become part of 

fossil reserves in the form or coal, crude oil or 

natural gas. Reserves are formed of fossilised 

prehistoric plants or parts of these plants. 

Fossil fuel is mined and burned via human 

activity which returns the carbon back to the 

atmosphere in the form of CO
2
.  The process 

of creating fossil fuel is very long (thousands 

of years) whilst their burning process is very 

short (years to centuries). Another part of 

decayed or fallen matter is accumulated on 

the soil surface. The matter, together with 

dead matter from animals and their waste (e.g. 

excrements) is consumed in the decomposition 

process. The process is fast. It occurs within 

years. It is based on internal respiration 

of decomposers, e.g. bacteria. The result 

of this decomposition is inter alia the reverse 

production of carbon dioxide which is returned 

to the atmosphere. Another important part 

of the cycle is internal respiration of plants 

and animals. It is a glucose decomposition 

process which results in a release of energy 

necessary for internal metabolic processes 

by an organism. The release of energy is 

accompanied by the production of carbon 

dioxide which returns to the atmosphere. The 

respiration process of animals is more dominant 

compared to the respiration process of plants. 

During the daytime the respiration of plants 
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takes place in the form of photo-respiration 

and is overridden by photosynthesis. In case of 

the lack of daylight (at night), only respiration 

takes place. However, in the overall balance 

of carbon circulation in plants, the process of 

carbon binding (photosynthesis) prevails over 

its release (respiration).

Why is the carbon cycle so important in forest 

modelling?

Carbon forms the basic building element of 

tree biomass. Therefore, the majority of modern 

eco-physiological models concentrate upon 

modelling processes such as photosynthesis 

and respiration. The amount of gross primary 

production is determined from their balance. 

Subsequently, the production of biomass 

is divided using allocation to individual tree 

organs: assimilation organs, branches, stem, 

and roots. Various concepts are used for these 

purposes such as, for example, purposefully 

oriented allocation using Shinozaki’s theory - 

’pipe model‘ (Shinozaki et al. 1964), allocation in 

accordance with fi xed proportions or allometry, 

or allocation based upon conduction resistance. 

We shall address this issue in more details in 

Chapter 8.

1.2.4 Nitrogen cycle

Nitrogen cycle is the continuous circulation of 

nitrogen through living organisms, soil and the 

atmosphere. During nitrogen circulation, it is 

also bound to living matter (thick green frame) 

and to non-living matter (thick grey frame), whilst 

the various processes (thin yellow frame) and 

fl ows (blue arrows) participate in this binding. 

Atmospheric nitrogen, which forms 78% of the 

atmosphere, may only be used by cyanobacteria, 

nitrogen bacteria and nodulle bacteria, which 

are present in soil, water or in root knots of 

legumes. They produce nitrates. Nitrates (NO
3

-) 

and ammonium ions (NH
4

+) are the only forms 

of nitrogen which plants are able to uptake via 

root osmosis. Nitrates and ammonium ions 

participate in the synthesis (creation) of proteins 

in the living matter of plants. Nitrates are also 

used in the process of internal respiration of 

de-nitrifying bacteria which produce nitrogen 

and return it to the atmosphere. The living matter 

of plants may be consumed by animals. This 

contributes to the building of the living matter of 

animals in the form of proteins. Plant organs die 

(for example, assimilation organs and branches), 

fall and decay on the soil surface in the process 

of internal respiration of decomposers. 

Fig.1.19 Carbon circulation (cycle) through living organisms, soil and the atmosphere.
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Bacterial decomposers also participate in the 

decomposition of solid animal waste substances 

(e.g. excrements) and their deceased carcasses. 

Soil ammonium ions are created. Ammonium 

ions may also be produced directly in the form 

of liquid animal waste (urine). Ammonia salts 

are received by plant roots or, more frequently, 

processed by nitrifying bacteria. They oxidise 

into nitrites via their respiration. Nitrites (NO
2
-) 

are not accessible to plants but are further used 

in the process of respiration by nitrate bacteria, 

which fi nally transform them into nitrates 

accessible to plant root osmosis.

Why is the nitrogen cycle so important in forest 

modelling?

As mentioned in the previous text, a lack 

of nitrogen in plants results in slowing-down 

of growth, etiolating of leaves, premature 

blossoming and paling of leaves. Excessive 

nitrogen causes massive growth of plants but 

their cell walls are not suffi ciently fortifi ed. 

Therefore, the latest eco-physiological models 

consider modelling nitrogen cycle and mainly 

quantifying its infl uence upon tree growth. An 

example of the infl uence of nitrogen upon the 

relative volume increment of trees based upon 

the nitrogen content in pine needles is presented 

in Chapter 2 in fi gure 2.25, in accordance 

with HOFMANN et al.  (1990). If a tree receives 

excessive nitrogen, it results in an initial increase 

in increment but after reaching a certain limit, it 

results in a reduction and even ceases growing. 

When modelling the infl uence of nitrogen upon 

tree growth, the dose and effect functions are 

often used and will be addressed in Chapter 4.

1.2.5 Solar radiation and light

Solar radiation forms the basis for the 

photosynthesis process. Solar radiation is a part 

of electromagnetic radiation. Electromagnetic 

radiation is a type of energy which travels through 

space. Visible light, microwaves and other types 

of electromagnetic radiation, although they are 

waves, travel through space at an unimaginably 

high speed (in vacuum it is the speed of light – 

299,792,458 m.s-1). Some captured waves had 

a length of several metres, while others are 

microscopically short. We can arrange all types 

of electromagnetic energy into the spectrum 

(graphic display) which includes all waves from 

the shortest gamma rays to the longest radio 

waves. Visible (white) light, visible to our eyes, 

is somewhere in the middle. It only forms a small 

Fig.1.20 Nitrogen circulation (cycle) through living organisms, soil and the atmosphere.
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part of the electromagnetic radiation spectrum. 

Its waves can be separated into rainbow colours 

via refraction through a prism (fi gure 1.21). Its 

wavelength varies from 380 nm (violet light) to 

750 nm (red light). It is not by chance that plants 

are able to absorb and use only radiation of a 

limited wavelength. Gamma rays, with their 

short wavelengths, are of such a high energy 

that they can disturb and destroy molecules that 

they encounter, whilst long waves such as radio 

waves are so low in energy that they cannot 

excite biological molecules. Objects obtain their 

colours thanks to the fact that they absorb and 

refl ect light of differing wavelengths. A tomato 

looks red because the pigment contained within it 

absorbs light of various wavelengths and refl ects 

only red light. A black panther looks black since 

the dark pigments in its fur completely absorb 

light of all wavelengths. On the other hand, 

pigment in the fur of a white rabbit refl ects all 

visible wavelengths. A tree leaf is green thanks to 

the green pigment in chlorophyll. The difference 

between the pigment in the fur of a panther or a 

rabbit and in chlorophyll is diametric. Chlorophyll 

not only participates in colouring but also in the 

photosynthesis of plants. In all photosynthetically 

active organisms, chlorophyll is accompanied by 

carotenoid pigments which absorb green, blue 

and violet wavelengths, and refl ect red, yellow 

and orange light. Carotenoids are generally 

masked by chlorophyll and, therefore, leaves 

have an overall tendency to be green. Other 

organs which do not contain chlorophyll, such 

as roots, fl owers, fruit and seeds are coloured 

due to their carotenoid pigment. Carotenoids 

such as oxygen-free xanthophylls and carotenes 

containing oxygen cause a typical red, yellow 

or orange colour of leaves in autumn since 

chlorophyll fades away.

The basic types of solar radiation are shown 

in fi gure 1.22. Solar radiation over a free area 

varies depending upon geographical longitude 

and latitude, altitude, aspect and slope of the 

terrain, date and time as well as upon the value 

of cloudiness and permeability, and atmospheric 

pollution. It is infl uenced by the rotation of the 

Earth around the Sun on the orbit and the rotation 

of the Earth around its axis, which is inclined 

against the ecliptic axis by 23.4° (fi gure 1.23). 

The rotation of the Earth on the ecliptic causes 

changes in seasons and the rotation on its axis 

causes changes between day and night. Twice 

per year, in the Vernal Equinox (20-21 March) 

and the Autumnal Equinox (22 - 23 September), 

the incline of the Earth’s axis is positioned in the 

direction of the movement of the Earth around 

the Sun. The Sun’s rays strike perpendicular to 

the Equator and the terminator (border between 

the lit and unlit parts of the Earth) divides the 

Earth’s surface into two equal parts. The length 

of day and night is the same. At the time of the 

Summer Solstice (21-22 June), the North Pole 

deviates by 23.4° from the perpendicular to the 

plane of the ecliptic. On the day side of the Earth, 

the Equator is below the ecliptic. At this time, the 

Sun’s rays strike perpendicular to the Tropic of 

Cancer, whose geographical latitude is then 

23.4° North from the Equator. In the Northern 

Hemisphere, it is the longest day of the year and 

in the Southern Hemisphere, it is the shortest. 

Defi nition 1.6

Direct radiation is energy radiated by the 

Sun penetrating the atmosphere directly 

to the Earth’s surface. It is radiation in the 

direction from the Sun to a point on the Earth’s 

surface. Its value increases when cloudiness 

decreases.

Diffuse radiation is created by the diffusion 

of radiation in the Earth’s atmosphere. It is 

radiation which is refl ected from particles in 

the atmosphere (clouds, salt crystals, water

vapour and gas molecules) and is spread 

in all directions. Its value increases with an 

increase in cloudiness.

Refl ected radiation is caused by the refl ection 

of solar radiation (direct or diffuse) from the 

Earth’s surface or the surface of various 

objects. Its value increases with the value 

of refl ectance (albedo) of a surface. Water 

surface and snow cover have high albedo.

Global radiation is the sum of direct, diffuse 

and refl ected solar radiation. 

Photosynthetically active radiation is short 

wave radiation with wavelengths from 400 to 

720 nm, which autotrophic plants are able 

to utilise in the photosynthetic process. It 

consists of a spectrum of wavelengths from 

610 to 720 nm (yellow-red, red) which have 

the maximum effect in photoperiodism, and 

of a spectrum of wavelengths from 400 to 510 

nm (violet, blue) with great formative effects.
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In areas north of the Polar Circle (66.6° of the 

northern latitude) daylight lasts 24 hours and in 

areas south of the southern polar circle (66.6° 

of the southern latitude), darkness lasts 24 

hours. At the time of the Winter Solstice (21 - 

22 December), the North Pole deviates by 23.4° 

from the perpendicular to the ecliptic plane. On 

the day side of the Earth, the Equator is above 

the ecliptic. The Sun’s rays strike perpendicular 

to the Tropic of Capricorn (23.4° South from the 

Equator). In the Northern Hemisphere, it is the 

shortest day of the year and in the Southern, it 

is the longest. In areas north of the Polar Circle 

night lasts 24 hours and south of the southern 

polar circle daylight lasts 24 hours. Summers 

in the Southern Hemisphere are warmer than 

summer in the Northern Hemisphere. On the 

other hand, winters in the Southern Hemisphere 

are tougher than in the Northern Hemisphere. 

This is because on 4th July, i.e. at the time of 

aphelion the Earth is the furthest from the sun 

(152,098,704 km) and on 3rd January, i.e. at the 

time of perihelion, the Earth is closest to the Sun 

(147,097,149 km). The reason for this is the slight 

eccentricity of the ecliptics to the Sun, which 

means that the Sun does not lie in the exact 

centre of the ecliptics.

Throughout the day, the Sun follows its 

natural path in the sky. It rises over the horizon 

in the east in the morning, at noon it reaches its 

highest position and it sets over the horizon in 

the west in the evening. The position of the Sun 

at a given time infl uences the amount of solar 

radiation. The more perpendicular the solar rays 

to the terrain, the stronger the solar radiation. 

Figure 1.24 illustrates orientation lines, curves 

and points, using which we can determine the 

important parameters of the Sun’s position and 

striking of sun rays on the terrain at a particular 

moment. The circle which lies in the horizontal 

plane at an observer’s point and crosses through 

the centre of the Earth is called the horizon (blue 

circle). The horizon divides the visible part of the 

sky from the invisible one. The circle of the plane 

is perpendicular to the line in the direction from 

the zenith to the nadir. The zenith is above the 

observer’s head and the nadir is below his feet. 

The visible hemisphere in the direction of the 

zenith, divided by the horizon, is called the zenith 

hemisphere and the opposite hemisphere is the 

nadir hemisphere. The plane which crosses 

the Equator displays the Equator’s circle in the 

sky (red circle). The Equator divides the Earth 

into the northern and southern hemispheres. 

The Equator’s plane is perpendicular to the 

Earth’s axis, which crosses the North Pole on 

the northern side and the South Pole on the 

southern side. The Earth’s axis is inclined from 

the zenith-nadir line by the value of latitude. 

The circle which is created by the plane of the 

Earth’s orbit around the Sun shows the ecliptics 

(orange circle). The ecliptics axis deviates 

from the Earth’s axis by 23.4°. The point on the 

ecliptics, where the Sun is situated at the time of 

the Vernal Equinox is called the vernal point. The 

point lies on the intersection of the Equator and 

ecliptics. Figure 1.24 illustrates all the important 

orientation elements for determining the Sun’s 

position and the incidence of solar rays on the 

terrain at a particular point in time. The fi gure 

also displays assisting points. Point 1 lies on the 

horizon at the intersection of the horizon with 

the perpendicular plane, passing through the 

observer, the zenith and the Sun. Point 2 lies on 

the ecliptics and is defi ned by the intersection 

of the ecliptics with the perpendicular plane 

determined by the observer, the North Pole and 

the Sun. Point 3 is situated at the intersection of 

the horizon and the horizontal projection of the 

terrain slope. It is located on the side of the terrain 

slope. Point 4 is the intersection of the normal to 

the terrain and meridian in the direction of the 

zenith and point 1. The solar zenith angle (z) 

is the angle between the zenith, the observer’s 

position and the Sun. It expresses the Sun’s 

position measured by the angular distance from 

the zenith. The angle measured between the 

Sun, the observer and point 1 is called the solar 

angular height (h). It expresses the angular 

distance of the Sun from the observer’s horizon. 

It is a complement to the 90° zenith angle. The 

solar geographical azimuth (a) is the angle 

measured from the north in an easterly direction 

between the observer and the position of the Sun 

in the sky. It is therefore an angle determined by 

the points North (N), the observer and point 1.  

Rectascension of the Sun () is the angular 

distance of the Sun from the vernal point on the 

ecliptics. This is therefore an angle defi ned by 

the vernal point, the observer’s point and point 2. 

Solar declination () is the angular height of the 

Sun above the plane of the ecliptics. It is defi ned 

by the points: the Sun, the observer and point 2. 

A very important characteristic for evaluating the 

intensity of solar radiation on the Earth’s surface 

is solar inclination. Solar inclination (i) gives 
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the angle of the incidence of solar rays on the 

terrain, measured from the normal of the terrain. 

The normal of the terrain is the perpendicular to 

the incident plane of the terrain at a given point. 

If the terrain is a horizontal plane, the normal 

is identical to the zenith line. If the terrain is an 

inclined plane, the normal of the terrain deviates 

from the zenith in proportion to the level of the 

terrain incline. Figure 1.24 shows a terrain 

using a green dashed line, expressing its slope. 

The green dotted line displays the horizontal 

projection of the slope. The angle between these 

lines is the terrain slope. The terrain aspect is 

then the angle of deviation of the horizontal 

projection of the terrain slope from the north. It 

is displayed in Figure 1.24 by points North (N), 

the observer and point 3. The angle is measured 

in the easterly direction. Inclination is then the 

angle between points: the Sun, the observer and 

point 4.

Why is solar radiation important in forest 

modelling?

Modelling solar radiation is a very important 

part of growth models. It is mainly present in 

eco-physiological models, but we can also 

fi nd it in other types of models, for example, 

semi-empirical, empirical, hybrid or structural-

functional models. Firstly, the amount of solar 

radiation in a free area at a certain point in time 

is modelled. This amount of light is then reduced 

depending upon the position in the stand profi le. 

Various techniques are used; for example, a 2D 

approach based on the Lambert-Beer law (MONSI 

and SAEKI 1953) or a 3D approach based on a 

full spatial model of a tree, its crown and position 

in the stand (SLOBODA and PFREUNDT 1989). A 

solar radiation model is, for example, used in 

calculating energy sources and in calculating 

the thermal balance of leaf energy (GATES 1962), 

which subsequently infl uences the temperature 

of the leaves and processes of photosynthesis 

microwave 

radio infrared ultraviolet gamma 

X-ray 

long waves short waves 

visible 

electromagnetic 
 radiation 

Fig.1.21 Visible light and the electromagnetic 
spectrum. The Earth is continuously ’illuminated‘ 
by electromagnetic radiation from radio waves 
to microwave radiation, infrared radiation (heat), 
visible radiation, x-ray radiation to gamma rays. 
Each category has an energy range measured 
in oscillating waves of a specifi c length. Only a 
small part of the total electromagnetic spectrum, 
within the range from 380 to 750 nm is visible to 
the human eye as white light, which can be broken 
down into the colour scale of the rainbow, where 
each colour has a different wavelength (according 
to ČEMAN and PITTICH 2002, page 70).

Fig.1.22 Types of solar radiation. Global radiation 
is the sum of direct, diffuse and refl ected radiation. 
Photosynthetically active radiation is the proportion 
of global radiation which plants are able to utilise in 
the photosynthetic process.
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and stomata conductivity. We shall address this 

issue in Chapter 8.

What is the relationship between solar radiation, 

the nutrient cycle and heat fl ow?

There is a close relationship between solar 

radiation, nutrient cycle and heat fl ow. Solar 

radiation from the Sun penetrates the Earth’s 

atmosphere. Part of the energy is refl ected by 

the atmosphere back to universe. Part of the 

energy then penetrates the Earth’s atmosphere. 

It heats the Earth’s surface, which emits the 

produced heat into universe. The atmospheric 

layer contains greenhouse gases which trap part 

of the heat and return it to the biosphere. This 

may cause warming of the planet. This effect 

is known as the greenhouse effect since it is 

similar to the principle of heating in greenhouses 

(radiation penetrates to the inside and is 

transformed into heat which does not escape). 

The main greenhouse gas is water vapour which 

is responsible for approximately two thirds of 

the natural greenhouse effect. However, human 

activities do not increase the amount of water 

vapour in the atmosphere (rather the reverse). 

Water vapour is a natural part of the atmosphere 

and creates a natural greenhouse effect. An 

Fig.1.23 The rotation of the Earth around the 
Sun and its rotation around the Earth’s axis. The 
rotation of the Earth throughout the year (January 
to December, marked using Roman numerals I 
to XII) during its orbit around the Sun (ecliptics, 
marked with symbol e) is shown in the direction of 
the red arrow. The rotation of the Earth around the 
Earth’s axis is shown by the violet arrow. During 
the vernal equinox (1) and the autumnal equinox 
(3), the length of daytime is equal to the length 
of night-time over the entire globe. During the 
summer solstice (2), the longest day of the year is 
in the northern hemisphere, and the shortest in the 
southern hemisphere. During the winter solstice 
(4), the shortest day of the year is in the northern 
hemisphere, and the longest one in the southern 
hemisphere. During the perihelion (5), the Earth is 
closest to the Sun and at the time of aphelion (6) 
the Earth is furthest from the Sun.

Earth´s axis 

S J 

V 

Z 
horizon 

ZENITH 

NADIR 

North 
pole 

vernal 
point 

Sun 

point 1 

observer 

normal 
of the terrain 

 

point 4 

terrain 
slope 

horizontal 
projection 
of the terrain 
slope 

point 3 

point 2 

ecliptics axis 

South 
pole 

 

 

h 

z i 

a 

Fig.1.24 The position of 
the Sun in the sky. This 
is expressed using a 
geographical azimuth and 
angular height (or zenith 
angle) which change with 
geographical latitude, 
or using declination and 
rectascension which 
are not dependent 
upon the observer’s 
geographical latitude. 
A strike of sun rays on 
the terrain is expressed 
by solar inclination. The 
fi gure displays orientation 
curves, lines and points, 
using which we may 
determine the stated 
characteristics at a 
particular moment in time.
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increase in the greenhouse effect is more 

due to gases which are mainly accumulated 

following human activities. These are carbon 

dioxide, methane, nitrogen monoxide and 

fl uorinated greenhouse gases. Carbon dioxide 

is the main contributor to the enhanced (created 

by humans) greenhouse effect. Globally, its 

proportion of the effect is around 60%. Its 

concentration increases with the use of a 

massive amount of fossil fuels, which disturbs 

the natural carbon cycle in the biosphere. 

Large fi res related to human (anthropogenic) 

activities also contribute to this. Methane is the 

second most important greenhouse gas and it 

contributes by approximately 20% to worsening 

the greenhouse effect. Mankind is increasing 

the amount of methane due to the use of fossil 

fuels, farming livestock, cultivating rice and due 

to waste dumps. The excessive production of 

nitrous oxide is also caused by nitrogenous 

fertilisers, the use of fossil fuels and industrial 

chemical production using nitrogen, for example, 

for water treatment plants. This all disturbs the 

natural nitrogen cycle in the biosphere. Nitrous 

oxide contributes 4 to 6% to the increase in the 

greenhouse effect. Fluorinated greenhouse 

gases are the only greenhouse gases which 

are not present in nature, but were developed 

by humans for industrial purposes. These 

gases contain hydro-fl uorocarbons (HFC) which 

are used in cooling and freezing, including air 

conditioning, then sulphur hexafl uoride which 

is used, for example, in the electro-technical 

industry and per-fl uorocarbons (PFC) which are 

released during the production of aluminium and 

are also used in the electro-technical industry. 

Probably the most well-known of these gases 

are freons, i.e. chlorofl uorocarbons (CFC) 

which, apart from the greenhouse effect, also 

weaken the ozone layer. The Montreal Protocol 

on Substances that Deplete the Ozone Layer 

1987 directed that their use be phased out. 

Although the proportion of the named gases is 

lower (around 1.5%), their effi ciency in trapping 

heat is 22,000 times greater than, for example, 

for carbon dioxide and, in addition, they may 

remain in the atmosphere for as long as 

several thousand years. Modelling the amount 

of greenhouse gases and their proportion in 

the change in thermal balance, and therefore 

in the global climate, is a very frequent means 

for biome modelling which we shall mention in 

Chapter 5.

1.3 Eco-physiology of a tree

1.3.1 Inner structure of a tree

Trees represent vascular plants. Basic 

knowledge of tree’s inner structure is necessary 

for modelling trees. A tree consists of a stem 

and a root (fi gure 1.25). The stem is a part of 

the tree belonging to the aboveground biomass. 

It consists of a trunk, branches, leaves, fl owers 

and fruit. The stem functions in the production 

of assimilates via photosynthesis (leaves), 

in the transportation of water and nutrients 

and in maintaining the thermal balance via 

transpiration (stem, branches and leaves), 

in the allocation of carbon and nutrients as 

sources of energy for growth and respiration 

(all organs), in tree reproduction (fl owers and 

fruit), etc. The main upright axis of the stem, 

created via germination and growing against 

the direction of gravity, is called the trunk. 

Side (lateral) shoots are called branches. 

The stem creates new buds every year. Buds 

represent the youngest stage for the further 

development of shoots or fl owers. A bud at 

the end of a shoot, whether a main or a side 

shoot, is called a terminal bud. Buds in the 

axils of leaves are called auxiliary. If there are 

buds on the sides of terminals, they are called 

lateral buds. A knot (nodus) is a place on the 

stem where buds are situated or where they 

were originally situated. They are places where 

leaves sit or the stem is divided into side shoots. 

Knots divide individual parts, which are called 

internodes. In some wood species which form 

a prominent axis stem and an even habitus of 

lateral branches (for example, spruce and fi r), 

knots and internodes are easily recognisable, 

for example, in the form of whorls. In other 

wood species with an uneven habitus, knots 

and internodes are much more diffi cult to 

recognise (for example, beech and oak). Knots 

and internodes are very important in forming 

the habitus of wood species. The method of 

their distribution and branching is typical for the 

given type of wood species. They are used for 

example in modelling trees using a structural 

(morphological) principle. We shall address this 

issue in Chapter 7. The root forms the part of 

the tree belonging to the underground biomass. 

It consists of a primary (main) root, lateral (side, 

secondary) roots, root hairs and root caps. The 

function of the root is physical support of a tree 
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by anchoring it in the soil as well as nutritional 

support of the tree when absorbing and 

transporting water and nutrients. The primary 

root is the fi rst one, which grows during seed 

germination. It provides growth in the direction 

of gravity. At its end, there is a root cap which 

protects it when penetrating the soil. Lateral 

roots provide tree stability in the soil and 

attempt to reach sources of water in the tree 

surroundings. Root hairs are protuberances of 

cells from the root skin. They receive water and 

ions of mineral nutrients.

Stems, as well as roots, are made of the same 

types of tissue: covering, basic and conductive. 

Covering tissue protects plant organs from 

external infl uences and mainly provides surface 

resistance to water. Basic tissue accumulates 

biomass and provides necessary energy. 

Conductive tissue performs transportation of 

substances and provides vertical fi rmness of the 

plant (erectness). Meristematic tissue is a special 

type of tissue. Meristematic tissue causes tree 

growth in such a way that it produces new tissue. 

Meristematic tissue includes apical meristem 

and lateral meristem. The apical meristem 

provides growth of a tree to a height and growth 

of the roots to a depth. It is present at the ends 

of shoots in terminal buds and at the end of 

roots. The lateral meristem causes the tree to 

grow wide. It is present in stems, branches and 

roots. Lateral meristems include, for example, 

cambium, which forms wood and phloem and 

phellogen which forms green bark and cork.  

Whilst the apical meristem provides a so called 

primary growth of length, the lateral meristem 

provides so called secondary growth of diameter. 

During primary growth, primary tissue is created 

whilst during secondary growth, secondary 

tissue is created.

Root

Figure 1.26 shows the cross section of a tree 

root. The root is covered with rhizodermis 

(skin) with root hairs. The inner part of the root is 

fi lled with cortex (primary bark). The most inner 

layer of primary bark is called endodermis. 

The cells´ walls of the endodermis contain 

a special structure known as Casparian 

bands. These bands are wrapped watertight 

around the endodermis cells. Water enters 

the root by osmosis via root hairs and cortex. 

Casparian bands force the water to penetrate 

the conductive tissue via the cytoplasm of 

the endodermis cells and not to avoid them. 

Conductive tissue consists of xylem and 

phloem. Xylem provides the vertical movement 

of water in an upward direction via capillarity. 

This movement is called the transpiration fl ow. 

Water transports nutrients and supplies the 

leaves. It participates in the photosynthesis and 

in the thermal balance of the plant. Substances 

produced in the photosynthesis process are 

directed back to the leaves, towards the roots, 

via phloem. They supply the lateral meristem 

which participates in the secondary production 

of new xylem and phloem.

Fig.1.25 Plant structure: root and stem. The 
underground and aboveground parts of a plant 
have very different functions and therefore their 
anatomy is also very different. Stem structures are 
mainly designed for photosynthesis, supporting 
growth and reproduction, whilst root structures are 
designed for anchoring the plant and absorbing 
water and mineral nutrients.
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Stem

Figure 1.27 shows a cross section of a tree 

stem. In the fi rst year of the stem, the cross 

section is fi lled with cortex (primary bark). In 

the cortex (shown in yellow), there are vascular 

bundles around the circumference of the circle. 

The vascular bundles contain xylem (wood), 

shown in pink, and phloem shown in violet. They 

are divided by cambium (shown in blue). The 

wood of vascular bundles conducts water from 

the roots to the leaves. It consists of veins and 

vessels in deciduous wood species, or vessels 

in coniferous wood species, in which the water 

fl ows, and wood parenchyma and libriform 

fi bres which provide tissue fi rmness. Veins and 

vessels are the long canals in wood. Their walls 

are fortifi ed with lignin. They consist of columns 

of cells, whose protoplast died out. The parts 

of walls which had divided them dissolved. The 

phloem of vascular bundles transports solutions 

of organic compounds, created in the leaves, to 

all parts of the plant. The solutions fl ow in sieve 

tubes. These are made of long columns of cells 

whose nuclei and parts of protoplast died out. 

However, the walls which divided them remain. 

They contain small openings (pores) and are 

called sieves. Substance solutions pass through 

them. At the beginning of secondary diameter 

growth cambium cylinder is created (blue circle). 

The cambium produces the primary wood (pink 

circle) and primary phloem (violet circle). This 

process forms a continuous cylinder of primary 

conductive tissue. In the centre of the stem, a 

soft core is formed inside the cylinder. In the 

second year of tree growth, cambium produces 

the fi rst secondary wood growing inwards and the 

fi rst secondary phloem in an outward direction 

(displayed by other concentric pink and violet 

circles). Conductive tissue consisting of wood 

and phloem is created every year. The growing 

layer of conductive tissue gradually presses 

the soft core. The cambium forms the greater 

amount of inward wood tissue and the lesser 

amount of phloem tissue in an outward direction. 

The wood is formed of growth rings. Growth 

rings are concentric circles (often asymmetrical) 

which can be seen on a cross-cut section of 

an older stem after several years. Each growth 

ring represents one annual increment of wood. 

It consists of two layers: softer, early spring 

wood and harder, later summer wood. Apart 

from cambium, the stem also contains another 

lateral meristem. This is cork cambium known 

as phellogen (red circle). Phellogen produces 

green bark known as phelloderm (orange circle) 

in an inward direction in the stem and cork known 

as phellem (brown circle) in an outward direction 

in the stem. Phellogen, phelloderm and phellem 

are known as secondary bark or periderm. 

The oldest part of the tree is the soft core and 

primary bark (cortex). Throughout its growth, 

in some wood species wood can be divided 

into heartwood and sapwood. Heartwood is a 

Fig.1.26 Root structure. In the cross section under the root collar, the root 
contains rhizodermis with root hairs, cortex, endodermis, xylem, phloem and 
lateral meristem. Around the circumference of endodermis cells, there are 
Casparian bands which direct the penetration of water through cell cytoplasm 
(illustrated in accordance with POSTLETHWAIT’S et al. motif 1991, page 481).
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Fig.1.27 Stem structure. A cross-section of the stem above the terminal bud in the fi rst year of growth (a), 
a cross-section under one-year-old branch in the second year of growth (b) and a cross-section at breast 
height of the tree after several years of growth (c). The cross sections contain cortex, xylem, phloem, 
cambium, soft core, phellogen, phellem, phelloderm, growth rings, heartwood and sapwood. The fi gure also 
displays a vascular bundle in detail (d) containing veins, vessels, wood parenchyma, libriform fi bres and 
sieve tubes. (illustrated in accordance with POSTLETHWAIT’S et al. motif 1991, page 484).
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darker, internal older part, where the veins are 

blocked and do not transport water. However, 

it still fulfi ls a supporting mechanical function. 

Sapwood is a lighter, outer younger part which is 

still active and transports water. It also supports 

the tree and stores reserve substances.

Leaf

Figure 1.28 shows a cross section of a tree 

leaf. Leaves play the main role in the creation 

of organic substances in the process known 

as photosynthesis. Leaves consist of a blade 

and a leaf stalk. The blade (lamina) is the 

main part of the leaf. The upper part is called 

the face and the underside is the reverse. The 

blade contains vascular bundles which form the 

venation. Venation can also be observed from 

the exterior. It carries out infl ow of water and 

mineral substances and the drainage of organic 

compounds created in the leaf.  The majority of 

leaves have a main or central rib as a follow on 

from the stalk and the lateral veins branch out, 

creating dense venation. The leaf stalk is the 

part of the leaf which connects the tree stem 

with the leaf blade. Conductive tissue passes 

from the leaf stalk into the main vein (central rib) 

of the leaf. The conductive tissue contains veins 

and sieve tubes. Veins transport water into the 

leaf together with mineral substances and sieve 

tubes transport solvents of organic compounds, 

as products of photosynthesis, from the leaf 

Fig.1.28 Leaf structure. Part of a stalk in a longitudinal cross section, with an attached leaf. Conductive 
tissue transports water, together with mineral substances, from the roots towards the leaves. Products 
of photosynthesis fl ow back via conductive tissue. A leaf consists of a leaf blade and a stalk, and it 
contains a central rib and venation. In a leaf cross-section, we can recognise the epidermis covered 
with a cuticle, palisade and spongy parenchyma, veins and sieve tubes. There are stomata on the 
reverse side of the leaf skin. Stomata are formed of a pair of closing cells: (a) if the cells are fi lled with 
water, the stomata open, (b) if the cells are losing water, the stomata close (illustrated in accordance 
with POSTLETHWAIT’S et al. motif 1991, pages 486 and 506).
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back to other organs. The leaf stalk is fi xed to the 

stem via a separating layer. It is a layer of cells 

which is created on the base of the stalk and 

allows leaves to fall at the end of the vegetation 

period. Shedding stimulates a hormone - 

abscisic acid. After shedding, a leaf scar is left 

on the stem. The leaf blade is covered with an 

upper epidermis (skin) on the face side of the 

leaf and a lower epidermis on the reverse side 

of the leaf. A cuticle is formed on the cell walls 

of the epidermis. Xerophytes have a very thick 

cuticle, hygrophytes have a very thin cuticle 

and hydrophytes are usually without cuticle. 

A leaf contains palisade parenchyma. It is a 

layer of cells below the upper skin of the leaf. 

It consists of regular palisade cells containing 

numerous chloroplasts. Chloroplasts play 

an irreplaceable role in the photosynthesis 

process. Spongy parenchyma is formed by 

layers of cells of an uneven shape with a number 

of intercellular spaces where an exchange 

of gases takes place. Palisade and spongy 

tissues together create a mesophyll. There are 

pores called stomata in the lower epidermis 

on the reverse side of the leaf. The stomata 

are small openings in the skin through which 

the exchange of gases and water evaporation 

(transpiration) takes place. They are formed of 

a pair of kidney shaped closing cells. Closing 

and opening of stomata is caused by the cells 

changing shape. If the cells are fi lled with water, 

they open. When the cells are losing water, they 

connect and close the stomata.

1.3.2 Response of trees to stimuli

The response of trees to stimuli as a 

characteristic principle of the existence of a 

living organism is the ability of the organism 

to recognise the stimuli and react accordingly. 

Stimuli may be external, given by the infl uence 

of the surroundings, and internal, induced 

by an organism’s activity. The reaction to 

irritation is usually expressed by movement 

or the initiation of an appropriate physiological 

process. Figure 1.29 illustrates the division 

of plant movements. From the viewpoint of a 

tree, the most important movements may be 

considered to be tropisms. Tropisms very often 

infl uence the morphological shape of trees and, 

therefore, they are addressed in some models, 

for example, structural models which we shall 

address in Chapter 7.

Defi nition 1.7

Tropism is an orientated movement of a plant 

towards a stimulus (positive) or away from a 

stimulus (negative). Mechanisms which allow 

bending of an organ are growth and turgor. De-

pending upon this, we can distinguish growth 

movements (curvature, coleoptiles) which are 

irreversible, and turgor movements induced by 

a change in the osmotic value of cells, which 

are reversible.

The most popular tropisms include:

Geotropism - bending of an organ induced 

by the Earth’s gravity, for example, roots are 

positively geotropic and stems are negatively 

geotropic.

Phototropism - bending of an organ induced 

by one directional light, e.g. bending of tree 

branches towards the released crown canopy.

Hydrotropism - bending of tree organs 

induced by a response to water source, for ex-

ample, bending of tree roots towards a source 

of underground water.

Heliotropism - bending of tree organs in-

duced by a reaction to the position of the Sun 

as a special case of phototropism, for example, 

turning of tree leaves and fl owers towards di-

rect solar radiation.

Whilst geotropism, phototropism and hy-

drotropism are mainly irreversible growth 

bends, heliotropism is a reversible turgor fl ex-

ion.

1.3.3 Creation of substances in a tree

Trees belong to autotrophic organisms which 

are able to bind organic compounds in the 

form of sugars based on the photosynthesis 

process. These compounds are then allocated 

to individual tree organs and provide its growth 

and development. On the other hand, a tree 

requires energy for its life processes (building 

new tissues, metabolism, etc.). Energy is created 

in the process of breathing (respiration) which, 

on the other hand, releases carbon in the form of 

carbon dioxide. The growth and development of 

a tree is therefore secured via a balance between 

photosynthesis and plant respiration. During 

daytime, photosynthesis prevails over respiration 

in terms of the balance between binding and 

releasing carbon. At night-time, a tree only uses 
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the respiration process. Overall, in the 24-hour 

carbon balance, binding to biomass prevails over 

its release into the atmosphere.

Photosynthesis

Defi nition 1.8

Photosynthesis is a biochemical process 

of transformation of inorganic compounds 

in plants to organic compounds due to light 

energy.

Photosynthesis is based on the transformation 

of inorganic compounds (water and carbon 

dioxide) into organic (glucose), accompanied by 

oxygen release in the presence of light energy 

and assimilation pigment. The photosynthesis 

process is shown in a simplifi ed form in fi gure 

1.30. The balance of the creation of substances 

in the photosynthesis process can be expressed 

by the following equation:

12 H
2
O + 6 CO

2
 + Energy 

 C
6
H

12
O

6
 + 6 O

2
 + 6 H

2
O (1.1)

The photosynthesis process consists of two 

phases: light and dark. The light phase takes 

place exclusively in the presence of light. When 

sunlight reaches the green chlorophyll in the 

chloroplast, part of the solar radiation energy 

is trapped and strengthens the electrons in the 

pigment molecules and they become energy 

rich electrons 2e- (fi g. 1.30, step 1). During the 

returning of the electrons back to their original 

energy level, the energy trapped within is stored 

in the form of an energy rich carrier - NADH 

coenzyme (fi g. 1.30, step 2). During this process 

the water molecule (H
2
O) is divided, releasing 

oxygen (O
2
) - (fi g. 1.30, step 3). Plant scientists 

usually draw the route of electrons in a zigzag 

shape and they therefore call it a ’Z scheme‘. 

This process of disintegrating water causes that 

plants release oxygen into the environment. 

This is also the reason why plants need water 

for photosynthesis and for their growth. Water is 

therefore a limiting factor. At this moment, the light 

phase of photosynthesis ends and is followed by 

its dark phase, which is not dependent upon the 

access to light. Glucose itself is created during 

the dark phase. Carbon dioxide coming from 

the atmosphere (fi g. 1.30, step 4) only contains 

carbon and oxygen whilst glucose also contains 

hydrogen. Hydrogen is present in the energy 

rich NADH coenzyme (fi g. 1.30, step 5) which is 

a product of the light phase of photosynthesis. 

Its energy and hydrogen are combined with 

carbon atoms coming from six molecules of 

carbon dioxide producing glucose (fi g. 1.30, step 

6). This process of consuming carbon dioxide 

from the atmosphere and its fi xing or combining 

with hydrogen into a biological molecule is 

called carbon binding. Carbon binding, which 

takes place during dark photosynthesis, is 

accompanied by an enzyme that is one of the 

Fig.1.29 Schematic division of plant movements. Most important for trees are those tropisms which are 
very frequently modelled in structural models.

plant movements 

physical vital 

hygroscopic cohesive locomotions bending 

induced by irritation spontaneous (autonomous) 

tropisms nastics 



59

FOREST ECOSYSTEM ANALYSIS AND MODELLING

most signifi cant enzymes on the Earth. Its 

abbreviation is Rubisco. This is ribulose-1.5-

bisphosphate (RuBP). This enzyme induces a 

cycle of reactions called the Calvin-Benson 

Cycle. It is named after the scientists who 

discovered it. In 1961, CALVIN was awarded the 

Nobel Prize for Biochemistry for this discovery. 

The fi nal product of the Calvin-Benson cycle is 

glucose (C
6
H

12
O

6
).

Respiration

Defi nition 1.9

Respiration is a biochemical process of 

the decomposition of organic compounds 

into inorganic, which releases the energy 

necessary for the life of an organism.

During the respiration process (breathing), 

glucose is disintegrated in the presence of 

oxygen whilst releasing the water, carbon dioxide 

and energy necessary for the life processes of 

the plant. The respiration process is shown in 

a simplifi ed form in fi gure 1.31. The balance of 

creating substances is shown in an example 

of one molecule of glucose consumed in the 

respiration process:

C
6
H

12
O

6
 + 6 O

2
  

6 CO
2
 + 6 H

2
O + Energy (36 ATP) (1.2)

In comparison with the photosynthesis 

process, it is therefore a mirror (transverse) 

process. Glucose (C
6
H

12
O

6
) penetrates a 

cytoplasm cell via osmosis. Glycolysis takes 

place in the cell cytoplasm (fi g. 1.31, step 1). The 

basis of glycolysis is splitting a glucose molecule, 

Fig.1.30 Schematic illustration of the photosynthesis process. During the light phase of photosynthesis, 
the solar energy absorbed by the molecules of chlorophyll in chloroplast is strengthened into energy 
rich electrons (1). Energy from these electrons is stored in energy rich carriers (2). Electrons excited by 
the chlorophyll are replaced with electrons from the fragmentation of water, when the oxygen is released 
(3). During the dark phase of photosynthesis, carbon dioxide (4) is bound into biological molecules. 
Hydrogen and the energy from energy rich carriers (5) allow glucose to be formed (6) as a result of the 

Calvin-Benson cycle.
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in a reduction environment in the presence of 

enzymes, into two molecules of tri-carboxylic 

pyruvic acid (C
3
H

4
O

3
), into two molecules of ATP 

and into one charged electron carrier (NADH 

coenzyme). The molecules of pyruvic acid 

penetrate the cell mitochondria and are activated 

in a process called the Krebs Cycle (fi g. 1.31, 

step 2). The mitrochondrion of a cell consists of 

inner and outer space, which are separated by a 

spiral membrane. The Krebs Cycle happens in 

the inner space. It provides the release of carbon 

from the pyruvic acid, all the way down to carbon 

dioxide (CO
2
). The energy released during 

breaking is transformed into ten charged electron 

carriers (NADH) and two molecules of ATP. In the 

next phase, a transport chain of electrons takes 

place, which is also known as the respiration 

chain (fi g. 1.31, step 3). In this most complicated 

phase, the largest portion of the energy is 

produced and accumulated in ATP molecules. 

The presence of oxygen (O
2
) is necessary. The 

electrons from the NADH carriers are gradually 

released. They create hydrogen ions (H+) and 

free energy (2e-). Such released energy provides 

suction of the produced hydrogen ions from the 

inner space of the mitochondrion into the outer 

space. Finally, the hydrogen ions penetrate the 

special passage protein (channel) back into the 

inner area of the mitochondrion.  This fl ow traps 

the energy up to 32 molecules of ATP produced 

per molecule of glucose. Finally, the hydrogen 

ions connect with oxygen and create water. The 

fi nal phase of respiration is called oxidative 

phosphorylation (fi g. 1.31, step 4).

Plants C
3
, C

4
 and CAM.

In terms of balancing the binding and release 

of carbon, we divide plants into three categories: 

C
3
, C

4
 and CAM.

Plants of type C
3
 undertake oxidation 

processes (respiration) during photosynthesis, 
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Fig.1.31 Schematic illustration of the aerobic respiration process. Glycolysis (1) takes place in the cytoplasm 
of a plant cell, Krebs Cycle (2) takes place in the inner space of a mitochondrion, respiration chain (3) is 
active in the outer as well as inner space of the mitochondrion and oxidative phosphorylation (4) is active 
in the inner environment of the mitochondrion. Respiration uses glucose and oxygen, and produces water, 
carbon dioxide and energy necessary for the inner processes of a plant.
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whilst as much as 50% of semi-products 

are degraded already during the creation of 

saccharides. The process in which during 

photosynthesis the subsequent degradation of its 

products takes place is called photorespiration.  

The name of the group of plants comes from the 

fact that the stable component in the saccharide 

production phase contains three carbon atoms. 

C
3
 type plants include the majority of plants 

from temperate and boreal regions. The native 

tree species from Slovakia, the Czech Republic, 

Austria and Germany form the exclusive part 

of this group. They use the less advantageous 

process of photosynthesis than C
4
 plants 

since the created organic compounds are 

immediately degraded in the photorespiration 

process. During photosynthesis, plants have 

their stomata open in order to regulate the loss 

of organic substances and transpiration. The 

process of photorespiration is mainly signifi cant 

during hot and very dry weather. At that time, 

there is a greater release of carbon dioxide than 

its binding. This is expressed, for example, by a 

change in plant colour. This is, for example, the 

reason why lawns turn brown in summer. From 

a biochemical viewpoint, C
3
 plant types use the 

already mentioned carboxylic acid cycle - Calvin-

Benson Cycle.

C
4
 plant types have special cells at their 

disposal which contain so called ’carbon dioxide 

pumps‘. The ’pump‘ mechanism is based on 

phosphoenolpyruvate. It is a CO
2
 accepter, which 

after CO
2 
fi xation changes into oxaloacetate with 

four molecules of carbon. That is where the name 

of the C
4
 group is derived from. C

4
 type plants 

include some tropical and subtropical plants, and 

some arecales, for example, sweetcorn, millet 

and sugar cane. Plants have different anatomical 

leaf structure. They have two types of chloroplast: 

mesophyll chloroplasts, which effectively bind 

CO
2
 on the outer side and chloroplasts in the 

sheath of vessel bundles which also process 

CO
2
, allowing its more economical utilisation. 

Thanks to this, the process of photorespiration 

is minimised and photosynthesis may also take 

place during hot and dry weather. This results in 

low loss in the production of organic substances. 

Hatch and Slack were the fi rst to describe the 

fi xation of C
4
 types and therefore it is called the 

Hatch-Slack Cycle.

CAM type plants are a combination of the 

previous groups. The process of creating CAM 

type organic substances is typical for succulents 

(desert plants). The plants have a day and night 

rhythm due to deviation in temperatures. During 

the night they must create CO
2
 reserves in the 

form of malate or oxaloacetate, whilst the Hatch-

Slack Cycle takes place. Stomata are open and 

gas exchange takes place. During the day, the 

Calvin-Benson Cycle occurs, but the stomata 

are closed which prevents the loss of water by 

evaporation.

1.3.4 Transport of substances in a tree

Uptake, movement and release of water

Water is the basic medium for receiving and 

transporting nutrients within a tree. The main 

organ for water uptake is the root. The absorption 

surface of roots is enhanced by root hairs. 

Mycorrhizal fungi, which live in symbiosis with tree 

roots, may also increase their absorption surface. 

Through the absorption surface, water penetrates 

the tree roots and is subsequently transported to 

the conductive tissue. The diffusion and osmosis 

processes (see Chapter 1.2.2) participate in the 

infl ux of water into the tree. Water penetrates 

the root via the cortex and endodermis into the 

veins. Casparian bands direct the movement 

of water through the cytoplasm of endodermal 

cells (see Chapter 1.3.1). The osmotic suction of 

water is directed by osmotic pressure and water 

potential. Osmotic pressure is pressure under 

which water penetrates the cell cytoplasm via 

the semi-permeable membrane. The higher the 

concentration of substances in cells, the higher 

the level of pressure. The pressure has a positive 

value. The opposite of osmotic pressure is 

osmotic potential. It is counter pressure which 

prevents further osmosis. It is expressed as a 

negative with the same absolute value. Water 

potential of a plant is the difference between 

the chemical potential of water in the plant cell 

(
V
) and the chemical potential of pure water (

0V
 

= 0). When taking partial molar volume of water 

(V
V
) into consideration, water potential is given 

by the equation:

  

V

VV

V
VP 0μμ −

=  (1.3)

Water potential therefore gives the level of 

water in the plant, which means the suction 

force of plant tissues. It always has negative 

values in pressure units (Pa - Pascal). The 
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lower the water potential of a plant, the less 

water in the tissues and therefore, the greater 

the suction forces. This means that the plant 

surroundings are dry. On the other hand, the 

higher the water potential of a plant, the more 

amount of water in the tissues and therefore, the 

lower the suction forces. Osmotic water uptake 

into cells causes movement of thinner liquid 

into the thicker liquid. Due to the concentration 

of dissolved particles, vacuole sap fi rstly draws 

water from the cytoplasm, then from the cell wall 

and fi nally from the cell surroundings. Water 

uptake into a cell fi rstly increases the pressure 

in the cell, which is then transferred to the cell 

wall. The cell wall is enlarging. An elastic cell 

wall stretches until the reverse pressure reaches 

the osmotic potential value. Reverse pressure of 

a cell wall is known as turgor. The difference 

between osmotic potentials causes water fl ow 

or movement. The inner pressure upon the cell 

content is called pressure potential. Pressure 

potential is always positive. It consists of cell wall 

pressure (turgor), pressure from surrounding 

cells and hydrostatic pressure. Pressure 

potential maintains the cells, tissues and the 

entire plant in a tense state if the values of 

turgor and the pressure by the surrounding cells 

are non-zero. In such situations, the pressure 

potential is higher than atmospheric pressure. 

Water potential (negative value) is the sum of 

osmotic potential (negative value) and pressure 

potential (positive value):

water potential = osmotic potential + 

pressure potential (1.4)

Accessibility of water as well as the amount 

of water mainly depends upon the osmotic 

activity of the soil solution (hypotonic, hypertonic, 

isotonic), whose value is characteristic for 

particular groups of plant species (halophytes, 

hygrophytes, xerophytes, etc.). Another factor 

is temperature (minimum, optimum, maximum), 

whose optimum borders vary depending 

upon whether the species are thermophilic or 

cryophilic. During freezing, so called ecological 

drought occurs, when water changes to ice and 

becomes inaccessible to trees. Water uptake 

also infl uences the amount of oxygen in the 

soil, which is the basis for releasing energy via 

respiration (so called dry watering or aerating of 

soil in forest nurseries). An important factor is the 

size of soil particles which, in clay and fatty soils, 

prevent the uptake of water into tree roots and 

induce a so called physiological drought.

Water moves in the woody part of tree vascular 

bundles (xylem) in an upward direction. Water 

displaced by roots can only reach a height 

of 35 - 50 cm, thus the conduction of water to 

greater heights (e.g. to 40m in fi r) is regulated by 

another mechanism. We call this transpiration. 

Maintenance of a continuous transpiration fl ow is 

dependent upon physical properties - adhesion, 

capillarity and the chemical properties of water 

- cohesion (cohesion of water molecules based 

upon hydrogen bridges). Cohesion of water 

molecules causes that the transpiration fl ow 

forms a continuous column. The transpiration 

motor is a continuous release of water. The tree 

evaporates water into the environment via leaf 

stomata, which means that water is continuously 

’sucked‘ into the higher parts of the tree. This 

water is evaporated in the form of pure water 

vapour (gaseous state). Water can also leave the 

plant in a liquid state. This is so called guttation 

which mainly takes place during the night and 

early morning. It is related to root displacement 

and transpiration fl ow. Increased root pressure 

when there is excess water and decreased 

possibility of evaporation when the air is humid 

results in water exudation in the form of droplets, 

together with mineral substances (dew) through 

secretory tissue in hydathodes, mainly occurring 

on the edges of leaves.

In terms of water content in plant tissues, we 

recognise three states:

Turgescent state. This is the state in which 

cells are in a healthy plant. Water enters 

the vacuoles via osmosis, dissolves mineral 

substances and sugars, whilst the vacuole 

stretches to maximum. Its pressure is equal to 

the counter pressure of solid cell walls (turgor). 

The plant is fi rm and erect.

Wilting. This is the state which occurs in 

plants under certain circumstances, mainly at 

increased temperature. Via transpiration, the 

plant loses more water than it can receive and 

cell turgor decreases. Cells are not suffi cient 

support for the plant and it wilts.

Plasmolysis. This is an extreme state in 

the plant which can cause its dying out. The 

plant loses large amount of water, not only via 

transpiration as a consequence of increased 

temperature, but also via reverse osmosis into 

dry soil or soil with high salt concentration. 

Vacuoles in cells shrink to such a level that the 
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protoplast is separated from the cell wall, causing 

the cells to die.

All the mentioned facts are important in 

modelling trees and stands, mainly in process-

based models (Chapter 8). Some parameters 

which model the state of water in a plant use 

them. In modelling forest ecosystems, for 

example, an important value is the intensity of 

transpiration which expresses the amount of 

water evaporated from the stand per time unit. 

It is infl uenced by a number of external and 

internal factors. The production of tree biomass 

and the needs of individual taxa for water can 

be modelled using transpiration coeffi cient. 

Its value expresses the amount of water in litres 

consumed by a tree or a stand in a vegetation 

period per 1 kg of dry weight. The ratio between 

water uptake and release is also modelled using 

water balance. When the ratio of water uptake 

and release equals one, the uptake and release 

is balanced. If there is a water defi cit, turgor is 

reduced and the tree wilts.

Uptake of nutrients from soil and transport 

of nutrients within a tree

Soil is a source of all macro- and micro-

elements (see Chapter 1.2.1) necessary for life 

except for carbon, oxygen and hydrogen, which 

the tree obtains from air and water. Soil is a 

mixture of organic and inorganic compounds 

whose origin is in bedrock. Throughout time, 

with the infl uence of water, wind, hot and cold 

weather, bedrock erodes and produces inorganic 

parts of soil - particles of different size  starting 

from boulders, stones and gravel, to sand, dust 

and clay (fi gure 1.32). Bacteria, fungi, mould, 

lichens, plants and soil organisms extract 

minerals from them. They transform minerals 

into organic material. They discard the organic 

material in the form of excrements or they die. 

Discarded and deceased material becomes part 

of soil humus. Air spaces/pores between soil 

particles are imperative for the life of plants (fi gure 

1.32). Thanks to the pores, a fi ne, continuous 

fi lm of water covering individual soil particles is 

created. The size of soil particles determines 

the retention ability of soil, i.e. the ability of 

the soil to bind (retain) water. For example, soils 

which consist primarily of sand particles have low 

retention ability; on the other hand, soils mainly 

consisting of clay particles have high retention 

ability. Several actions must take place if plants 

are to utilise mineral substances (nutrients). 

Firstly, mineral ions must dissolve in the water 

that surrounds soil particles. Then the nutrients 

must reach the roots and, fi nally, they must be 

distributed to all necessary parts of the plant. In 

particular, nutrients must penetrate the plasmatic 

membranes of root hairs, pass through the cells 

of the root cortex, through the cytoplasm of the 

endodermis until they reach the veins in the roots’ 

xylem. Then, thanks to root displacement and 

the subsequent force of transpiration fl ow, they 

reach the necessary tree organs. It requires a lot 

of energy to absorb macro- and micro-nutrients. 

Therefore, tree roots need an appropriate energy 

source. Since root cells are not able to perform 

the process of photosynthesis, they must obtain 

energy rich components (sugars) from leaves. 

The transport of sugars in a downward direction 

therefore plays a very important role in the life 

of a tree. However, not only tree roots consume 

energy. Energy is also necessary for the tree 

organs and tissues which provide its growth 

and reproduction; for example, growth tops in 

terminal buds (apical meristem), cambium and 

phellogen (lateral meristems), fl owers and fruit. 

Therefore, leaves are considered as a source of 

sugars and the mentioned organs and tissues as 

consumers of sugar.

Defi nition 1.10

Translocation is the process of distribution 

of the products of photosynthesis (sugars) 

from plant’s assimilation organs to other 

organs and tissues (roots, buds, fl owers, fruit, 

cambium, phellogen).

Allocation is the process of redistribution of 

the products of photosynthesis to individual 

organs and tissues of the plant.

Translocation is the process responsible for 

transferring the products of photosynthesis 

from tree leaves to individual organs of the tree. 

The method of redistribution of the products 

of photosynthesis between individual organs 

is called allocation. Process models (Chapter 

8) mainly deal with modelling allocation, 

focusing upon carbon which determines the 

amount of produced biomass in individual 

parts of the tree (assimilation organs, stem, 

branches, roots, etc.). In order to understand 

allocation, it is also necessary to understand 
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the process of translocation which describes 

the method of transport to the determined 

place (allocation). The principle of transfer of 

the photosynthesis products from tree leaves to 

the place of allocation is shown in fi gure 1.33. 

Sugars produced in leaves are sucked into the 

phloem cells (sieve tubes). This active transport 

increases the concentration of solution in the 

phloem and therefore, via osmosis, the water 

is transferred from the lateral cells of xylem. 

The infl ow of water into xylem disperses the 

phloem’s cells, enlarges their turgor and pushes 

the sugar solution through the sieves of the sieve 

tubes in the direction away from the tree leaves. 

This creates volume drainage in the direction 

from higher pressure to lower pressure (in the 

direction of gravity). Based upon observations, 

plant scientists discovered that a solution fl owing 

through sieve tubes contains approximately 

30% of sugar and 70% of water. In the place of 

sugar allocation, for example, in the tree root, 

Fig.1.32 Soil - a source of air, water and 
nutrients. Soil contains inorganic and organic 
particles as well as pores fi lled with air which 
are responsible for creating fi ne fi lms of water 
in soil particles. Root hairs penetrate these 
pores and obtain water and dissolved nutrients 
coming from soil particles. Soil organisms such 
as nematodes and rain worms create tunnels 
which assist in the aeration of soil and create 
better conditions for the water regime (illustrated 
in accordance with POSTLETHWAIT’S et al. motif 
1991, page 509).

Fig.1.33 Translocation. In tree leaves, sugar is 
moved from the source cells to phloem sieve 
tubes, water is transferred via osmosis and 
sugar is transported downwards through the 
sieves of sieve tubes in the direction of the 
pressure gradient. This gradient is created due 
to the fact that the root cells with a low sugar 
concentration draw nutrients from the sieve 
tubes and they therefore dilute the solution 
in the phloem’s sieve tubes. When the water 
leaves the phloem where the sugar is allocated, 
turgor in nearby phloem cells decreases 
(illustrated in accordance with POSTLETHWAIT’S et 
al. motif 1991, page 511).
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the sugar is removed from the phloem. The 

solution in the phloem sieve tubes is dissolved 

to the point where its transfer via osmosis back 

to neighbouring cells and vessels in xylem takes 

place. Here, the solution once again becomes 

part of the transpiration fl ow (against gravity).

Summary

A forest is infl uenced by a set of factors (fi g.fi g. 

1.1) which include temperature, solar radiation, 

water, physical and chemical properties of the 

soil, fl ora and fauna. A forest is an ecosystem 

which is a part of the biosphere. Forest models 

are often based upon the nature of the biome 

(fi g. 1.2) or the bio-geographical region 

(fi g. 1.3) in which a forest is situated. A forest 

ecosystem is also a part of a biotope and is 

characterised by its ecological niche (fi g. 

1.4). When modelling a forest, it is important to 

start from the hierarchy of life (fi g. 1.5) while 

modelling the necessary organisation level. A 

forest is a climax community which completes 

a natural succession line. The process of an 

ecological sequence of forest forming of a 

forest is called succession (fi g. 1.6 and fi g. 

1.7) and is the main object of succession 

models. A forest is formed in developmental 

cycles. Natural forests (fi g. 1.8) follow a 

natural developmental cycle which is not 

infl uenced by human (fi g. 1.9). Management 

forests can develop as clearcut forests 

(fi g. 1.10), shelterwood forests (pic 1.12) or 

selection forests (fi g. 1.14). These forests are 

characterised by a typical nature and attributes 

and are created by applying a particular 

management developmental cycle (fi g. 1.11, 

1.13 and 1.15). Cycle of matter takes place 

in the forest. Its basis are macro elements 

necessary for growth and development of 

trees and microelements which have a 

catalytic effect for metabolic processes (fi g. 

1.16). The main cycles of matter in a forest 

environment include water cycle (fi g. 1.17 and 

1.18), carbon cycle (fi g. 1.19) and nitrogen 

cycle (1.20). The basis for the growth of trees 

and stands is solar radiation (fi g. 1.21 and 

1.22) whose intensity is infl uenced by Earth ś 

rotation around the sun (fi g. 1.23), the position 

of the sun in the sky (fi g. 1.24) and the current 

status of the atmosphere (cloud, pollution). 

Trees rank amongst vascular plants. They 

have a typical plant structure, which consists 

of a root and a stem (fi g. 1.25). When a plant 

structure is formed, it follows the principles of 

tree organ growth, which are characteristic for 

individual species. The principles are a part 

of tree growth ’grammar‘ in structural models. 

The key organs of a tree are the root, the 

stem and the leaf. Roots fulfi l the function of 

anchoring the tree in the soil and the function 

of water and nutrient absorption. At tissue 

level, a root consists of rhizodermis, cortex 

and endodermis with Casparian strips, xylem, 

phloem and lateral meristem (fi g. 1.26). The 

stem mainly functions in water and nutrients 

transport. At tissue level, it consists of cortex, 

xylem, phloem, cambium, storage tissue, 

phellogen, phellem, pheloderm, tree growth 

rings or heartwood and sapwood (fi g. 1.27). A 

leaf mainly performs the function of assimilate 

production via photosynthesis. At tissue 

level, it consists of epidermis with cuticula, 

palisade parenchyma with chlorophyll, spongy 

parenchyma, veins, sieve tubes and stomata 

(fi g. 1.28). Tree shape is not only infl uenced 

by the typical principles of tree morphology 

formation but also by the processes of tree 

responses to external factors which cause 

movement and bending of organs (fi g. 1.29). 

The most frequent movements and turnings 

of tree organs include tropisms: geotropism, 

phototropism, hydrotropism, or heliotropism. 

Tropisms are often modelled in structural 

models. A tree produces substances based 

on the two ’mirror‘ processes: photosynthesis 

and respiration, which mutually interact and 

are in balance. Photosynthesis is the process 

of converting inorganic compounds in fl ora 

into organic compounds using solar energy 

(fi g. 1.30), while respiration is the process 

of decomposing organic compounds into 

inorganic compounds which causes a release 

of energy necessary for the life of the organism 

(fi g. 1.31). During photosynthesis, carbon 

dioxide and water are consumed andoxygen 

is produced. During respiration the reverse 

occurs. Carbon fi xation of trees in temperate 

and boreal regions follows the effi ciency of 
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photosynthesis of C
3
 type, some sub-tropical 

and tropical plants have much greater effi ency 

which is of type C
4
 similar to desert CAM 

type plants. The transport of received and 

produced substances in a tree is provided 

via water uptake, movement and release. 

These are controlled by processes such as 

diffusion, osmosis, root pressure, transpiration 

and guttation. The processes are related to 

osmotic pressure, osmotic potential, water 

potential, turgor, pressure potential, adhesion, 

capillarity, cohesion, etc. Osmosis that is 

responsible for the plant status: the turgescent 

state, desiccation and plasmolysis, plays the 

greatest role in the processes of wateruptake 

and release. Transpiration, measured by its 

intensity and transpiration coeffi cient, plays 

the greatest role in the transport of water 

and infl uences the fi nal water balance of the 

tree. The uptake of nutrients from the soil is 

performed by tree’s roots. It depends upon 

the soil properties, mainly upon the size of 

soil particles (fi g. 1.32) which infl uences the 

retention ability of the soil. The transport of 

water and nutrients from the roots to the leaves 

of the tree in an upward direction is carried by 

tree veins in xylem (wood) using root pressure, 

but mainly via the transpiration fl ow. Reverse 

transport in a downward direction also takes 

place in the plant and supplies tree organs 

with the products of photosynthesis. The 

products are a source of energy for the growth 

and metabolism of organs. They fl ow through 

sieve tubes in phloem (fi bre). The process of 

transferring photosynthesis products from 

the source (leaves) to the target (determined 

organs) is called translocation (fi g. 1.33). 

Matter is redistributed between individual tree 

organs via translocation. This redistribution is 

called allocation. 
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Why is a forest a cybernetic system?

Let us imagine an example from everyday 

life known to all of us. Directing traffi c at a busy 

crossing. The crossing uses traffi c lights. A 

model of traffi c lies in the colour signalisation. If 

the red light is on, the traffi c entering the crossing 

is stopped. If there is a green light, access to the 

crossing is open. Direction of traffi c is set via 

regular changing of colour signals in individual 

directions. Switching is provided by a program 

with pre-defi ned intervals. In this case, we 

speak of ’directing traffi c at a crossing‘. Traffi c 

may collapse at such a crossing. This happens 

if traffi c in one direction is much heavier than 

in another, but the intervals between light 

signalisation have not changed. Cars in one 

direction often stop at a ’red‘ despite the fact 

that there are no cars travelling in the ’green‘ 

direction. Let us imagine a situation where such 

a crossing is directed by a traffi c police offi cer. 

How does his behaviour differ from the light 

signalisation? He opens and closes access to 

the crossing depending upon the actual status of 

the traffi c. This means that if there are far more 

cars in one direction than another, he will leave 

access open for longer. He behaves in such a 

way that a traffi c jam is not created at entry to 

the crossing. We speak of ’regulating traffi c at 

a crossing‘. What has changed in comparison 

with the original situation is feedback. A forest 

is a typical example of a system with dominating 

feedback. Let us imagine a forest consisting of 

beech trees around 60 years old. The trees are 

of approximately the same age; for example, they 

were planted 60 years ago. The trees create a 

full canopy, which means that tree crowns touch 

each other and fully use the crown space. What 

happens if we suddenly release the space of 

tree crowns by felling selected individuals? We 

will release the crown canopy. Trees will start to 

react to the open space. They will receive more 

light. Light causes an increase in the intensity of 

photosynthesis and therefore the production of 

wood matter. The increment of trees increases. 

Tree crowns become larger and will again start 

to touch each other and again create a full 

canopy. Light for trees is reduced to its original 

state and the increment in trees is reduced once 

more. This is the feedback principle. Feedback 

together with regulation are typical properties of 

cybernetic systems. Therefore, when modelling 

a forest, we must proceed using the knowledge 

and principles used in modelling cybernetic 

systems.

What will we learn in this chapter?

We should observe a forest not only in its details 

but also as a whole. The cybernetic approach 

allows the correct view for cohesion of details 

with the whole. We will learn to see a forest in a 

way that trees do not cloud our view and, at the 

same time, we will not lose eye contact with trees. 

It is necessary to observe a forest in its context. 

Here, a cybernetic way of thinking also plays a 

very important role. Within a forest ecosystem, 

we will learn to put into context those elements 

of the forest which really infl uence each other. 

This creates a logical system of relationships. 

We shall avoid the incorrect and unnecessary 

combining of everything with everything. We 

shall address the above as well as other matters 

in this chapter.

We shall obtain an opinion about the forest 

as a cybernetic system. We shall also address 

its specifi cs in comparison with other systems 

of a technical or biological nature. Its longevity, 

openness, structural determination, historical 

infl uence, hierarchy or richness of production 

2. Cybernetic principles of forest modelling

“You can’t see the forest for the trees.”

(Ovidius)

“Each object can be brought into context with something but none can be put into context with everything.”

(J.R. Oppenheimer)
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are properties which determine its specifi c 

position in modelling. All these must be taken 

into account when constructing models. Due to 

this, forest modelling is much more complicated 

than modelling technical systems or modelling 

agricultural ecosystems. We shall discover 

how we can move from a cybernetic system to 

modelling a forest. We shall learn how to use 

bond matrices, structural matrices and system 

diagrams during the creation of models and 

distinguish models of forest behaviour from 

structural models of a forest.

2.1 A forest as a cybernetic system

In Chapter 1 we focused upon a forest from the 

viewpoint of an ecosystem. Now let us take a look 

at a forest from a cybernetic system viewpoint. 

Figure 2.1 shows a forest as a system which has 

inputs in the form of light, climate, soil and human 

activity. The output is the profi t gained from the 

forest. Let us now focus upon selected parts. A 

forest consists of elements which are trees. The 

inputs and outputs of a ’FOREST‘ system are 

connected to an element which we can generally 

call ’surroundings‘. On one hand, surroundings 

infl uence the forest and on the other hand, they 

are infl uenced by the forest. We consider not only 

natural conditions but also the human population 

as part of the surroundings.

Let us take a closer look at two selected 

elements - trees. Let us limit ourselves to 

just one input into the system, which is ’light‘. 

Solar radiation coming from the atmosphere 

penetrates the stand canopy. The canopy is the 

crown area which creates a natural roof with a 

 gaped structure. The crown canopy reduces 

light penetrating the stand. Trees ’compete‘ 

with each other for this light in the form of a 

competitive ’battle‘. The amount of light and 

its quality in terms of wave length modifi ed in 

such a way enters the photosynthesis process. 

Photosynthesis causes the trees to grow and 

hence, also the changes in the structure of the 

crown canopy. This has a reverse effect upon 

Fib 2.1 ’FOREST‘ as a system with inputs and 
outputs. a) overall view of the system, b) view of 
selected elements of a forest and displaying the 
bonds between them.

Fig. 2.2 KARL LUDWIG VON BERTALANFFY 
(1901 - 1972) is the founder of the general system 
theory which is still used in forest modelling.
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the amount of light penetrating the stand and 

therefore a reverse effect upon the competition 

for light between trees and infl uences their further 

growth. The crown canopy may be considered 

as a separate element of the ’FOREST‘ system. 

The ’canopy‘ element is closely connected to the 

’tree‘ and ’tree‘ elements in the form of a parallel 

link. This link could be called ’competition‘. Each 

’tree‘ element then further infl uences itself via the 

’canopy‘ element. This feedback can be called 

’canopy forming‘. This view of a forest is identical 

to a system analysis. This approach was 

introduced by BERTALANFFY in 1951 especially for 

theoretical biology purposes and later, in 1968, 

he precisely described it in the general system 

theory.

For the needs of forest modelling and in order 

to become familiar with the terms we are going 

to use in the further text, we are now going to 

introduce some basic defi nitions of system 

theory.

Defi nition 2.1

A system is a set of elements which interact 

with each other and the surroundings. It is 

the set S = (A,R) consisting of universum 

A and characteristic R. The universum is 

a set of elements a
i
 and the characteristic 

is a set of relations between a
i
 elements.  

Dependencies may be:

•  between the system surroundings (element 

a
0
) and its sub-element a

i
 (entry to system).

•  between the output of element a
i
 and the 

input to element a
j
 (internal dependencies)

•  between element a
j
 and its surroundings a

0
 

(output from system)

According to this defi nition, we may consider 

a forest to be a set of trees. Forest surroundings 

are created by its environment, i.e. climatic 

conditions, soil conditions, management 

system, etc. Internal dependencies also include 

relationships between trees in the form of 

competition for light. These could, for example, 

be linked in parallel to another forest element 

– the crown canopy. Inputs to the system may 

include temperature, rainfall, soil nutrients, the 

effects of felling, etc. Outputs from the system 

may, for example, be utilisation of the forest in the 

form of wood production, biomass, ecosystem 

services or timber assortments.

Defi nition 2.2

Systems may be open, absolutely closed or 

relatively closed. Open systems are those 

which account for all possible infl uences of 

the surroundings upon the system and vice 

versa. Absolutely closed systems are those 

in which the interaction with the surrounding 

environment is not taken into consideration. 

Relatively closed systems are those in 

which the infl uences of the surroundings 

upon the system and vice versa are precisely 

regulated. We say that only the ’signifi cant 

surroundings‘ are taken into account.

All biological systems are open systems, and 

hence the forest too. However, if we attempt 

to model a forest we try to limit it to the most 

signifi cant bonds with its surroundings. The 

reason is its complexity, lack of knowledge 

about all processes in the forest, the need for 

generalisation in terms of the limited options in 

computer technology or manageability of using 

the model in practice. A forest model is therefore 

always a relatively closed system with limited 

constituent surroundings. When modelling a 

forest we very rarely meet absolutely closed 

systems.

Defi nition 2.3

System behaviour is the dependence 

between stimuli and the response of the 

system. System structure expresses the 

arrangement of system elements, and their 

common links and behaviour. The behaviour 

of elements is expressed by the relationship 

between stimuli and responses. It is valid 

that particular behaviour corresponds to a 

particular structure. However, certain classes 

of structures correspond to and are defi ned 

by certain behaviour.

For example, forest behaviour is a reaction to 

changing ecological conditions or a reaction to 

impacts upon the forest. Stimuli include a set of 

climatic characteristics or a system of thinning 

and on the other hand, the response could be, 

for example, quality of wood. Forest behaviour 

may vary and depends upon its structure. For 

example, forest stands (systems) consisting 

of trees (elements) of one tree species (for 
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example, spruce) are created by humans. Their 

trees are the same age and behave to external 

adverse infl uences at a lower resistance than 

stands which are of a natural character without 

human intervention. Elements in such stands 

(systems) consist of trees (elements) of several 

species and have a more varying horizontal and 

vertical structure. We can therefore say that their 

typical behaviour corresponds to the structure 

of the system. However, stands of different 

structure may have the same behaviour. For 

example, a selection forest behaves similarly to 

a natural forest, even if its structure is different. 

A selection forest is formed and managed by 

humans. It is a forest which has trees of all 

age categories in one area. It is regenerated 

exclusively naturally under the mature stand. 

The individual trees which have reached felling 

dimensions are removed. Despite the fact that 

this forest (system) has a different structure, its 

behaviour is similar to the behaviour of a natural 

forest which develops exclusively naturally, 

without human intervention.

Defi nition 2.4

The behaviour of a system develops in 

accordance with the transformation function: 

y = T(x). The transformation function provides 

transformation of stimulus vector x into 

response vector y. Depending upon the nature 

of the transformation function, we recognise 

combination, sequential and stochastic 

systems. Combination systems are systems 

in which one response y corresponds to one 

stimulus x. Sequential systems are systems 

in which several responses y correspond 

to one stimulus x. Apart from stimulus x, 

response y also depends upon the sequence 

of previous stimuli expressing the inner status 

of the system. Stochastic systems are 

systems in which several responses y, which 

are of a random nature, correspond to one 

stimulus x.

A combination of system behaviour is often 

used when modelling a forest. An example may 

be a ’tree stem‘ system. Input to the system is 

its diameter d
1.3

, height h and its form factor 

f
1.3.

 The output of the system is its volume v in 

accordance with the mathematical function:

  3.1
2

3.1 ...
4

fhdv 
  (2.1)

With the same input (vector consisting of 

diameter, height and stem form factor), we will 

always obtain the same output (stem volume). 

Combination models are very often used due 

to their mathematical simplicity and ease of 

use. A disadvantage is that their behaviour is 

always generalised into a simplifi ed form and 

may not correspond to the behaviour of the 

system in the particular case of a real system. 

It always represents a sort of average of the 

set of behaviour of real systems, with the same 

combination of inputs. On the other hand, in 

sequential systems, initial input into the system 

is not the only important factor, but the actual 

status of the system is also important. In terms 

of stem volume, it does not matter how thick 

the stem was a year or ten years ago. If we 

know the current diameter, height and form 

factor, we always obtain the same volume. An 

example of a sequential system could be the 

overall production of tree’s basal area related 

to the tree annual, radial diameter increment. 

In accordance with the saying that ’wood is 

made on wood‘, the tree’s stem current state 

matters. With an equal annual tree increment, 

for example, the width of a new growth ring 

equals 2 mm, we will observe a different tree 

basal area depending upon the status of the tree 

basal area in the last year. This is infl uenced by 

environmental conditions (rainfall, temperature 

and nutrients in the soil) during the life of the 

tree to date. Under bad conditions, its diameter 

and, therefore, also the basal area are smaller 

than under good conditions, even if the trees 

are of the same species, of the same age and 

of an identical genotype. For example, a 2 mm 

radial increment with an initial diameter of 20 cm 

would mean a basal area of 327 cm². The same 

radial increment for the same tree under better 

conditions, with a diameter of 30 cm would mean 

a basal area of 726 cm². A similar example of a 

sequential system could also be the appearance 

of spruce bark beetle in spruce monocultures. 

The fact whether an outbreak of spruce bark 

beetle will cause damage to wood production 

does not only depend upon current appropriate 

weather conditions but also upon the weather in 

the previous days and the series of management 

measures in the forest in the previous months or 
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years. Both types of behaviour, i.e. combination 

and sequential, are deterministic. This is because 

they are described by explicit relationships and 

if we know the inputs and system status, we 

will always achieve the same output. The most 

common mode of behaviour of biological systems 

(including forests) is combination of deterministic 

and stochastic behaviour. Due to insuffi cient 

knowledge of some processes and bonds in 

the system of a real forest, its behaviour seems 

random to us. A typical example is the production 

of a forest following random events such as wind 

disturbances. These cannot be predicted within 

the current abilities and options. However, forest 

models can also have a stochastic nature. At 

present in forest models, a stochastic component 

is also very often added to a deterministic 

component in the form of a randomly generated 

deviation depending upon the stated probability 

function. Hence, in repeated simulations we 

always achieve different outputs from the model, 

even despite the fact that all the inputs are the 

same. This is because this random element 

contains unknown or deliberately excluded 

processes when constructing a model. We shall 

address this issue in the chapter on variability 

reproduction.

Defi nition 2.5

System reaction time t
r
(hx) is the time of 

delay in response y caused by particular 

stimulus hx, where h is the particular value of 

vector x in the time sequence. The reaction 

time function (trajectory) y
x
(t) is the function 

of transforming a particular stimulus x into a 

response value y depending upon the time of 

impact of the stimulus.

The following example of a forest ecosystem 

may serve to explain the reaction time function. 

Let us assume that we will build a factory next to a 

forest stand which will be a source of atmospheric 

pollution via harmful emissions. The forest stand 

starts to react to such a source of pollution by, for 

example, yellowing of leaves and its defoliation. 

The reason may be a lack of chlorophyll leading 

to a reduction in photosynthesis and a decrease 

in the creation of wood, created by binding carbon 

from the air in the form of wood biomass. The fi nal 

result is a decrease in forest production. However, 

the forest does not respond immediately. It takes 

certain time until leaves start to wither. This time 

is known as the system reaction time. A decrease 

in production then depends upon the duration of 

the impact of air pollution. The longer the factory 

produces emissions, the more signifi cant is the 

decrease in production, although the value of 

emissions remains the same. Despite the fact 

that the input to the system remains unchanged 

with a concrete value of h
x
, the response in forest 

production increases over time.

Defi nition 2.6

The reaction time function may vary over time 

(fi g. 2.3). The convergence function is a function 

where the fi nal response y remains constant 

during the period of impact of a stimulus x. 

Convergent systems are stable systems. The 

divergence function is a function where the 

value of response of y diverges (increases or 

decreases) over time into eternity. Divergent 

systems are unstable systems. The oscillating 

function is a function where the value of 

response y oscillates between maximum and 

minimum values at regular time intervals. 

convergence function divergence function oscillating function 

t 

Yx(t) 

tr(1) 

x=1 x=0 
 

t 

Yx(t) 

tr(1) 

x=1 x=0 
 

t 

Yx(t) 

tr(1) 

x=1 x=0 
 

stability instability 

lim yx(t) 
t   

amplitude A ymax 

ymin 

angular speed (°/t) 

Fig. 2.3 Types of reaction time functions.
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An example of a convergence function could 

be the development of the already mentioned 

selection forest if we want to cultivate it from 

another type of forest, for example an even-

aged forest. We apply such management 

measures in a stand that they will gradually 

change an even-aged forest to a selection 

forest. An even-aged forest increases its 

stock with age. By gradual interventions in the 

forest, we will create a forest structure which 

is represented by all age categories of trees in 

one area. Afterwards, only those trees which 

reach a mature age or if necessary younger 

trees are removed from the forest, so that the 

representation of all age categories corresponds 

to the required exponentially decreasing curve. 

Thus, we achieved the structure of a selection 

forest characterised by a stable growing stock 

over time. The stand is in a stable state, i.e. 

it converged to a stable value. Our targeted 

interventions into the forest represent an input 

into the system and the response (reaction 

time) is delayed. An example of a divergence 

function may be disintegration of a forest after an 

ecological disturbance; for example, after a wind 

storm which destroys a part of the forest and 

disturbs its stability. In the absence of measures 

for saving the forest, its status may worsen 

and may become a source of an outbreak of 

other pests, for example, bark-beetles or wood 

decaying fungi which may also spread to other 

so far healthy stands and may cause massive, 

uncontrollable decay of the forest and therefore 

its complete destruction. After an ecological 

disturbance, the forest is in an unstable state. 

Input into the system could be, for example, a 

wind storm, and the response (reaction time) is 

delayed. In this case, the delay is shorter than in 

the previous case since it is generally valid that 

the system reaches an unstable state quicker 

than vice versa. An example of an oscillating 

system is a pest population in a forest which 

develops following a so-called gradation curve. 

Population size changes in regular cycles 

between maximum and minimum states. The 

amplitude of oscillation and the angular speed 

depends upon the surrounding conditions 

(weather, health of the forest, etc.). Therefore, 

the external environmental conditions create an 

input into the system (stimulus). 

Defi nition 2.7

An element is the basic, elementary (smallest) 

part of the system with accurately limited 

behaviour in the system. We mark it a
i
, where 

i is the order number of the element in the 

system. Each system has a limiting element 

– system environment – which we mark as a
0
. 

An element is usually the smallest part of the 

system. However it may also be an aggregated 

unit depending upon the level of detail within 

our interest. If the element is an aggregated 

unit, then in our terms, it is the smallest unit and 

we are not interested in its internal structure. 

Let us return to the forest ecosystem. Its 

elements could be individual trees. A tree is an 

aggregated unit and, in this case, we are not 

interested in its structure. If we want to look at 

the forest system at a more detailed level, then 

elements could be individual organs of a tree 

(leaves, branches, stem, roots, etc.). Even these 

parts could be divided into tissues and cells, i.e. 

a more detailed level from a physiological and 

biological viewpoint. A system element therefore 

depends upon the detail in the description or 

modelling of the system. When modelling stand 

production, it is suffi cient to use a tree as an 

element, but if we are modelling biomass and its 

content of chemical elements, we should select 

the level of individual organs since each organ 

binds the biomass and chemical elements in 

different amounts.

ai 

aj 

vi 

wj 

wi 

vj 

vij 

common 
part 

wi  a vj 

Fig. 2.4 Bond between two elements.



75

FOREST ECOSYSTEM ANALYSIS AND MODELLING

Defi nition 2.8

The behaviour of an element is the 

transformation of stimulus vector v
i
 into 

response vector w
i
: w

i
 = T

i
(v

i
).

If, in the ’FOREST‘ system we considered a 

’TREE‘ as an element, the stimulus vector could 

consist of light, microclimatic characteristics and 

nutrients accessible to the tree. The response 

vector would consist of, for example, the 

diameter and height increment of the tree. The 

behaviour of the element would be expressed 

via mathematical function which would consist 

of a combination of partial functions of dose and 

effect. We shall address this problematic within 

the ’law of dose and response‘.

Defi nition 2.9

A bond between elements (fi g. 2.4) 

expresses common components of output 

vector w
i
 of element a

i
 and input vector v

j
 

of element a
j
. We mark it as v

ij
 where

 
i and 

j are the order numbers of elements which 

are linked together. Bonds can be: serial, 

parallel and reverse (fi g. 2.5).

Figure 2.6 illustrates an example of a ’FOREST‘ 

system with four elements: canopy (a
1
), two 

trees (a
2
 and a

3
) and environment (a

0
). Using 

this simplifi ed example, we can explain the links 

in the system. Let us fi rst describe the system 

structure. The system environment infl uence the 

forest via its outputs (light, climate, soil and man). 

Light and climate are modifi ed by a canopy of 

tree crowns. The penetration of light through tree 

crowns creates a competition for light between 

the trees. At the same time, the crown canopy 

creates a specifi c microclimate for individual 

trees, which differs from the macroclimate above 

the forest stand. Soil directly affects the trees by 

its supply of nutrients. Man affects the release of 

the canopy via, for example, tree felling during 

thinning treatments in order to regulate tree 

increment and quality. Based upon inputs (light, 

climate and soil), trees produce biomass in the 

process of growth. Tree increment infl uences 

the canopy, and thus infl uences the amount of 

solar radiation penetrated through tree crowns 

and the microclimatic conditions of the trees. 

Via their growth, trees ultimately accumulate 

timber. Fulfi lment of forest functions takes 

place. The products and benefi ts are therefore 

output from the system into its environment. 

The bond between elements a
1 
 a

2
 and 

Fig. 2.5 Basic types of bonds between two elements in a system.
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a
1 
 a

3
 is a serial bond with free output. The fi rst 

free output is created thanks to the competition 

and the second thanks to the microclimate. 

A bond between elements a
2 
 a

3
 is a triple 

balanced parallel bond (competition for light, 

microclimatic conditions and competition for 

nutrients). Bonds a
2 
 a

1 
 a

2
 and a

3 
 a

1 
 

a
3
 represent mediated feedback. Mediation is 

provided by forming a canopy.

Defi nition 2.10

Steering is the process in which the 

managing system (R), using a pre-

determined programme (P), affects input (x) 

of the managed system (S) and therefore 

provides the required output (y  z), as 

shown in fi gure 2.7a.

On the other hand, regulation is the process 

where the output (y) of the regulated system 

(S) is maintained at a standard value (z) 

by a regulator (R) infl uencing input (x) and 

causing its changes (±x) in relation to the 

deviation of output (y) from the standard (z) 

as shown in fi gure 2.7b.  

To summarise, if there is feedback between 

cause and effect, i.e. between output signals 

and input signals, we speak of regulation. If 

cause and effect are not in a closed circuit, 

we call it steering. In steering, it is necessary 

to infl uence the system from outside using 

another control system (for example, a 

computer program or machine operator), whilst 

in regulation, the system can manage itself 

Fig. 2.6 A simplifi ed example of a ’FOREST‘ system consisting of three elements, and its environment.

Fig. 2.7 Difference between processes of steering 
and regulation: a) management, b) regulation.

a) 
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based upon feedback controlled by an internal 

regulator. Steering is applied, for example, 

in traffi c lights which change the signal in a 

fi xed time period regardless of the number 

of waiting vehicles. In this case, we speak of 

traffi c steering. If the number of waiting cars 

is registered, for example, by a camera or a 

photocell, and this infl uences the time fl ow of 

light signal changes, we can thank regulation for 

the saved time. In this case, we speak of traffi c 

regulation. In the fi rst case, it is a technical 

(physical) system; in the second case we speak 

of a cybernetic system. Therefore, a cybernetic 

system, apart from other properties, differs from 

other systems by its own internal regulation.

Cybernetics is the study of cybernetic systems. 

The word ‘cybernetic’ comes from the Greek word 

‘kybernitis’ which means a ‘steersman’. Its aim is 

to keep the boat in the right direction. Nowadays, 

we understand cybernetics to be the science 

of the structure, relationships and behaviour 

of dynamic systems, whilst these systems 

could be biological, technical, psychological, 

socio-economic or others. Cybernetics mainly 

addresses analogies between these systems. 

Whilst the fi rst foundations of cybernetics had 

been developed on technical and social systems 

by WATT or AMPERE in 17th and 18th centuries, 

modern cybernetics as a science and method 

of thinking was established by WIENER (1948). 

Based upon mathematics, physics and electrical 

engineering, WIENER established not only a new 

professional discipline in cybernetics but also a 

new ‘way of thinking’ or ‘thinking within a circle 

of rules’. Crossing the borders of individual 

sciences, such a way of thinking attempts to 

investigate the structures, relationships and 

behaviour of living and non-living systems, to 

recognise analogical behaviour templates and 

simulate them in models. An exceptional analogy 

between a technical and biological system was 

proven to be the circles of rules and feedback 

processes (SENGE 1994) which will be explained 

in the following text using a technical and a 

biological example of regulating temperature 

in a room and the increment of a forest stand, 

respectively.

Figure 2.9 shows the principle of a thermostat 

as an example of a technical cybernetic system 

(GÖLDNER 1987). The role of a thermostat is 

to adapt temperature x in a particular room 

(black framed) to a predetermined value z 

when the temperature deviates from this value 

due to unwanted, disturbing infl uences r. A 

defi ned amount of thermal energy, appearing 

Fig. 2.8 NORBERT WIENER (1894-1964), founder of 
cybernetics.

Fig. 2.9 Principle of feedback in a thermostat. Fig. 2.10 Principle of feedback in a forest stand.
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necessary to achieve the predetermined value 

x, is brought into the room. The space is heated 

to the necessary temperature. If the transfer 

of energy depended only upon the internal 

temperature of the room, it would be possible to 

set energy input so that the required value z of 

temperature x is always guaranteed. However, 

this is not possible if disturbing infl uences r 

affect the temperature in the room (changes 

in external temperature, opening of doors and 

windows, breathing by persons in the room). In 

order to maintain the room temperature close 

to the predetermined temperature despite these 

infl uences, permanent sensing of temperature 

takes places in the room and the information 

about the current temperature is transferred 

to the regulator. The regulator compares 

the required temperature with the actual 

temperature and, depending upon the difference 

between z - x, it increases or decreases the 

amount of incoming thermal energy. Feedback 

between the room temperature and the supplied 

heat makes the system able to self-regulate the 

supply or discharge of energy, so the room 

temperature is more or less in a balanced state 

close to the predetermined value. This basic 

circle of principles guarantees a stable room 

temperature even when there are disturbing 

infl uences.

This compensating feedback is also the basis 

for regulating body temperature, the level of 

sugar in the blood, breathing and perspiring, 

and stabilising organisms against internal 

and external infl uences. Analogically with the 

thermostatic system, the basic circle of rules for 

forest stands (stand structure  increment  

tree state  stand structure) allows reduction 

of increment losses when density is reduced 

(fi gure 2.10). Stand structure determines growth 

conditions for individual trees and a stand. 

Growth conditions determine increment, and 

increment is shown by the changes in tree and 

stand structures. After the reduction of stand 

density, the remaining trees may increase their 

increment by occupying the released area and 

thanks to the enhanced resources within a 

certain range, and therefore compensate for 

the removed number of trees. Under certain 

conditions, the change in structure induces 

increased performance of photosynthesis, so 

disturbances and their effect upon the increment 

may be attenuated. Decreased density affects 

the increment until the specifi c natural density 

of the stand is achieved. The stabilising effect of 

this circle of rules is shown via a system diagram 

in fi gure 2.10. 

Finally, let us summarise and repeat the 

most important terms in cybernetics which are 

extremely important when modelling biological 

cybernetic systems.

a balanced state: a system is at balance if its 

state variables do not change. One system may 

have several points indicating a balanced state. 

We call these points ‘equilibrium points’. 

range of attractors: the range around a 

stable equilibrium point in which the system is 

heading towards this equilibrium point. Such 

equilibrium points represent steady states which 

are ’attractive‘ for the system.

homeostasis: all auto-regulatory processes 

which help the system to maintain constant 

internal environment; examples: maintaining 

a stable internal temperature of an organism, 

maintaining a stable blood pressure of an 

organism, maintaining a constant stock in a 

selection forest.

dynamic system: a system in which processes 

take place in relation to time, which means that 

there is a relationship between events that follow 

each other in time; for example: tree diameter(t) 

= f(tree diameter(t-t))

cybernetic system: a dynamic system 

which, within a pre-defi ned range and range of 

stability, is heading towards a balanced state. 

The ability of self-organisation and stability is 

implemented by a cybernetic system via the 

functional principle of feedback and the system 

structure of a circle of principles. A cybernetic 

system is therefore able to exist autonomously; 

examples: thermostat, blood circulation, forest 

ecosystems.

circle of rules: a scheme of the structure of 

self-regulating biological, technical, economic, 

psychological and social systems. Circles of 

principles are closed systems with feedback, 

in which the effects infl uence causes and 

vice versa; examples: thermostat, formula for 

occupying the area of a stand as a reaction to 

tree felling. 

regulation: setting the system state using the 

circle of rules and feedback structure between 

cause and effect; examples: setting body 

temperature of a person, setting the degree of 

stocking in forest stands. 

feedback: feedback is a principle of the 

circle of rules and represents the special case 
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of mutual effect. A system has a feedback when 

changes of its output values affect input values; 

examples: feedback between the supply of 

solar radiation and the growth in forest stands 

(light  increment  stand structure  light), 

feedback between room temperature and the 

supply of heat via heating (water vapour  room 

temperature  thermometer  regulation of 

steam supply).

self-organisation: the ability of cybernetic 

systems to achieve stability via self-correction, 

self-reproduction, learning and further 

development, and the ability to mitigate 

disturbing infl uences in the environment or to 

mitigate internal signs of wear. 

stability: if a system, after being disturbed, 

always converges back to the same equilibrium 

point; we speak of a stable system. A return to 

balance is managed by the circle of rules, which 

means that in this case, the circle of rules acts 

as a stabiliser (elasticity). After disturbance, 

an unstable system moves away from the 

equilibrium point, or behaves around the 

equilibrium point as if they were not infl uenced 

by the disturbance (plasticity). In forestry, for 

example, it is very interesting to know up to 

which level of disturbance a forest ecosystem is 

elastic and when it becomes plastic. 

steady state: a system is in a steady state if 

it remains in equilibrium points or deviates from 

them only minimally. For example, in terms of 

accumulating biomass, a forest stand is in a 

steady state if the increment corresponds 

to permanently removed stock, or natural 

mortality. 

steering: infl uencing of output system 

variables by its input variables, whilst output does 

not have a reverse effect on input. Characteristic 

of steering is that the route of management 

infl uence is open and not closed as in regulation. 

Effects are therefore not linked to causes in 

reverse; examples: management of traffi c lights 

in a fi xed period, switching street lighting on and 

off at a given time.

A forest as a biological cybernetic system 

forms a very complex original, which is very 

complicated to be modelled. The complexity 

of modelling arises from its specifi cs which, 

compared to other biological systems, put 

modelling in the position of one of the most 

complicated templates for simulation. Let us 

now focus upon these specifi cs to document the 

diffi culty of forest modelling.

2.1.1 The forest as a long-living system

The life of a forest is too long to be possible to 

experiment with it  within one human generation!

If we rank humans in the scale of life length, 

graduated to the power of 10, we notice a certain 

property of a forest which must be taken into 

account during its analysis and modelling. 

trees ................................................... 103 years

humans .............................................. 102 years

large mammals ................................. 101 years

grass and herbs ................................ 100 years

insect .................................................10-1 years

bacteria ............................................. 10-2 years

This ranking shows that the longevity of trees 

and forest stands, in comparison with the majority 

of fl ora and fauna organisms and therefore also 

in comparison with the estimated lifetime of a 

human, is several times greater. Compared to the 

longevity of bacteria, trees live 105 times longer 

and therefore almost ‘eternally’. Compared to the 

oldest trees in the world (approximately 4,000 

years old), humans live approximately 80 years 

which is only about one fi ftieth of this period 

(101.7). This results in the following: experiments 

with the growth of bacteria, insects, crop and 

plant species, or mammals may take place 

within hours, days, months or over a few years. 

On the other hand, experiments with tree growth 

require continuity through several generations of 

investigators. For example, the oldest thinning 

experiments within a long term experiment 

in Bavaria date back to 1870-1880 and since 

then, they have been carried out according to a 

precisely defi ned and unchanged experimental 

plan.

The longevity of trees and forest stands 

requires specific solutions starting from 

measurements up to the construction of models. 

The solutions are different from the experiments 

on organisms with a shorter expected life-span. 

For example, an experiment related to the growth 

of spruce stands, depending upon various 

thinning treatments, can be usually closed only 

after several decades or even a whole century. 

This is because interesting facts are mainly the 

effects of thinning treatments upon the remaining 

increment carriers in the fi nal stand, while time-

limited responses to individual interventions 

are less interesting. From increment responses 
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over a fi ve or ten-year period, it is as little 

possible to estimate the development of trees 

or stands throughout their entire life as it is 

possible to evaluate further professional growth 

of a student based on his performance in the 

second semester. Experimental monitoring 

exceeding several generations of investigators, 

the beginning of which dates back in the oldest 

experimental areas in Central Europe to the mid-

19th century, requires continuity in managing the 

experiment including regular assessment using 

a standardised methodology and the long term 

support of research.

FRANZ VON BAUR (1830-1897), AUGUST VON 

GANGHOFER (1827-1900), KARL GAYER (1822-1907) 

and ARTHUR VON SECKENDORFF-GUDENT (1845-

1886), in the 1860s and 1870s, developed the 

basic concept for forestry scientifi c research 

over a long term period and in large research 

plots. For planning, measurement, assessment 

and processing of long term research plots, they 

recommended the establishment of forestry 

research institutes situated in Prussia, Baden, 

Saxony, Wűrttenberg, Bavaria and Hesse at 

the end of the 19th century. The existence of 

forestry research institutions and departments 

at universities does not alone guarantee the 

required continuity in production experiments. 

Long term monitoring throughout several 

generations of researchers, its scientifi c use 

and further development of research plot 

networks mainly requires the creative power 

growth series 
(spatial neighbourhood) 

1885 1920 1960 2000 

Age 35 70 110 150 

140 

90 

Age 40 

time series 
(time sequence) 

Fig. 2.9 The principle of time series and growth series. If we understand the development of a stand from 
1885 to 2000 in batches, a proper time series will be created from time series of collected data. Growth 
series, i.e. artifi cial time series, on the other hand, consist of stands representing varying developmental 
phases which are spatially located next to each other at comparable sites.
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and the will of the researchers who remain 

guarantors of continuity in experiments. These 

researchers understood that long term research 

plots provide scientifi cally utilisable data about 

the development of trees or stands only if they 

are treated using defi ned tending methods 

throughout the phases of the most varied growth 

conditions caused, for example, by changes in 

climate, insect outbreaks or pollution damage.

Defi nition 2.11

Time series are created by a series of output 

data on forest development, based upon 

monitoring permanent research plots over a 

long time period. A series of data on stand 

development is obtained from the same 

research plot and has a direct time sequence. 

We also term this a proper time series. 

Growth series are created by a series of 

output data on forest development, based 

upon stands of varying ages, covering 

different age developmental phases, whilst 

the given stands grow in similar geographical 

and management conditions. A data series 

is created by ranking output data from 

several research plots based on age, while 

the plots are characterised by their spatial 

neighbourhood. We also term this an artifi cial 

time series.

If no permanent research plots, which thanks 

to long term monitoring (proper time series) would 

illustrate forest development with increasing age, 

are available, as a replacement, artifi cial time 

series from stands that are spatially neighbouring 

but of varying ages may be used (so called growth 

series). For this purpose, research plots shall be 

established within a defi ned location where the 

assessment of production data will be carried out 

to full extent. Research plots will be distributed 

throughout the entire age range, so that the 

data on the state of stands growing next to each 

other under the same site conditions represent 

the time series of stand development (Fig. 2.11). 

The disadvantage of proper time series is that 

in terms of the present time, historical growth 

conditions and silvicultural programmes under 

changing environment may represent, but they 

also have the great advantage that the observed 

plots have the same history, which is known, and 

from this viewpoint all other conditions remained 

the same. Artifi cial time series refl ect the actual 

growth conditions and contemporary silvicultural 

programmes, but the history of the selected 

stands may differ.

Defi nition 2.12

Stem analyses represent the reconstruction 

of tree growth development using felled 

trees, from which the cross-section discs 

of standard diameters are taken at regular 

distances from the stem foot. Using these 

discs, the growth in diameter and height 

of the tree is reconstructed. Analyses of 

increment cores are used for reconstructing 

tree diameter increment based upon sample 

increment cores taken from trees in the form 

of thin cylinders of wood drawn from the soft 

core of the tree to the outer bark of the stem. 

These samples are taken at a determined 

stem height and perpendicular to the stem 

axis.

The use of time series is the most costly 

method of reconstructing stand development for 

the purposes of forest modelling. Growth series 

although having certain already mentioned 

disadvantages make collection of data on the 

development of trees and stands cheaper. 

However, due to insuffi cient objectivity of the 

obtained data, they still represent a quite costly 

option. Objectivity of data may be increased using 

destructive methods such as stem analyses and 

increment core analyses. Whilst the fi rst method 

removes entire trees which undertake complex 

analysis under laboratory conditions, the second 

method based on taking increment core samples 

is not such a destructive intervention in the forest 

ecosystem (fi gure 2.12).

Fig. 2.12 Taking increment core samples from a 
tree for the purposes of reconstructing the tree 
diameter growth.
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Coupled with biometric methods, stem 

analyses allow perfect reconstruction of the 

past growth of basic growth variables. Figure 

2.13 illustrates the reconstruction of growth 

in height and diameter. At the same time, it 

demonstrates how a growth (development) 

height curve of a tree is created. From the data 

about growth in height and diameter at various 

places on a stem, longitudinal stem profi les 

for constant age intervals can be prepared. 

Analyses of increment cores can only answer 

the question about the development of a tree 

diameter. However, both methods are used 

in forest modelling only as supplementary 

methods since although they are able to 

answer the question of dendrometric variables 

development very well, they do not answer the 

question of under which conditions these values 

were created. 

Can forest models replace long term 

experiments?

The principal signifi cance of modelling in 

forestry science generally and in the research of 

forest growth results from the longevity of trees 

and stands. Prior to large-scale cultivation of new 

species of sunfl owers, rape or corn, it is possible 

to examine their growth and treatment in short 

term experiments. This method is possible when 

experimenting with organisms whose estimated 

longevity is one or more times shorter to the 

power of ten than the life expectancy of a man. 

However, new silvicultural programmes for forest 

stands cannot be investigated experimentally 

due to the long time periods. After completion 

of such a long research, silvicultural methods 

would likely be out of date or not applicable due 

to changed conditions. Due to the longevity of 

objects and long duration of experiments, forest 

growth research is primarily needed to derive 

growth principles from these experiments and 

include them in growth models.  These models 

may then simulate the growth of a stand in fast 

forward time whilst maintaining the integrity of 

Fig. 2.13 Reconstruction of growth development using stem analysis (ŠMELKO et al.  1992, page 12).
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cause and effect. This represents the way how to 

simulate production, operational and ecological 

consequences of silvicultural programmes or 

disturbing infl uences upon forest growth. It is 

then not necessary to respond to newly created 

questions in each individual case by establishing 

new experiments.

2.1.2 The forest as an open system

The life of a forest is not isolated and therefore it 

is very diffi cult to experiment upon!

Although relationships between elements in 

forest ecosystems are closer than relationships 

seemingly extending from the system due to 

which it is not diffi cult to defi ne the system 

in relation to its surroundings, there are still 

relationships existing between the system 

and the environment. In our example (fi gure 

2.14), the concentration of CO
2
, solar radiation, 

temperature, nutrients, water supply and 

disturbing infl uences from the environment will 

affect the system. Forest ecosystems exchange 

substances, energy and genetic information with 

their environment.

The reactions of our forests to environmental 

influences, so frequently discussed in 

scientifi c and professional circles, draw from 

improvements in growth conditions to the loss of 

increments and major destabilisation (PRETZSCH 

2009, JAKUŠ et al. 2008). In the Bavarian pine 

areas in Upper Pfalz and Franconia, the 

height growth of many stands has exceeded 

the expected values from growth tables since 

the 60s of the last century (PRETZSCH 1985B, 

SCHMIDT 1969). The same also applies to mean 

diameter, basal area and stock. The increase 

in height growth is, however, particularly visible 

since pine which, in older and middle age 

has a tendency to create a dome-like crown, 

produces conic shoots above these crowns due 

to the revival in height growth (fi gure 2.15a). The 

increase in basal area increment and in stock 

of the stand can be observed in stands of all 

Fig. 2.14 The forest as an open system with bonds 
to its wider environment (inputs and outputs).

Fig. 2.15 Development of 
the shape of pine crowns 
in the Burglengenfeld/
Oberpfalz forest enterprise 
(a) and development of 
stock increment in long 
term pine research plots 
in Schnaittenbach 56, 57/
Oberpfalz and Kullmbach 
53/Oberfranken forest 
enterprises in comparison 
with yield tables Wiedemann 
(1943) during average 
thinning (b).
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age categories and at badly supplied sites even 

more signifi cantly than at better supplied sites. 

In comparison with expected values in growth 

tables, increments were found to be 200-

250% greater (fi gure 2.15b). Similar fi ndings 

were also obtained from the research of tree 

and stand growth in Slovakia documented by 

a comparison of growth tables with new time 

series from research plots (MECKO et al. 2003) 

or the National Inventory of Forests (ŠMELKO et 

al. 2008). Studies of stem profi les, inventory 

assessments and data from long term monitored 

research plots proved that diagnosed growth 

tendencies were not individual events, but 

much more a large-scale disturbance of forest 

growth conditions. The wide spectrum of sites 

and disturbing factors is expressed by this wide 

array of increment reaction formulae related to 

the main tree species (KENK et al 1991, PRETZSCH 

1996, RŐHLE 1994, SPIECKER et al. 1996, ŠMELKO-

PÁNEK 1985, ŠMELKO et al. 1996, PETRÁŠ 1993, 

ĎURSKÝ et al. 2001). The found ’exuberant growth‘ 

at some sites and paradoxically increased die-

back of forests at other sites underline the nature 

of the forest as an open system.

Defi nition 2.13

Phytotrons are completely closed 

greenhouses with laboratory conditions, 

used to study the impact of environmental 

conditions on the growth of plants. They 

mainly study process-based relationships.

Field experiments are scientifi c methods 

used to investigate interventions into real 

nature using well-considered single-factor or 

multi-factor experimental designs. They study 

mostly statistical relationships.

Since forests are open systems, experimenting 

and explaining cause-effect relationships in 

forests is more diffi cult because the classical 

assumption for an experiment, stating that apart 

from the changing factor, all other conditions 

must remain constant or at least under control, 

can only very rarely be guaranteed. Unlike 

agricultural cultures with a short lifetime, a forest 

stand cannot be observed in climatic chambers 

or phytotrons under controlled and managed 

external conditions for a long time. Exceptionally, 

individual trees during their younger growth 

phases can be monitored in phytotrons, and 

this also involves high expenses (fi gure 2.16). 

Forest growth research must take external 

infl uences at the site of the experiment into 

great consideration. Usually we have only one 

option, and that is to monitor external conditions 

so that they can be subsequently included in the 

evaluation of the experiment. In every case, it 

is always costly to exclude individual external 

factors, to maintain them at a constant value, 

or to measure them precisely. As an example, 

we can mention experiments under roofs for 

water retention which control the amount of 

rainfall and its pollutants, or experiments with 

the release of carbon dioxide or ozone into the 

Fig. 2.16 An example of a phytotron for managed 
observation of a plant under laboratory conditions 
in the research centre in Wageningen (http://www.
wnmrc.wur.nl).
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fi eld, which examine the effect of a change in 

air chemistry upon tree growth at great costs. 

However, even here only one factor with very 

small variability is controlled or changed. 

Other external conditions, whether constant or 

variable, need to be taken into consideration as 

they are characteristic for the given site. They 

disturb the behaviour of other conditions which 

we are trying to keep constant and which are 

decisive for deriving unquestionable causal 

relationships. Hence, there is no other option 

but to create correlation relationships between 

controlled and uncontrolled external conditions 

and forest responses in order to calculate 

the infl uence of experimentally conditioned 

changes. Therefore, experiments with forest 

ecosystems are mainly carried out in the form 

of fi eld experiments with frequent use of multi-

dimensional statistical methods which we shall 

address in another chapter.

Due to changes in external conditions, 

yield tables, statistical models and normative 

silvicultural rules may very swiftly become out 

of date since they assumed the closed nature 

of the system and constant site conditions. 

Therefore, classic yield tables of even-aged 

stands (monocultures) lost their validity in many 

aspects since they assumed constant growth 

conditions (see fi gure 2.15b).  Considering 

varying external infl uences, realistic prediction 

of the behaviour of open systems may only 

be expected from those models which take 

into consideration the exchange of nutrients, 

energy and genetic information between forest 

ecosystems and their environment. For forestry 

practice, it results in a transfer to site-oriented 

silvicultural models which also take genetic 

effects into account. Developments from the 

fi rst tables based on the experience from the 

18th century, through classic yield tables in the 

19th and 20th centuries, empirical simulators 

from the end of the 20th century to very fi ne 

eco-physiological process-based models from 

recent decades refl ect the growing knowledge 

that forest ecosystems can only be understood 

and predicted when considering their external 

conditions. Calculations of scenarios necessary 

for quantifi cation of long term consequences 

of felling, the supply of nutrients (fertilisation), 

climate changes and for deriving counter 

measures are possible only if they are based 

on an open system and models sensitive to the 

environment.

2.1.3  The forest as a structurally 

determined system

The life of a forest is very closely related to its 

spatial structure!

Another important system property of forests 

is that they are strongly determined by the spatial 

structure of the stand. Since trees are ’fi rmly 

embedded‘ into the ground and they build and 

accumulate their structures over a long time 

period, they themselves may infl uence signifi cant 

driving forces such as light, temperature or 

rainfall. Due to this, the structures of trees and 

stands, created in forest ecosystems, become 

signifi cant variables infl uencing all living 

processes inside stand and even beyond stand 

level (PUKKALA 1988, PRETZSCH 1995).

Defi nition 2.14

The spatial structure of a stand is given by 

horizontal distribution of trees, stand density, 

differentiation of trees, diversity of species 

and mutual mixture. Horizontal distribution 

may be random, regular or grouped. Stand 

density may be illuminated, released, 

spaced, dense or closed. Differentiation may 

be single-, double- or multi-layered (storied) 

or selection. Diversity may be single-, two- 

or multi-species. Mixture may be individual, 

clustered or grouped.

Based on average and sum values, the overall 

production of single-layered, single-species 

stands can be understood, modelled and 

predicted even if the spatial structure of the stand 

is not accounted for. On the other hand, if we do 

not take into consideration the three-dimensional 

structure of multi-layered pure or mixed stands, 

we do not pay attention to its most important 

characteristics which determine the dynamics. 

For example, fi gure 2.17 schematically displays 

spruce and beech mixed stands with equal 

average and sum values, as well as the same 

distribution of tree diameters and heights. They 

only differ in their spatial confi guration. However, 

this has a signifi cant infl uence on the further 

development of these stands. Spruce and beech 

will compete in different ways and will also 

develop differently in the situations when species 

are spatially separated (a), mixed in groups or 
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the stands are two-storied (b or c), and individual 

trees are mixed (d).

A very illustrative example of the structure 

impact is the development of fi r in a selection 

forest or in a mixed mountainous forest, which 

may develop very differently depending upon its 

growth situation (PRETZSCH 1985a). The stand in 

fi gure 2.18 shows the regeneration of fi r under 

various competitive situations. Free-standing 

fi rs will grow swiftly from the undergrowth and 

are prematurely represented in the upper layer. 

On the other hand, more shadowed fi rs will have 

delayed height growth which will accelerate only 

if we remove particular competitors.

This can result in the development of heights 

observed by MAGIN (1959) and PREUHSLER (1979, 

1989) in mixed mountainous stands of the 

Bavarian Alps (fi gure 2.19). Under the same 

site conditions, height development varies 

very strongly depending upon favourable or 

unfavourable growth situation: at the age of 

100 years, they reach heights from 5 to 23 

metres. Fir 4 is a tree, which was almost for 200 

years overshadowed by another tree, and after 

removing its competitors; it started to develop in 

the same way as its older neighbours did 100-

200 years earlier. As shown in this example, 

understanding and predicting the development 

of an individual tree in heterogeneous mixed 

forests requires that the spatial structure of the 

stand is accounted for (SCHÜTZ 1989).

2.1.4  The forest as a system formed by 

history

At present, the life of a forest is not only affected 

by its current state but also by its history to date!

Trees, forest stands and forest ecosystems 

are conditioned by their history. Processes and 

structures which we observe in them are not only 

infl uenced by actual factors (site, abiotic and 

biotic stressors) but also by their history to date. 

A non-living technical system such as a sand-

Fig. 2.17 Even if the mixed stands have the 
same average and sum values and the same 
distribution of tree heights and diameters, their 
spatial confi guration and therefore their further 
development may vary greatly: group mixing of 
spruce and beech (a), the creation of regeneration 
groups (b), a two-storied stand with spruce under 
beech and beech under spruce (c) and spruce 
and beech mixed individually (d).

Fig. 2.18 Stand in a 5-metre-long transect of 
spruce- fi r-beech selection forest in a research plot 
Freyung 129, parcel 2 in 1980. Fir is displayed in 
dark grey, spruce in medium grey and beech in 
light grey.

Fig. 2.19 Development of fi r height growth in a 
multi-storied mixed stand of spruce, fi r and beech 
in the Bavarian Alps (MAGIN 1959, page 16).

height 
(m) 

age 
(years) 
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glass always gives the same values of state 

variables in defi ned time points (fi gure 2.20a). 

The amount of sand which pours in a given time 

(if we disregard abrasion) will still remain the 

same. It does not in any way depend upon the 

development of the system before these time 

moments. In living systems, on the other hand, 

individual and species history greatly determines 

further development over time. Therefore, trees 

1, 2 and 3 in fi gure 2.20b are in very different 

developmental phases in time points. Due to 

different histories, it is not possible to come to 

a conclusion that height increments in future 

years will equal if the actual heights are the 

same. Therefore, in each time point, depending 

upon the tree history, different height and height 

increment may be achieved (fi gure 2.20b). 

Additionally, trees of the same height and age 

may have different future growth development 

since their history or their individual external 

conditions vary. 

Although height increment of fi r in a selection 

stand primarily depends upon actual conditions, 

tree properties obtained in the past and its 

inherited characteristic features also have a 

signifi cant infl uence. Examples of historically 

obtained properties infl uencing future increment 

are:

• tree size

• crown size,

• sociobiology position,

• root system,

• ratio of the heartwood to sapwood,

• phases of life in the subordinate position 

in the lower and medium layers of a selection 

forest.

Defi nition 2.15

Ontogenesis is the development of 

an individual primarily depending upon 

the surrounding conditions. A change is 

determined as a consequence of growth 

and developmental processes of individual 

components of the ecosystem. Phylogeny is 

the historical development of an organism in 

the form of a hereditary lineage. It is related 

to species and expresses its inner properties, 

inter-species and intra-species competitive 

relationships and auto-regulating ability. It 

defi nes the inherited properties of a species 

encoded within its genotype.

The inherited rate of aging, crown structure, 

stem shape, and behaviour when creating 

shoots and fruit represents evolutionarily 

conditioned parameters which, under otherwise 

identical surrounding conditions and state 

variables, signifi cantly infl uence the increment 

of fi r. This mutual effect of ontogenetic and 

phylogenetic factors in relation to cause and 

effect at a tree, stand and ecosystem level has 

widespread consequences for understanding 

system components and the system as a whole. 

Therefore, the initial genetic conditions may 

signifi cantly change stand establishment or 

thinning at parcels in fi eld experiments. That 

is why trees in research plots, even under the 

same conditions, do not always react in the 

same way to defi ned experimental conditions. 

Information on the development of trees and 

stands to date is therefore essential. Even in 

research plots monitored over a long period, 

there is still a lack of information from the 

distant past. During investigation, it is possible 

to obtain information about the past using old 

records from forestry authorities and aerial 

photos, or retrospectively using the increment 

core method or stem analyses coupled with 

dendrochronological methods (fi gure 2.21), as 

well as from the morphological characteristics 

of crowns. Analyses of stems and crowns clarify 

Fig. 2.20 Technical systems such as a sand-glass 
always give the same values of state variables 
in defi ned time points (a). In biological systems, 
individual and species history causes wide 
variation in the development of state variables (b).

time 
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the ontogenetic history to a certain extent. The 

genetic variability of inherited properties can also 

be explained by genetic analyses (fi gure 2.22).

In physics and chemistry, variations in 

measured values are usually caused by 

natural errors in measurement and performing 

experiments, but not by the individual history of 

the investigated object. Unlike in living systems, 

there is no variability in non-living systems if we 

ignore random movements at atom level. Due 

to the historic nature of living systems and the 

lack of knowledge of the previous history of 

investigated objects, the monitored variants must 

be repeated several times in an experiment. 

Therefore, experimental plots in which stand 

growth is investigated in relation to various 

thinning options, fertilisation or protection require 

multiple repetitions. Averaging of results from 

several repeated experiments compensates 

for historically conditioned differences between 

samples, which sometimes increase or decrease 

the increment. 

Since the development of a forest stand 

is signifi cantly infl uenced by its history, the 

prognoses should take this history into account 

as much as possible. In Chapters 5 to 8 we shall 

introduce models in which the prognosis is based 

upon the actual structure of a stand. Taking the 

initial stand structure as a starting confi guration 

for a prognosis, i.e. the horizontal and vertical 

distribution of trees, actual diameters, heights 

and crown dimensions, is the best possible 

method to include the history of a stand in the 

prognosis. The initial structure is the result of the 

stand history and its use in the initial state is like a 

’semi-prognosis‘. Especially in mixed stands, even 

very small differences in the initial structure may 

have a great effect upon the further development 

of the stand. In ideal cases, phylogenic effects 

may be addressed via clarifying the relationships 

between the genetic code and development 

of tree dimensions. However, they are usually 

only statistical. For these purposes, the residual 

dispersion (variance) obtained from regression 

analysis is added to the estimated values related 

to the development of an individual tree or a stand 

when deriving the model. This method justly 

assumes that a signifi cant part of this variance 

originates in genetic variability. Modelling residual 

variance related to the historically conditioned 

nature of forest ecosystems will be addressed in 

Chapter 3.5.

Fig. 2.21 Dendrochronology deals with the 
assessment of tree age and tree increments based 
upon analysis of tree growth rings. The fi gure 
shows the time series going back to the distant 
past. The obtained wood samples from various 
sources undergo the analysis of their growth 
rings, these are dated by the year of their creation 
and based on the similarity between the series of 
growth rings, and they are joined (bridged) into a 
long chain which dates back to the distant past. 
Dendroclimatology then deals with linking the 
analysis with fi nding the relationship between the 
size of growth rings and environmental conditions.

Fig. 2.22 Genetic analyses are used to ascertain 
the origin of trees and may clarify some questions 
related to the history of the trees in experimental 
plots. The genetic code is stored in DNA: a) DNA 
is present in chromosomes, b) a so called double 
spiral of a DNA molecule is formed as a winding 
ladder, c) DNA stores information based upon a 
sequence of bases. 
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2.1.5  The forest as a hierarchically 

organised system

The life of a forest can be investigated at various 

temporal and spatial levels!

Structures and processes at various levels

Structures and processes in forest ecosystems 

may be investigated at various temporal and 

spatial levels which, in relation to the duration 

of the process, can be in terms of seconds to 

thousands of years, and in terms of spatial level, 

from cells to continents (ULRICH 1993). Processes 

are either induced by the environment conditions 

such as the day/night rhythm or the seasonal 

rhythm, or may be conditioned in terms of 

ontogenesis and the ecosystem, such as aging 

or rejuvenation of system elements.

Figure 2.23 shows categories of processes 

which can be distinguished in forest ecosystems, 

arranged in accordance with their time and spatial 

requirements. It shows processes at micro levels 

such as biochemical reactions in cells, as well 

as processes which take place at large time and 

spatial levels such as succession and evolution. 

Categories are labelled using numbers from -3 

to +4 whilst for us the most common level is 0; 

here, we observe the growth processes in trees 

(spatial range) throughout years (time range) 

depending upon their neighbours.

Biochemical reactions in a cell and soil 

chemical reactions on the surface of minerals 

(level -3) are refl ected in biochemical formulae 

or in buffer zones. Assimilation with the uptake 

of nutrients binds a certain amount of carbon 

and ions and, on the other hand, mineralisation 

infl uences soil chemistry, and decomposing 

organisms together with herbivores create 

the characteristic structure of hummus (level 

-2). Organ creation is expressed in branching 

and creation of leaves (level -1). At levels from 

-3 to -1, the processes are inside some part 

of the ecosystem. Only at level 0, i.e. the level 

of observation of the annual metabolism, the 

behaviour of the whole ecosystem comes into 

the picture. In ecosystems which are in long 

term equilibrium, the same increment has 

been created for a long period. The balance of 

carbon and nutrients has been balanced for a 

long period. The process of stand development 

is represented by the growth of trees or the 

development of stand age class structures (level 

+1). A rejuvenating process is the result of system 

regeneration (level +2), succession leads to the 

creation of certain forest communities (level +3) 

and the evolution process leads to the creation of 

genotypes (level +4).

Stability ensured by feedback between levels of 

organisation

The processes of one level, e.g. assimilation 

and allocation (fi gure 2.23, left column), are 

expressed by specifi c changes in the structures 

at higher levels such as the level of branching, 

Fig. 2.23 Processes in forest ecosystems arranged according to their time and spatial relationship with 
examples (ULRICH 1993).

       process                    process duration  level                    example 
+4   evolution                  millennium        continents               species and genotypes 

+3   succession                 centuries         landscape                forest communities 

+2   regeneration of systems    centuries         ecosystem                regeneration structure 

+1   stand development   decades   stand                    growth course 

 0   metabolism             year              stand section       matter balance 

-1   organ creation             months            trees and soil flora     foliage, branching 

-2   population dynamics        weeks             soil horizon             humus creation 

-2   assimilation    days and weeks    leaves, roots            binding carbon and ions 

-2   mineralization             hours             aggregate                soil solution chemistry 

-3   biochemical reactions      minutes           cell                     biochemical formulas 

-3   soil chemical reactions    seconds           mineral surface          buffer zone 
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state of foliage, increment development, or at 

one level higher in the composition of a forest 

community as a result of its regeneration (fi gure 

2.23, right column). On the other hand, structures 

determine the frame conditions for on-going 

processes at sub-levels. Mutual interaction 

between structures and processes is signifi cant 

for investigating the growth of a forest. Since all 

processes can be seen in the specifi c structures of 

higher levels, processes of lower levels may also 

be used to evaluate higher levels. An example is 

the research of forest damage. In this case, we 

are interested in the structure at ecosystem level 

but for its assessment, we will use processes at 

lower levels (creation of organs, development 

of stands). A typical example is the loss of 

leaves and needles (defoliation) or changes in 

increments or changes in the morphology of 

crowns during development. Although these are 

only non-specifi c indicators of tree vitality state 

(ROLOFF, 1989), they are annually inventoried and 

are used as an argument in environmental policy.

Defi nition 2.16

A control parameter is a variable characteris-

ing the state of the system or process at a su-

perordinate level whose value also infl uences 

the state of the system at a subordinate level. 

A signal is a means of communication allowing 

the transfer of information between communi-

cants (hierarchic levels of the ecosystem).

Processes at various levels, from -3 to +4, 

are characteristically interconnected and follow 

their own principles: via control parameters 

superordinate levels have an infl uence in a 

downward direction, while subordinate levels 

infl uence superordinate levels using signals 

(fi gures 2.23 and 2.24). The structure of trees 

and stands at level +1, created slowly and over a 

period of time, regulates, for example, the ratio of 

solar radiation, rainfall and pollutants inside the 

stand which determines the initial and threshold 

conditions for processes at levels -3, -2, -1 and 

0. Processes which take place in the boundary 

zone between a tree and its environment 

or inside the tree, such as transpiration, 

interception, assimilation and allocation are 

therefore controlled by superordinate processes 

and structures in terms of time and space. Due 

to this regulation using control parameters and 

signals and interconnecting individual levels 

via feedback, we label forest ecosystems as 

hierarchical systems (MŰLLER 1992, ULRICH 1993).

Signals from subordinate levels may be 

processed and satisfi ed by superordinate levels. 

So called ’bottom-up‘ satisfaction of signals is 

carried out in an upward direction via the so called 

’top-down‘ effect of appropriate parameters. To 

illustrate an example of such behaviour, fi gure 2.24 

shows three processes: succession, regeneration 

of systems and development of stands (levels +3, 

+2, +1). The species composition of the original 

stand becomes a control parameter since it 

determines genetics and the species spectrum 

control parameter 
signal 

     control parameter                 process           signal 
+4   adaptation, readiness             evolution 

+3   common spread of species          succession        reduction of vitality 

+2   regeneration               regeneration of systems  soil conversion 

+1   conversion of organic           stand growth,     ageing of parent trees 
           matter stock             cumulation of humus 
                                        

 0   permanent nutrient supply         matter cycle      matter decomposition 

Fig. 2.24 Via control parameters (solid lines with arrows) and 
signals (arrows with dashed lines) management infl uences 
processes in forest ecosystems and stabilises them against 
disturbing infl uences (ULRICH, 1993). 
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of the subsequent stand. The ageing process of 

parent trees represents a signal which induces 

system regeneration. If trees disappear from the 

stand due to age, regeneration process is induced 

and biomass losses are compensated via further 

regeneration growth.  

Here we can see parallels with political 

organisational structures: democracies are typical 

systems in which control parameters work in a 

bottom-up direction and signals come from top-

down direction. If the bottom-up signals (voters’ 

votes, social unrest, unemployment, co-decisions) 

receive a reaction by appropriate activities and 

processes, these signals may be positive. In a 

top-down direction there are laws, requirements 

or mental attitudes passed on by schools and 

universities in the form of control parameters. If 

superordinate levels react to subordinate levels 

by processing signals and their satisfactory 

application in practice, the system remains stable. 

Disturbing the hierarchy

If bottom-up signals in forest ecosystems 

cannot be processed and resolved by a higher 

process level, the hierarchy is disturbed. The 

system is then no longer controlled from the top 

to the bottom via parameters but from the bottom 

to the top via signals. In other words, we speak of 

state changes at a given level which are so swift 

or intensive that the superordinate level is not able 

to transfer them in a balanced state (fulfi l). It is 

because they exceeded the threshold conditions. 

A new balanced state will only be created under 

new threshold conditions. An illustrative example 

of this phenomenon can be forest stands with 

an excessive supply of nitrogen (fi gure 2.25). 

The system may fi rst react to the large amount 

of available nitrogen by increased uptake of 

nutrients. Further increase of concentration 

will cause decrease in the creation of fi ne roots 

and sapwood, i.e. the signals from the bottom 

penetrate the closest upper level. Permanent 

addition of nitrogen will lead to imbalance 

between nutrients, disappearance of humus and 

weakening of mycorrhiza, and this can disturb 

stand development. In the advanced stage, it 

may even prevent system regeneration since soil 

vegetation growing quickly thanks to nitrogen 

makes the regeneration process more diffi cult.

Disturbance of the hierarchy may also occur 

under the infl uence of silvicultural measures. 

If we take a natural forest as a base whose 

biomass is in a natural, long term balance, the 

rate of disturbance increases gradually from a 

selection forest through a shelterwood forest to 

a clear-cut forest (fi gure 2.26). After disturbance, 

rebuilding of the stand and an intermediate 

phase, the natural forest returns to the state of 

long-term equilibrium. In this phase, its biomass 

stock undertakes only very minor changes (a). In 

this phase, the system is very closely below the 

maximum biomass stock which is shown in fi gure 

2.26 with a dashed line. It is a stable system with 

convergence behaviour. The selection forest (b) 

is relatively close to natural development. In such 

a stand we only prevent natural mortality of trees 

due to senescence by their felling. Parameters 

such as species composition and genetic 

diversity may sustain the system structure. By 

continual felling of trees, shown in fi gure 2.26b by 

arrows, the stand remains in the state of long term 

balance for a long time. It is also a stable system; 

however, this time with oscillating behaviour with 

small amplitudes. Similarly to a selection forest, 

modus method concept in a shelterwood forest 

prevents disturbance of the hierarchy by ensuring 

that the subsequent stand originates from the 

previous stand (by natural regeneration under the 

parent stand). Genetics, species composition, 

microclimate, macroclimate, soil conditions, etc., 

are maintained in an intermediate phase in which 

a part of the parent stand production is retained 

(fi gure 2.26c). Also in this case, it is a stable, 

oscillating system but with high amplitudes. The 

Fig. 2.25 The relationship between the nitrogen 
supply (content of N in needles) and stock 
increment (stock increment as % of maximum 
increment) in pine stands damaged by emissions 
in East German lowlands (HOFMANN et al. 1990, 
page 62).

instability 
growth 

maximum 
increment 

saturation phase 
relative 
stock 
increment (%) 

content of N in needles (%) 

normality 
N–air pollutions 
low   medium 

N– air pollutions 
high to extreme 



92

FOREST ECOSYSTEM ANALYSIS AND MODELLING

strongest disturbance of hierarchy takes place 

in a clear-cut forest. Here, the stand is felled 

before reaching the maximum accumulation of 

biomass. A newly established stand from artifi cial 

regeneration will not follow the parameters of 

the previous stand (2.26d). This results in saw-

tooth curves which are signifi cantly infl uenced by 

mankind. In this case, the system is less stable, 

which, in an ideal case, oscillates with maximum 

amplitude reaching even zero value, and in 

extreme cases, may also be divergent, heading 

towards the loss of forest. We have already 

spoken of developmental cycles of management 

and natural forests in Chapter 1, and in the 

introductory text of this chapter we addressed 

the behaviour of systems.

Higher level analysis and modelling

Knowledge of processes with high spatial and 

temporal resolution cannot in any way replace 

investigation at a higher integration level, such 

as e.g. research in long term research plots. 

Processes proceeding slowly at a medium or 

high spatial level are more than only the sum of 

hierarchically subordinate processes. Feedback 

between processes of various hierarchies results 

in the characteristic behaviour of biological 

systems. Their behaviour cannot be evaluated 

only on the base of isolated observation of 

partial processes of which the systems consist. 

For example, research of forest damage oriented 

towards soil processes or plant physiology led to 

the prediction of great destabilisation of stands. 

However, most of the time they underestimated 

the stabilising regulating ability thanks to feedback 

from higher levels of the ecosystem hierarchy 

and, on the other hand, the infl uence of specifi c 

stressors upon forest growth was overestimated. 

The result was that the scenarios of die-back 

predicted by process-based models with a high 

spatial and time detail did not happen even in the 

growth areas with continuous biotic and abiotic 

loads (BOSSEL 1983, 1994). On the other hand, 

from processes analysed at a higher integration 

level, we may only draw such conclusions 

and predictions which are not in contradiction 

with already safe knowledge of processes at a 

lower level. To understand the development of 

trees, stands and entire ecosystems, research 

should be carried out at several temporal and 

spatial levels, and research results should be 

summarised regardless of these levels to ensure 

that they do not contradict each other.

Model creation addressed in this textbook 

primarily deals with the levels shown in fi gure 

2.23 under numbers +2 (regeneration of systems) 

to -1 (creation of organs). It must, of course, also 

deal with levels above and under this range. If 

modelling maintains the infl uences from these 

levels at a constant value, the response from 

models is limited to the existence of these 

threshold conditions. If the model illustrates a 

system through its several levels, the model 

has greater validity. Since a more thorough 

understanding of system behaviour is only 

possible if we analyse cause/effect relationships 

at several levels, this fact leans towards 

supporting the second modelling method.

2.1.6  The forest as a system with 

multi-criteria output values

The life of a forest fulfi ls a whole range of 

functions and services!

The increasing environmental burden upon 

forest stands, changes in establishing and 

managing forests as well as changes in political 

interests lead to an extension of the need for 

forest management, forestry policy as well 

as policy in the area of protecting nature and 

environment. Apart from the characteristics of 

trees and stands related to the overall production 

of timber, other ecological, economic and socio-

economic needs also come to the fore.
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Fig. 2.26 Accumulation of biomass during forest 
development without hierarchy disturbance and 
under more or less strong disturbance of the 
hierarchy by management interventions: natural 
development after regeneration felling (a) in a 
selection forest (b) in a shelterwood forest (c) and in 
a clear-cut forest (d) by BORMANN and LIKENS (1979a)
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CONSTANZA et al. (1997) expresses the value 

of all signifi cant ecosystems on the Earth in 

fi nancial terms. In their analysis they also 

addressed forest ecosystems. According to 

them, forest areas occupy 4,855.106 hectares. 

They distinguished 17 value categories in 

these areas. Figure 2.27 illustrates nine most 

important categories with their percentage 

proportion from the overall value. According 

to this study, the average value production of 

one hectare of forests fl uctuates around USD 

969 per year, which is EUR 734 (1 EUR = 1.32 

USD). The collective of authors support their 

statement by a thorough assessment of literature 

and their own calculations, and emphasise the 

informative nature of the study and the diffi culty 

to valuate non-market components of the 

overall production. This means that they do not 

address the absolute level of the production 

value, but rather attempt to rank individual value 

categories. According to the above, 85% of the 

overall annual value increment consists of the 

following categories:

•  nutrient cycling - 37% (uptake and release of 

nutrients),

•  climate regulation - 15% (regulating 

temperature by carbon sequestration),

•  production of stock - 14% (production of 

wood and energy resources),

•  protection against erosion - 10% (protection 

against the removal of soil and nutrients by 

wind and water),

•  removing harmful elements - 9% (disposal of 

mobile toxic compounds, fi ltration of air and 

water).

The production of stock is therefore in the 

third place. The remaining 15% is formed of 

categories such as recreation, food production, 

biodiversity source, creation of soil and others. 

This distribution of production value relativizes 

the importance of stock production. The classical 

growth and yield science primarily aimed at 

understanding of this production. On the other 

hand, the study emphasises the share of forests 

in nutrient cycling, climate regulation, protection 

against erosion as well as recreation, the value of 

which should increase further with the reduction 

in resources and destabilisation of the global 

nutrient and energy cycle (MEADOWS et al.  1992).

Defi nition 2.17

MSFM - Multipurpose Sustainable Forest 

Management - is the abbreviation for func-

tionally integrated, sustainable forest manage-

ment which, in recent decades, has become 

the main line in European forestry policy.

Fig. 2.27 Percentage composition of the average 
annual production from one hectare of forest 
depending upon categories of forest output 
functions:  nutrients cycling, climate regulation, 
production of raw materials, protection against 
erosion, removing harmful elements, recreation, 
food production, source of biodiversity, creation 
of soil and others (CONSTANZA et al. 1997).

Fig. 2.28 An example of a multi-criteria 
comparison of two forest stands (spruce and 
spruce-beech) in the form of a graph. The 
graph focuses upon evaluating several variables 
(maximum total average volume increment, 
maximum total average value increment, 
slenderness ratio, horizontal structure, vertical 
structure and mixing) represented by 6 axes. 
Each axis presents one variable in its own scale. 
Linking the positions of variables on axes creates a 
polygon of the evaluated stand. Overall, the more 
valuable stand is the one with the polygon of a 
larger overall area (spruce-beech).
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Forestry practice has been attempting to 

respond to the widening needs of people for a 

long time in the form of functionally integrated, 

sustainable forest management. Research of 

forest growth should react to this extended 

interest by widening the list of variables in 

inventory, visualisation and modelling of forest 

growth. In the following chapters, within various 

approaches and examples of models, we 

shall present not only their application for the 

prognosis stock production, but also within the 

scope of quantifying other forest services as 

shown, for example, in fi gure 2.28.

2.2 Cybernetic forest modelling

Defi nition 2.18

A model is an abstraction of a system which 

facilitates understanding and investigation 

of the system. It is a representation of a 

particular object from a particular viewpoint. 

A model is constructed based upon the 

collected information known to date and 

should verify the correctness of known facts, 

make predictions or enable verifi cation of 

predictions. The process of creating abstract 

objects is called modelling. 

We already know that a forest is a cybernetic 

system. The aim of forest modelling is an 

abstraction of a real forest. A real ecosystem is 

an original which we attempt to simulate in the 

form of abstraction.  Prior to its simulation, we 

must collect information about the structure and 

behaviour of the original. We collect information, 

for example, by processing empirical data from 

long term experimental plots or by compiling 

knowledge from previous research. These 

could also be verifi ed principles in the form 

of mathematical rules, physical or chemical 

formulae, or possibly knowledge arising from 

generally valid theory. If we put this information 

into a mutual relationship and create a system with 

the required behaviour, we create a model. When 

describing the system, we attempt to account for 

most signifi cant elements and relationships since 

the high complexity may cloud person’s view on 

the functions which are the subject of the interest. 

Therefore, a model almost always belongs 

to the category of relatively closed systems. 

The behaviour of the model may be used to 

verify known facts based upon consistency of 

the model behaviour with the behaviour of the 

original. In cases the consistency does not occur 

(at least under defi ned model validity conditions), 

known facts are not suffi cient, complete or 

are placed in unsuitable relationships in the 

form of an incorrect model structure. Correctly 

established models allow us to make various 

predictions or to confi rm predictions from other 

sources or scientifi c hypotheses. In this chapter 

we shall focus upon how to transfer the system 

to its model. 

2.2.1 From a system to a model

Defi nition 2.19

Synthesis of systems: the system does not 

exist yet. The structure should be designed in 

such a way that the implemented system will 

have prescribed behaviour.

Analysis of systems: the system already 

exists (in reality or under design) and its 

structure is known (or can be ascertained). 

Its behaviour should be derived based upon 

its structure.

The ’black box‘ approach: the system 

already exists (in reality) but there is no 

knowledge about it and it is not possible to 

directly ascertain its structure. The task is to 

derive the behaviour of the system and via 

this behaviour, also its structure.

An analysed forest ecosystem is an original 

which, at the beginning, we see as a ’black 

box‘. The reason is that despite the fact that 

the system already exists, we do not know its 

behaviour or recognise its structure. A reason 

for our lack of knowledge is its complexity and 

specifi cations about which we spoke in the 

previous text. In order to gain the knowledge 

about its behaviour or, ideally, also about its 

structure, we attempt to experiment with it (fi gure 

2.29). We may try to construct fi rst models from 

the results of the experiments. If the experiments 

do not provide us with suffi cient knowledge of the 

system’s structure, we attempt to synthesise this 

knowledge. The result is that we will learn the 

behaviour of the original. From this behaviour 
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we attempt to derive a new (model) structure 

in the form of abstraction so that the model will 

have similar behaviour as the original. This is 

how we create a system behaviour model. An 

example is the construction of yield tables. Yield 

tables are tables of the development of selected 

stand characteristics. These are strictly linked to 

certain initial assumptions about the nature of the 

modelled system, for example, it is an even-aged 

forest consisting of one tree species growing at 

a defi ned site and is managed with a particular 

silvicultural regime. Various variants of site may 

be taken into account in the form of site classes 

and silvicultural regimes may be represented 

by various table variants. Such a model has 

prescribed behaviour which means that the 

development of characteristics is in conformity 

with the original within a certain accuracy 

range, if it fulfi ls the assumptions defi ned by us. 

However, nothing is said about the structure of 

the original. If, after the experiments, we also 

have suffi cient knowledge about the structure 

of the original, we may, for example, using bond 

matrices and structural matrices, perform an 

analysis of the system, i.e. an analysis of its 

structure in order to construct a model with a 

similar structure to the original and therefore with 

the same behaviour. Of course, it is still a certain 

form of abstraction which depends upon the 

level of the modelled hierarchy, and hence upon 

which elements we consider to be elementary, 

and upon which bonds (processes) we focus on 

(fi gure 2.23). The results of such abstraction is 

a structural model displayed, for example, in the 

form of a system diagram which is transferred 

into forms of algorithms or ideally into a form of a 

computer program. An example could be growth 

simulators, which we will present in subsequent 

chapters. The creation of models is not a closed 

process. With every further level of knowledge 

obtained via new experiments, we revise the 

models and refi ne them, or remake them. The 

necessity for a new level of knowledge arises 

from new conditions in which the originals occur 

(for example, changed ecological and climatic 

conditions), or simply the need for a more 

detailed model, greater fl exibility of the model or 

a wider range of outputs.

black box 
-system exist 

-behaviour is unknown 
-structure is unknown 

= we attempt to  
experiment with it 

original 

model model of 
behaviour 

model of  
structure 

system synthesis 
behaviour is known, we want to deduce new 

(model) structure with similar behaviour 

system analysis 
we analyse the structure of the system, to 
create new system with similar structure 

(also with behaviour) 

enough knowledge 
about structure? 

(e.g. yield tables) (e.g. growth simulators) 

NO 

YES 

increasing level of cognition increasing level of cognition 

bond matrices 
and structural 

matrices 

system 
diagram 

Fig. 2.29 From a cybernetic system to a forest model. The fi gure describes a process from overcoming 
the ’black box‘ via experiments, through analysis and system synthesis up to construction of a structural 
model or behavioural model. This is a continuous process created by further experiments and increasing 
the level of cognition.
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Models are created based on analyses 

of experiments and observations. At the 

same time, the creation of models forms a 

further source of obtaining new knowledge. 

Knowledge is used to derive laws, principles 

and rules. At the same time, models allow 

verifi cation of hypotheses and the creation of 

new theories. The position of models in the 

cognition process is very well described in 

the work of ŠMELKO et al. (1992). It is illustrated 

in fi gure 2.30. After the fi rst model based 

on analysis of experiments is constructed, 

it is necessary to validate the model. This 

should be applied using such empirical 

material which is not identical to the material 

used when creating the fi rst model. The 

model is adjusted if necessary. Models allow 

formulation of new hypotheses, which form the 

basis for the deduction of new knowledge. The 

new experience will allow the construction of 

a more complicated model which, of course, 

must be validated based upon new research 

data. If the model does not correspond with 

the requirements from practice, further 

adjustment and therefore formulation of a new 

hypothesis about the position of the new model 

takes place. This cycle is repeated until the 

hypothesis is confi rmed (fi gure 2.30, shown by 

the dashed line). The result of models is new 

knowledge in the form of laws or principles 

which may be transferred into various rules or 

may become part of new theory. 

analysis of experiments 
and observations 

creating first simply 
model 

verification on first 
empirical material, which is 
not identical with creation 

of first model 

formulation of 
hypothesis model revision 

creating the new, more 
complicated model 

verification on new 
research data 

knowledge 

law law law law 

theory 

deductive derivation  of 
new knowledge 

model does not meet 
requirements of practice 

deeper analysis of  
fundamentals of model 

principle 

Fig. 2.30 The position of a model in the cognition process (ŠMELKO et al. 1992, page 17). The dashed line 
indicates the cycle which ends only if the hypothesis is proven. The process of obtaining new knowledge 
follows the direction of the solid line. Rules are formed by a system of laws (dashed-dotted line) and 
theories are created based upon the arrangement of the system of confi rmed knowledge (laws and rules).
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Defi nition 2.20

Law: generally valid, basic and necessary 

relationships between events of the objective 

world (e.g. Archimedes’ Principle, the law of 

conservation of energy, etc.). It has a deter-

ministic (defi nite) nature.

Rules: a set of laws which are mutually con-

ditioned, infl uence each other in various ways, 

modify and act as a unifi ed whole. They are of 

a stochastic (random) nature.

Principle: a recognised rule expressed by a 

basic theorem (for example, mathematical 

principles).

Hypothesis: a scientifi cally based but not yet 

defi nitively proven opinion (presumption, as-

sumption). It is a statement (or a system of 

statements), which, at the time of its formula-

tion, was not possible to prove whether it is 

true or false.

Theory: a generalised, internally arranged 

system of confi rmed knowledge. It is a set of 

statements about a research subject, which 

in a certain stage of cognition we consider 

as true (for example, the theory of relativity, 

theory of systems, quantum theory or game 

theory).

Similarly to other scientifi c disciplines, also in 

ecosystem modelling laws, rules are defi ned, 

principles are formulated and theories are 

derived. When modelling a forest we may use, 

for example, REINEKE’S stand density index, 

YODA’S self-differentiating law, rules of growth 

and increment, dose and effect law, allometric 

principle, EICHHORN’S rule or ASSMANN’S theory 

of optimum and critical basal area. They were 

created by analysing experimental data and 

are often derived from models. They are very 

important in modelling forest ecosystems and 

therefore we shall address them in a separate 

chapter. 

According to ŠMELKO et al. (1992), the history 

of natural sciences teaches us that creating 

ingenious models always contributed to 

deepening knowledge and accelerating the 

development of the particular scientifi c discipline. 

In forestry, these models also played an important 

role, e.g. volume, assortment, growth and other 

tables. By developing cybernetic sciences and 

computer technology, modelling methods have 

gained new signifi cance. The creation of models 

allows carrying out scientifi c abstractions, which 

refl ect the principles of nature even more deeply, 

more correctly and more precisely. Ideal models, 

which include mathematical models, represent 

a link between experiments and theory. From 

several modelling functions, authors mainly 

emphasise the following three:

•  quantifi cation of known qualitative 

relationships,

• obtaining new knowledge,

•  mediating the transfer of knowledge to 

neighbour disciplines and practice.

The authors further warn that when modelling 

the growth of trees and stands, there are so 

many infl uences that need to be taken into 

consideration that it is almost impossible to 

correctly identify relationships already in the fi rst 

model. In this phase, it may happen that many 

models will compete and their number will be 

reduced only during the research. EINSTEIN used 

a criterion for selecting the most suitable model, 

’simplicity, economy in assumption, originality‘ 

(HAGER, 1982). The idea of simplicity in models 

is not new and dates back to the 13th century 

when the English scholastic philosopher, WILLIAM 

OF OCKHAM (fi g. 2.31) uttered the famous words, 

’Pluritas non est ponenda sine necessitate‘ 

and ’Entita non sunt multiplicanda praeter 

necessitatem,‘ by which he established the 

principle of the so called Occam’s razor. When 

translated, the Latin sentences mean that the 

number of causes should not be proven if not 

necessary and entities should not be multiplied 

more than necessary. This means that if there 

are several explanations for a particular event, it 

is best to favour the least complicated and if some 

part of the theory is not necessary to achieve the 

results, it should be excluded. The principle of 

Fig. 2.31 WILLIAM OF 
OCKHAM (1287-1347), 
English scholastic 
philosopher, who 
defi ned the principle of 
Occam’s razor still used 
in modelling systems 
today.
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Occam’s razor is still used in modelling today and 

results in the fact that from various models which 

lead to the same result (behaviour), we select 

the simplest one, i.e. the one which uses fewer 

assumptions (inputs).

2.2.2  Matrices of bonds and structures 

in forest modelling

A part of system analysis is to create bond 

matrices and structural matrices (KLÍR and VALACH, 

1965). Matrices should display mutual bonds 

between elements inside the system, as well 

as bonds with the system surroundings. Bond 

matrices orientate towards the bond between a 

pair of selected system elements. On the other 

hand, structural matrices describe the mutual 

relationships between all system elements.

Defi nition 2.21

A bond matrix expresses the mutual bond v
ij
 

between two elements a
i
 and a

j
. It is valid that:

a) a matrix is square,

b)  the number of rows and columns equals 

value max(m,l), where m is the number of 

partial responses by element a
i
 and l is the 

number of partial stimuli of element a
j
,

c)  if partial output w
s
 of element a

i
 is connected 

to partial input v
t
 of element a

j
, the element 

of row s and column t has a matrix value of 

1; in the opposite case it has 0 value.

Let us return to our simplifi ed example of a 

’FOREST‘ system from fi gure 2.6. Let us now 

focus upon the bond between elements a
1
  

a
2
. Element a

1
 (canopy) has two partial output 

responses in the order climate (1) and light (2). 

Element a
2
 (tree) has three partial input stimuli 

in the order light (1), climate (2) and nutrients (3). 

The dimensions of a square matrix will therefore 

be max(2,3) = 3. The shape of matrix v
12

 will be 

as follows:

  

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

000
001
010

12vv  (2.2)

Partial output 1 of element a
1
 is linked to partial 

input 2 of element a
2
, therefore the matrix has 

number 1 in the fi rst row and in the second 

column. Equally, partial output 2 is linked to 

partial input 1 and therefore also in the second 

row and the fi rst column the matrix has number 

1. Other links do not exist and therefore all other 

elements in the matrix equal 0.

Since the system has three elements (n) plus 

the system environment, the number of all bond 

matrices will be:

  ( ) ( ) 16131 22 =+=+n  (2.3)

The overall list of bond matrices is as follows:

000
000
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000
000
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000
000
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Defi nition 2.22

The matrix of rough structure is a square 

matrix with the number of rows and columns 

n+1. If a bond exists between elements a
i
 

and a
j
, the value in row i and column j is 1, 

otherwise it is 0.

A complete matrix of structure is created 

when the matrix elements are replaced by 

appropriate matrices of v
ij
 bonds.

For our example, the matrix of the rough 

structure will have the following shape:

  





















0011
0011
1100
1110

hVV  (2.4)

Rows and columns of the matrix are numbered 

from 0 to 3, whilst 0 is the system environment, 

1 is the canopy element and 2 and 3 are tree 

elements. We can read from the matrix that there 

is a relationship between system environment 

and canopy (via canopy release). At the same 

time, there is a relationship between the system 

environment and both trees (via nutrients from 

the soil). A further relationship exists between 

the canopy and both trees (via competition and 

microclimate). At the same time, relationships 

exist between both tree elements and their 

environment (via system services). Trees also 

have a relationship with the canopy (via forming 

a canopy). Further, from the matrix it is possible 

to derive that tree elements in the system are 

connected via a parallel bond to two elements, 

because values 1  are situated next to each other 

in the fi rst and second rows, and also below in 

the fi rst and second columns. This is because the 

parallel bond between trees is bound to the serial 

relationship with the canopy (competition and 

microclimate) and with the system environment 

(nutrients), where the canopy and the system 

environment are the preceding elements, and 

it is also bound in a serial relationship with the 

canopy (forming a canopy) and with the system 

environment (forest services), where the canopy 

and the surroundings are the subsequent 

elements. We can further observe that there 

is no direct feedback in the system, otherwise 

values 1 would have appeared on the diagonal 

of the matrix.

If we attempt to create a complete V matrix of 

structure having the shape

  

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

=

33233130

23222120

13121110

03020100

vvvvv
vvvv
vvvv
vvvv

V , (2.5)

we would gradually replace its elements with 

the appropriate bond matrices.

Analysis of system structures is even more 

complicated since we do not only need to defi ne 

system elements, but also state the relationships 

between them. If we disregard the relationship 

between elements in our example, then from 

three elements and the system environment, 

we could make 25,088 possible relatively closed 

systems. We achieved this number based on the 

following calculation:

   2122
2

 nnN , (2.6)

where n is the number of system elements, the 

fi rst member of the multiplication is the number of 

internal system structures and the second member 

of the multiplication is the number of possible 

bonds with the surroundings. This calculation only 

considers a matrix of rough structure. If we also 

wanted to consider individual bonds within elements 

(complete matrix of structure), we would face a 

much more complicated task of combinatorics, 

as this would also take into account the number of 

partial inputs and outputs of elements, which would 

greatly increase the range. From the above, it is 

clear how diffi cult the task of correct understanding 

and describing a system structure in the process of 

its analysis can be.

2.2.3 System diagrams in forest modelling

Defi nition 2.23

A system diagram is a graphical display 

of a model based upon a commonly used 

system of symbols such as state variables, 

processes, metabolism, metabolic valves, 

information fl ows, exogenous variables and 

intermediary variables. They are used in 

system analysis and represent a main tool for 

the effi cient description of the structure and 

behaviour of biological systems.
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Forest stand 

solar radiation 
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harvesting 
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C 

C 

A proper analysis of the structure and behaviour 

of the system, for example, using the methods 

of bond and structural matrices, is followed by 

a description of the system. It is not possible to 

take everything into account when describing 

a system. Therefore, we must only focus upon 

the fundamentals since great complexity will 

cloud the vision of functions which are subjects 

of interest. Each attempt to describe the system 

therefore leads to a model such as the model 

given in fi gure 2.32. A model is an abstraction 

of a system which facilitates understanding 

and investigation of the system. Therefore, to 

a certain extent, models are representatives 

of reality. A graphical expression of a model is 

called a system diagram. A system diagram can 

then be transformed into a mathematical model 

and further into a computer program. Using the 

program, we can then simulate and analyse 

system behaviour (BERG and KUHLMANN 1993, 

BOSSEL 1992).

Figure 2.32 illustrates how carbon in the 

form of carbon dioxide (CO
2
) enters the system 

of a forest stand and is bound in assimilates 

via photosynthesis. Assimilates are bound 

(allocated) in leaves, roots, fruit and woody parts 

of trees. Respiration (breathing) of organs, felling 

some parts of trees and decomposition of the 

parts of trees remaining in a forest release carbon 

from the system. Based on this deliberately 

simplifi ed system diagram, we can explain 

the most important terms and components for 

describing a system. The observed system 

consists of various system elements (tree 

organs) and has a particular system structure. 

This is given by the relationships between 

system elements (processes, fl ows of nutrients, 

fl ows of information). Using the methods of 

system analysis, we may then summarise the 

characteristic and for the observer interesting 

properties in a system diagram and label them 

using various symbols.

Fig. 2.32 An example 
of a system diagram 
describing a forest 
stand.
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Defi nition 2.24

System parameters are constant variables 

which control the system.

Intermediary variables are variables which 

control the system and are infl uenced by the 

system in reverse.

Exogenous variables are input variables 

which are not infl uenced by the system.

State variables are the target variables of a 

model which describe its state.

A process is an internal action which 

changes the form or state of variables.

Matter fl ow is a fl ow securing the exchange 

of nutrients inside a system or with the 

system environment.

A valve regulates the metabolic rate.

Information fl ow is a fl ow which does not 

directly induce metabolism but has an effect 

on it.

System parameters are variables which 

remain constant throughout the observed time 

period. In our example, a system parameter 

could, for example, be the potential rate of 

photosynthesis. The supply of nutrients, water 

and temperature conditions, as well as the 

carbon dioxide content in the air infl uence the 

potential rate of photosynthesis and set this rate 

to a constant level throughout the observed time 

period. Since nutrients, water and temperature 

conditions infl uence the system but they 

themselves are not infl uenced by the system, 

we label them as exogenous variables (’driving 

force‘). Whether a particular variable is a system 

parameter or an exogenous variable, i.e. an input 

variable, depends upon the spatial and temporal 

defi nition of the system. By extending the 

observation period, the number of variables that 

can be considered constant decreases (constant 

variables are for example, site conditions). 

State variables represent the target variables 

of the model. Their actual values refl ect system 

state. Important state variables in our example 

are accumulated amounts of carbon in leaves, 

roots, fruit and stem wood. The initial values of 

these state variables represent the initial system 

variables and they signifi cantly infl uence its 

further development. The change rate of state 

variables is based on their inputs and outputs. 

As an example, we can state the rate of mortality 

or respiration which, in various parts of trees, 

reduces the amount of accumulated carbon. 

State variables may affect the system in reverse 

by controlling intermediary variables. In our 

example, the supply of solar radiation in the area 

of the tree crown represents an intermediary 

variable. Its changes are synchronised with 

the growth of leaves, branches and the stem, 

and it directly affects the performance of 

photosynthesis. Apart from anything else, 

photosynthesis and allocation create leaves. 

The produced density of foliage determines the 

absorption of light in the crown space which 

infl uences photosynthesis in reverse. This circle 

of rules is clearly shown in fi gure 2.32.

For describing systems of all kinds, system 

diagrams use the following convention which 

is also maintained in fi gure 2.32. (FORRESTER 

1968):

• state variables are displayed as rectangles,

• processes are shown as ovals,

• rates of the fl ows are shown as valves,

•  information fl ows are shown as dashed 

lines,

•  matter fl ow (fl ow of nutrients, etc.) is shown 

as solid lines.

•  exogenous variables are underlined by a 

solid line,

•  intermediary variables are underlined by a 

dashed line.

Using these terms and methods, it is possible 

to analyse and model every biological system. 

The knowledge given to the observer via the 

system is structured, organised and modelled 

with the target orientation (SENGE 1994). If we 

transform this system diagram into biometrical 

algorithms or even in a computer program 

code, it is possible to simulate the behaviour of 

the system. This is how we can illustrate how a 

system changes input signals into output signals. 

If there is continuous consistency between the 

model behaviour and the actual behaviour of a 

system, the confi dence of the created model of 

the system increases.
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2.2.4 Models of forest behaviour

Defi nition 2.25

A model of system behaviour S
1
 is every 

system S
2
 with an input and output map, in 

which all stimuli of system S
1
 are transformed 

into input and output map so that they induce 

the same responses as in system S
1
. At the 

same time, system S
2
 may have a different 

structure from system S
1
.

If after the establishment and evaluation of 

experiments we achieve information regarding 

the behaviour of a forest ecosystem, we may 

start with modelling of forest behaviour. A 

behaviour model is the result of the synthesis of 

the system and it is not necessary to know the 

details of its structure. We can clarify a model 

of forest behaviour according to ŠUŠKA (1971) 

which is based upon the work of GRODINS (1963). 

A management forest in any form will be used 

as the original for our modelling (clear-cut forest, 

shelterwood forest and selection forest, fi gure 

2.33, items a) to c). As a model, we shall use the 

mathematical function y = f(t), where t is the time 

of the ecosystem passing throughout several 

generations, and y is the amount of the ecosystem 

biomass. Figure 2.33 shows that the original is a 

biological system (left side of the fi gure) and the 

model is a mathematical system (right side of the 

fi gure). This clearly shows that the structure of 

both systems will defi nitely differ. However, our 

model will function in such a way that despite its 

different structure it will react in the same way 

as the biological system. This means that with 

the same inputs, there will be the same outputs. 

Figure 2.34 shows the principle of a system 

behaviour model. The same vector of inputs x 

enters the original (modelled system S
1
) as well 

as the model (modelling system S
2
). Based upon 

input mapping, the vector is transformed into the 

form necessary for model S
2
 and is processed by 

the model. Output is carried out based on output 

mapping into output vector y
2
. It is valid that the 

output vector of the original (y
1
) equals the output 

vector of the model (y
2
). The behaviour of the 

model system is common with the original. We 

MODEL – mathematical 
system 

ORIGINAL – biological 
system 

y=f(t) 

t - time (vector of time) 

y - biomass (vector of biomass) 

a 

b c 

Fig. 2.33 An example of a forest behaviour model. 
The original is a biological system which can be 
in the form of a clear-cut forest (a), a shelterwood 
forest (b) or a selection forest (c). A model is 
constructed as a mathematical system expressed 
by a transformation function. Input into the original 
as well as into the model is time and output is 
biomass.

Fig. 2.34 Schematic illustration of a system 
behaviour model. The vector of input to the 
modelled system (the original) and the modelling 
system (the model) is transformed via input 
mapping in the modelling system, is processed 
and transformed using output mapping so that its 
output vector will equal the modelled system (the 
original).

modelled 
system S1 
- original 

modelling 
system S2 

- model 

input 
mapping 

output 
mapping 

model of 
behaviour 

y1 y2 

x 
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can say that modelling system S
2
 is a model of 

the behaviour of system S
1
.

According to ŠUŠKA (1971), we can express a 

forest behaviour model using the function:

  )()()( tytyty pc +=  (2.7)

  
ti

c eAty ...)( ω=  (2.8)

   titit
p ccecty ..

2
..

1
.

0 .)(    (2.9)

The function consists of the transfer function 

itself (y
c
) and the response in special cases (y

p
). 

The maximum possible biomass stock in the 

model is described by asymptote A. The model 

also contains Euler’s number e (base of the 

natural logarithm), imaginary unit i (i.e. )1( ), 

angular speed or a characteristic of frequency  
and system parameters , c

0
, c

1
, c

2
. Figure 2.35 

shows several types of behaviour of a ’FOREST‘ 

system always expressed by the same transfer 

function. Coeffi cient  has the most important 

position in the equation and describes the 

shape of oscillation. If its value is zero, it is a 

harmonic oscillation, if its value is negative, it is 

a damped oscillation and if its value is positive it 

is an increasing oscillation. Case a) expresses 

the behaviour of a selection forest in which the 

biomass amount is maintained at a constant 

value over time. In this case, the value of angular 

speed  and coeffi cient  equal 0. Cases b) and 

c) illustrate the behaviour of a natural forest. 

Coeffi cient  equals 0 and angular speed  

is greater than 0. The function harmonically 

oscillates around the average biomass value 

with a stable angular speed. In the fi rst case, it 

is a small amplitude illustrating a natural forest 

vertically differentiated (consisting of shade-

tolerant tree species), and in the second case, 

the amplitude is large, which represents a natural 

forest vertically undifferentiated (consisting 

of light-demanding tree species). Oscillation 

is created by changes between the stages of 

growth, optimum and breakdown. Case d) shows 

a clear-cut forest. The function is suddenly 

interrupted and drops to zero when the felling 

of a mature stand takes place. After planting, 

the function is activated again, until it gradually 

reaches the maximum biomass value of the 

mature stand, followed by another felling. Case 

e) describes a shelterwood forest. In this case, 

coeffi cient  equals 0 and the angular speed is 

Fig. 2.35 A universal model of forest behaviour according to ŠUŠKA (1971). We may model the behaviour 
by using only one transformation function: a) for selection forest (a=w=0), b) for natural vertically 
differentiated forest (a=0, w>0), c) for natural vertically undifferentiated forest (a=0,  w>0), d) clear-cut 
forest, e) shelterwood forest (a=0,  w>0), f) forest under transformation from clear-cut through shelterwood 
to selection (a<0,  w>0).
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greater than 0 but constant. The time passed 

from maximum biomass of a parent stand to 

its zero value is called regeneration period (o
i
) 

which has in this case a constant length. The 

function of a shelterwood forest is created by 

overlapping the functions of the parent stand and 

the subsequent stand which, in an overall view 

of the forest, are joined into one curve. The fi nal 

case f) expresses a forest in its transformation 

from clear-cut, through shelterwood to selection 

forest management. The value of coeffi cient 

 is negative, and the angular speed  has a 

positive value which gradually increases. This 

creates a damped oscillation function which 

converges towards a stable biomass value. In 

this case, regeneration periods gradually extend 

until the eternal value is achieved (continuous 

regeneration). 

As another example of forest behaviour based 

upon the principles of cybernetic modelling, we 

may mention HEMPEL’s (1979) cyclic regulation 

model in accordance with the equation:
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where Y
t,n

 and Y
t,0

 are total volume production 

at the end and start time, respectively, S is the 

factor of transfer along regulation trajectory, 

which ensures normal growth without intensifying 

factors, and R is the parameter of costs for 

economic evaluation of the regulation. HEMPEL 

et al. (1980) used a forest behaviour model 

for calculating expected increment infl uenced 

by stand fertilisation. From formula 2.10, they 

derived normal costs
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and total costs.

  ( ) 1
ln

)(

)(

0 +

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

=
t

Y
Y

SR t

tC

C  (2.12)

Symbol Y
N
 represents overall volume 

production without fertilisation and Y
C
 with 

fertilisation. If we divide equation 2.12 with 

equation 2.11, the factor of transformation S is 

reduced and we obtain the relative value of costs 

related to fertilisation. From the subtraction Y
C
 

- Y
N
, we will ascertain the particular increase 

in volume increment. Using the model, we can 

simulate how high fi nancial and material inputs 

should be in order to achieve a certain, pre-

determined higher increment. From the forest 

behaviour model, we can make conclusions on 

the profi tability of the effects of fertilisation.

Other much more common examples of 

forest behaviour modelling are yield tables. 

They express the development of per area and 

mean characteristics of a forest in relation to 

stand age, site quality (site class), or also to 

the degree of stand production level. We will 

address these within EICHHORN’S Rule, which 

forms the basis for their construction in the 

chapter on the principles and their biometric 

formulation. Growth tables are still the most 

important tools in forestry practice and policy. 

From the many tables, we shall mention the 

most important from Germany and Slovakia 

(SCHWAPPACH 1893, WIEDEMANN 1932, SCHOBER 

1967, ASSMANN and FRANZ 1963, HALAJ et al. 1987 

and PETRÁŠ et al. 1990).

Using a deliberately simplifi ed example from 

ŠUŠKA (1971), an example from HEMPEL (1979) 

and yield tables, we demonstrated a system 

behaviour model. These systems had the same 

behaviour as the original, although the original 

and the model of the system had different 

structures. A disadvantage of such a modelling 

approach is low fl exibility of the model, which is 

linked only to a defi ned transformation function 

(or table) and cannot respond to inputs that are 

outside the range of the model construction. 

From this viewpoint, there are not very suitable 

for long term prognoses or modelling the 

situations outside the common amplitude of the 

model setting. However, models are relatively 

undemanding in terms of their construction 

and, therefore, they were favoured in forest 

modelling (for example, yield tables). The lack 

of fl exibility may be eliminated using forest 

structure models which, on the other hand, are 

very demanding for analysing the system and 

its construction. 
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2.2.5 Forest structure models

Defi nition 2.26

A model of system structure S
1
 is such 

a system S
2
 which focuses upon modelling 

of similarities in universe together with 

similarities in the characteristics of both 

systems. At the same time, every model of 

structure is also a system behaviour model.

Isomorphic systems are systems which 

have the same universum (number of 

elements) and identical characteristics 

(mutual links between elements).

Homomorphous systems are such systems 

in which the model of the original has a 

smaller universum (number of elements) 

due to which its characteristic is also smaller 

(mutual links between elements).

If after the establishment and evaluation 

of experiments we also obtain information 

regarding the structure of a forest ecosystem, 

we may start with modelling of forest structure. A 

structure model is the result of system analysis, 

whilst it is necessary to identify its universum as 

well as characteristics. This means that we must 

know the set of system elements together with 

mutual bonds between the elements. The level 

of detail in the structure analysis depends upon 

the level of modelling. The smallest element in a 

system is most often the population, categories of 

individuals (e.g. diameter classes) or individuals 

themselves (fi gure 2.36b). When analysing the 

structure, we may use the matrices of bonds 

and structures. The result of analysis could 

then be a system diagram of the forest model, 

which will be transformed into a fl ow diagram 

of a program. If our attempt is to construct an 

isomorphic model (fi gure 2.36b, blue arrow), we 

must maintain the same detail as in the modelled 

system. For example, if in a biological original, 

the detail of our interest is an individual tree, 

then an individual must also be an element in its 

mathematical model.

Homomorphous models are even more 

frequently constructed (fi gure 2.36b, red arrow). 

In this case, for example, we would focus upon 

the diameter categories of individuals or the 

population as a whole. It is important that within 

modelling, based upon changes in the level of 

defi nition, we may switch from isomorphism to 

homomorphism and vice versa. Transfer from 

isomorphism to homomorphism is very simple. 

Empirical data about the original are collected at 

a more detailed level (e.g. at a tree level), whilst 

they are processed at a less-detailed level (e.g. 

at a stand level) which is used to derive a system 

model. The opposite process is also possible 

but much more complicated from a technical 

viewpoint. The structure of the original is 

ascertained at a less-detailed level (e.g. number 

of trees divided into diameter classes), whilst at 

modelled level, a structure with greater detail is 

created. For example, individual tree diameters 

are determined by generating random numbers 

inside individual diameter classes. For each 

diameter, tree height is calculated from a model 

of the height curve. We assign the parameters of 

crowns and their morphology from crown models 

and the coordinates of trees are additionally 

generated using the POISSON process. We must 

realise that the process of transformation in the 

Fig. 2.33 Forest structure model a) a schematic 
illustration of a forest model in which the 
smallest element is a tree, b) isomorphism and 
homomorphism in modelling forest structure at 
various levels of detail in the original and the model.
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direction of isomorphism  homomorphism 

gives a greater confi dence of the fi nal behaviour 

of the model than in the opposite process in the 

direction of homomorphism  isomorphism. The 

reason for it is that to refi ne a detail we use the 

knowledge derived from empirical observations 

other than from the used experiment, and are 

most frequently resolved via various structure 

generators which again are only other models.

We shall now demonstrate a model of forest 

structure in an example of a forest model 

according to FABRIKA (2005), which is based 

on a system diagram by PRETZSCH (2001, page 

72). A model of the stand is shown in fi gure 

2.37. It contains n ’tree‘ elements and one 

element ’stand structure‘. Stand structure (1) is 

infl uenced by the information fl ow induced by 

exogenous transformation ’intervention into the 

structure‘. The information fl ow is regulated by 

valves: thinning (6) and artifi cial regeneration 

(5). Stand structure infl uences tree increment 

(2), which in the form of a regulator (valve) 

infl uences the state of individual trees (state 

variables). The state of trees has a reverse 

effect on the stand structure and on the 

increment. Apart from the stand internal 

elements, the increment is also infl uenced 

by exogenous site variables. The result of 

stand development is a quantifi ed effect and 

performance (7) in the form of metabolism. 

The metabolism affects natural mortality (3), 

disturbances (4) and natural regeneration (5) in 

the form of regulation valves. In reverse, they 

infl uence stand structure. A system diagram 

of the model (fi gure 2.37) is transformed into 

a SIBYLA program fl ow diagram (fi gure 2.38). 

At the beginning of growth simulation, we need 

to know tree data forming the initial forest 

structure (1). If this data is missing, they are 

generated using a structure generator. The 

result of entered or generated inputs is a 3D 

model of forest structure (1). From this, it is 

possible to quantify forest production, biomass, 

biodiversity, and profi ts and costs based on the 

calculation model (7). If we proceed with the 

prognosis, it is followed by a mortality model 

(3), a disturbance model (4), a thinning model 

(6), a competition and a growth model (2) or also 

possibly a forest regeneration model (5), which 

result in a new spatial structure of the stand. As 

we can see in both fi gures, the numbers label 

the equivalent components of both diagrams.

Forest structure models represent a 

contemporary present and a prospective future 

for forestry modelling. Continuous widening of 
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Fig. 2.37 System diagram of SIBYLA model 
(FABRIKA 2005) according to PRETZSCH (2001, 
page 72). The numbers represent equivalent 
components with the diagram shown in fi gure 
2.38.

Fig. 2.38 Flow diagram of SIBYLA program 
(FABRIKA 2005). The numbers represent equivalent 
components with the diagram shown in fi gure 
2.37.
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new knowledge and processing of more and more 

empirical and experimental data, broadens our 

perception of the structure of forest ecosystems 

and processes taking place within. This allows 

us to create models even at a very fi ne detail, for 

example, at leaf and photosynthesis level. In this 

textbook, we shall mainly address forest structure 

models. In Chapter 5, we shall address their 

classifi cation and in the following three chapters, 

we shall deal with the principles of construction 

and functioning of empirical, structural and 

process-based models. The most known models 

of growth simulators mainly used in Slovakia, 

the Czech Republic, Germany and Austria, and 

which readers of this publication may encounter, 

include tree empirical models SILVA (PRETZSCH et 

al. 2002), SIBYLA (FABRIKA 2005), BWIN (NAGEL 

1996), MOSES (HASENAUER 1994), PROGNAUS 

(STERBA 1995), process-based models BALANCE 

(GROTE and PRETZSCH 2002), BIOME-BGC 

(THORNTON 1998), PICUS (LEXER and HOENNINGER 

2001) and GOTILWA (GRACIA et al. 1999) and 

tools of structural modelling GROGRA (KURTH 

1994) and GroIMP (KNIEMEYER et al. 2006).

Summary

A forest is a cybernetic system (fi g. 2.6) 

with its own structure and behaviour. Its basic 

property is internal regulation expressed by a 

ring of rules based upon the feedback principle 

(fi g. 2.10). A forest is a long living system and 

therefore, when obtaining empirical data for its 

modelling, we must often use time or growth 

series (fi g. 2.11) or possibly stem analyses 

(fi g. 2.13) or increment core analyses (fi g. 

2.12). A forest is an open system in which 

process relationships cannot be investigated 

in laboratory conditions (for example, in 

phytotrons - fi g. 2.16). Therefore, we often 

establish fi eld experiments where process 

relationships are replaced by correlation 

relationships. A forest is a structurally 

determined system and therefore, during its 

modelling, we must take the spatial structure 

(species, horizontal as well as vertical - fi g. 

2.17) into accountfi g. A forest is a system 

formed by history thanks to the ontogenetic 

nature of individuals and the phylogenetic 

nature of species. Therefore, when planning 

experiments, we must consider their repetition 

and when constructing models, we must also 

use residual dispersion, which includes the 

infl uences of phylogenetic nature. In an ideal 

case, we attempt to model a direct relationship 

between the genetic code and the dimensions 

of individuals. When ascertaining the history 

of individual, we use genetic analyses (fi g. 

2.22), dendrochronology (fi g. 2.21) and 

dendroclimatology, historical records, aerial 

images, icrement core analyses (fi g. 2.12) 

or stem analyses (fi g. 2.13). We account for 

ontogenetic infl uences in the form of the initial 

structure of predicted forest stands (fi g. 2.17), 

which approximates the real structure to the 

best extent possible. A forest is a hierarchically 

organised system, which means that 

structures and processes in forest ecosystems 

can be investigated at various time and 

spatial levels (fi g. 2.23) that  could vary from 

seconds to thousands of years and from cells 

to continents. Superordinate levels infl uence 

subordinate levels via control parameters 

and subordinate levels infl uence superordinate 

levels using signals (fi g. 2.24). There exists 

a feedback between the levels of hierarchy 

which ensures their stability.  It therefore holds 

that the knowledge of partial processes with 

high spatial and time resolution cannot replace 

the investigation at higher integration levels 

in any way since these are not merely the 

sum of hierarchically subordinate processes, 

but follow cybernetic feedback principles. At 

the same time, any violation of the hierarchy 

causes instability of the system. A forest is a 

system with multi-criteria output values since 

it fulfi ls a whole set of functions (fi g. 2.27) 

within functionally integrated, sustainable 

forest management (Multipurpose Sustainable 

Forest Management). When modelling a 

forest, we should therefore quantify not only 

dendrometric values but also biomass values 

and fi xation of chemical elements, economic 

and ecological parameters, and possibly 

biodiversity characteristics  as well as the 

values of non-production forest functions 

(fi g. 2.28). The process of understanding 

forest ecosystems is very complicated. At its 

beginning, a forest looks like a ’black box‘ 
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system since we do not know its structure 

nor its behaviour. We must experiment with 

a forest to be able to recognise them (fi g. 

2.29). The results of the experiment could 

be the knowledge, which leads to either 

system synthesis and the creation of system 

behaviour models (e.g. yield tables) or system 

analysis and the creation of structural models 

(e.g. growth simulators). The creation of 

behavioural models or systems structures 

is very important in the process of obtaining 

new knowledge (fi g. 2.30). Models serve as 

a basis for defi ning laws and principles, for 

formulating rules, or for establishing theories 

based on a hypothesis verifi ed by the model. 

When constructing models, it is recommended 

to follow ’Occam’s razor‘ principle, which 

prefers the models leading to the same results 

using fewer assumptions. Bond matrices, 

which describe relationships between the 

pairs of elements in the system and structure 

matrices which record relationships between 

all system elements including its environment, 

are used for system structure analysis. 

Matrices allow us to thoroughly understand 

system structures and therefore also its 

behaviour. Thanks to matrices, we can prepare 

a concept of a model structure which can be 

described with a system diagram using 

standard symbol conventions (fi g. 2.32): status 

variables, intermediary variables, exogenous 

variables, processes, metabolism and its 

outlets, and information fl ow. The result of the 

synthesis of the biological system is a model 

of system´s behaviour which may have a 

completely different structure to the original. It 

is most frequently a mathematical equation or 

a system of equations, which transforms inputs 

and outputs of a model in such a way that they 

comply with the inputs and outputs of the 

original (fi g. 2.33 and fi g. 2.34). Yield tables 

are a typical example of forest behaviour 

models. One disadvantage of these models 

is their limited validity and an advantage is 

that their construction is less demanding. 

The result of biological system analysis is a 

model of system´s structure. The model 

attempts to either approximate the number 

and relationships between original elements 

(isomorphism), or reduces the number and 

simplifi es the relationships between elements 

(homomorphism). Models of forest structure 

have the same or a similar structure as original 

and therefore behave in the same way as the 

original. By changing the resolution level, it 

is possible to switch from isomorphism to 

homomorphism and vice versa (fi g. 2.36). 

A typical example of forest structure models 

are growth simulators. One disadvantage of 

these models is that the requirements for their 

construction are high, while an advantage is 

their fl exibility and a more general validity.
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Why are statistics and probability important in 

forest modelling?

Let us imagine a large bucket full of black and 

white marbles. The bucket is so large and the 

marbles so small that we do not have time to 

divide them into different colours and to count 

them. However, we can reach into the bucket 

repeatedly and randomly remove a handful of 

marbles (fi g. 3.1a). Based on the composition 

and number of marbles in the palm, we may also 

estimate the composition of the marbles in the 

bucket. We need statistics to prove this. How 

does this relate to a forest? A forest is far too 

complicated to fully learn of its structure and 

understand its behaviour based upon a simple 

observation. This was discussed in the previous 

Chapter. We must use the principle of the bucket 

full of marbles if we wish to mimic it in the form of 

a model. Based on a random sample and the use 

of statistical methods, we attempt to estimate the 

nature of forest’s structure and behaviour. This 

is the only way to construct a credible model. 

The creation of forest models is almost always 

linked to the use of statistical methods which we 

call biometry when applying them in biological 

science. Let us presume that based on biometry 

methods, we have constructed a model into which 

we have also included a particular form of random 

behaviour. This means that if we apply the model 

to a particular case of input data several times, 

we achieve slightly different results each time, 

and from these results we are able to calculate 

the average value as well as the variability of the 

results. We have therefore created a stochastic 

simulation model. This simulation model 

represents our bucket of marbles (fi g. 3.1b). Let 

us turn our problem the other way round. What 

will we draw from the bucket by reaching into it 

randomly? This question can be answered by 

probability. Based on the known behaviour of 

the simulation model with particular inputs, we 

may derive the most probable output value. If we 

summarise this, the creation of forest models is 

linked to the use of statistical methods and their 

usage, if they behave stochastically, is linked to 

methods of statistical probability. 

What will we learn in this chapter?

Despite the fact that a forest is very 

complicated, it is measureable in the form of 

various biometric and dendrometric values. 

The values may subsequently be statistically 

processed and used for constructing models. 

Scientists who address the creation of forest 

models and their use certainly use biometric 

methods and the probability theory.

In this Chapter we shall therefore repeat 

the most important biometric characteristics 

to express the position and variance of uni-

dimensional as well as multi-dimensional 

statistical characters. We shall repeat terms 

such as frequency and distribution functions and 

we shall give a preview of the most frequently 

used functions of probability distribution in forest 

modelling. We shall focus upon the dendrometric 

characteristics of a tree and a stand, and we shall 

speak of their measurement, calculation and 

use. We shall then summarise basic statistical 

methods in forest modelling such as regression 

analysis, contingency tables, analysis of 

variance and covariance, discriminant analysis, 

cluster analysis and factor analysis. We shall 

explain the term ‘reproduction of variability’ and 

we shall become familiar with possible methods 

of its application. We shall also mention the 

theoretical errors in models. We shall explore 

the precision, bias and accuracy of models and 

methods used for their determination. We shall 

show how errors are transferred from simple 

characters into compound characters and we 

shall address terms such as the validation and 

calibration of models including existing methods. 

This knowledge will be addressed at such a level 

that the text in the following Chapters, in which 

we will refer to these terms and methods, will 

be understandable. The text does not replace 

3. Biometric basis for forest modelling

“In nature, everything is measureable and everything can be counted.”

(M. J. Lobačevskij)



112

FOREST ECOSYSTEM ANALYSIS AND MODELLING

literature in the fi eld of biometry, dendrometry and 

forest inventory. Those who would like to actively 

create models and would like to be successful in 

this fi eld must be thoroughly familiar with these 

areas. We therefore recommend approaching 

the appropriate literature.

3.1 Basic biometric characteristics

Defi nition 3.1

A statistical unit is an elementary unit on 

which we investigate a certain property.

A statistical character is a property which is 

investigated on the statistical unit.

A total population is a group of all statistical 

units for which we which to generalise results.

A sample set is a representative part of 

the total population in which we ascertain 

sampling characteristics and, using those, we 

estimate the properties of the total population.

Figure 3.2 gives an example of a total 

population (left side of the fi gure). Our total 

population contains 200 trees. We consider trees 

to be statistical units (i) since they are elementary, 

i.e. the smallest and not further separable units 

of which we monitor certain properties. We are 

interested, for example, in the diameter and 

height of trees. We call these properties statistical 

characters (x). The total population contains all 

the statistical units in which we are interested. 

Let us say that we wish to derive a tree growth 

model which would apply to any tree in this set. 

The total population is labelled TP and its range 

is labelled using N symbol which in this case is 

200. If we want to calculate the average value 

of the diameter or height of trees applicable for 

the whole population, we would have to measure 

the values of characters in all trees. From these, 

we would then calculate the average value. The 

statistical characteristics derived from all units 

of the total population are called parameters. 

The basic parameters include the arithmetic 

average (), the standard deviation (), variation 

coeffi cient (%) and the proportion of qualitative 

characters (p). They are calculated using the 

formulae:

  
N

x
N

i
i

 1  (3.1)

  

 

N

x
N

i
i




 1

2
  (3.2)

  100.%

   (3.3)

  
N
n

p p  (3.4)

where xi is the value of ith unit ś character (for 

example, tree width) and np is the number of 

units having the required value of the qualitative 

character (for example, that it is beech).

Since the total population is very large, it is not 

possible to monitor (measure) all its units due 

to time and fi nancial constraints. Therefore, we 

only select a representative part which we call 

a sample set. Figure 3.2 shows 15 trees which 

were randomly selected (right side of the fi gure). 

The range of the sample set is labelled n and the 

intensity of the sample represents a percentage 

of the sample (in our case it is 7.5%).

  100.%
N
ni   (3.5)

We monitor the so called sample 

characteristics in these sample units. Each 

parameter of the total population has its own 

equivalent in the sample characteristics; for 

example, the arithmetic average ( ), the standard 

deviation (sx), variation coeffi cient (sx%) and the 

Fig. 3.1 The difference between statistics and 
probability.
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proportion of the qualitative character (w) of 

the sample set. They are calculated using a 

similar method but from the set of sample units. 

Using sample characteristics, we attempt to 

estimate the properties of the total population. 

We call it estimating the parameters of the total 

population. The sampling of the units from the 

total population could be: random or systematic, 

individual or group, single-level or multi-level, 

with equal or unequal probabilities, single-

phase or multi-phase, non-stratifi ed or stratifi ed, 

independent or dependent. At the same time, 

types of samples may be suitably combined. For 

more information see the appropriate literature 

(SCHEER 2006, ŠMELKO 1985 and 1990, DRÁPELA 

and ZACH 2002, DRÁPELA 2002, COCHRAN 1977, 

KANGAS and MALTAMO 2009, HUSCH et al. 2003). 

Sample characteristics may be uni- or multi-

dimensional. The basic uni-dimensional 

characteristics used in forest modelling include 

the arithmetic average ( ), the quadratic average 

( q), the standard deviation (sx), variance (sx
2), the 

variation range (R) and the variation coeffi cient 

(s
x
%).
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  R = xmax – xmin (3.12)

  100.%
x
ss x

x =  (3.13)

The difference between standard deviations 

in formulae 3.8 and 3.9 is that the fi rst formula 

is related to sample characteristics only valid for 

the sample, whilst the second formula expresses 

an estimate of the standard deviation of the total 

population based on the sample. We call this 

point estimation. The same applies for calculating 

the variance using formulae 3.10 and 3.11.

The basic multi-dimensional characteristics 

include the vector of sample averages, 

covariance, covariance matrix and correlation 

matrix. Statistical units usually contain several 

Fig. 3.2 Principle of sampling in biometry: a) a total population (the example contains 200 trees), 
b) a sample set (the example contains 15 randomly selected trees which are shown in red).

a) b)
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statistical characters. For example, for a tree, 

we are interested in its diameter, height, crown 

diameter, and crown length. If we calculate 

arithmetic averages for all four characters from a 

sample set of n trees in accordance with

[ ]pxxx ,...,, 21=x , where ∑
=

=
n

i
ijj x

n
x

1

1
, 

j = 1, 2, ...  p (3.14)

we will obtain the vector of sample averages. 

On the other hand, covariance is a two 

dimensional characteristic. It expresses the 

relationship between a pair of characters (x 

and y), for example, between tree diameter and 

height. This can be calculated using the formula:

( ) ( )( )∑
=

−−
−

==
n

i
iixy yyxx

n
syx

11
1,cov  (3.15)

A covariance matrix is expressed by a 

matrix of covariances between p characters. 

The matrix is square with dimensions equal 

to p. The matrix diagonal shows variances of 

individual characters, while the covariances of 

the appropriate pairs of characters are outside 

the diagonal.
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A correlation matrix is dissimilar to the previous 

one only in the matrix diagonal where there are 

ones (numbers 1) and correlation coeffi cients of 

appropriate pairs of characters are outside the 

diagonal. We shall repeat the calculation of a 

correlation coeffi cient in Chapter 3.4.1.

3.2 The basis of the probability theory

Probability theory is very often used in forest 

modelling. For example, let us imagine that we 

have a total population containing 200 trees. From 

the group of trees, we select 40 trees at a time 

from which we calculate the average diameter. 

If we repeated this selection infi nitely, we would 

always obtain a different average diameter value. 

Most frequent would be calculated diameters 

identical or close to the average diameter value 

from 200 trees (from the entire population). The 

probability of diameters differing from the actual 

total population average would decrease with the 

deviation value. If we visually display the average 

diameter values obtained from individual samples 

on x axis and their relative frequencies on y axis 

and describe this using a suitable mathematic 

formula, we will obtain a frequency function. If we 

perform gradual cumulating of frequencies with 

an increasing average diameter on the x axis, 

we will obtain a cumulative frequency function 

(distribution function). The functions are often 

used in forest modelling, mainly for generating 

various parameters, when reproducing a residual 

as well as testing the deviations of models from 

reality.

3.2.1 Frequency and distribution functions

Defi nition 3.2

The frequency function f(x) states the 

probability that random variable (characteristic) 

X will, in one random experiment, have the 

value equal to a pre-selected number.

The distribution function F(x) is defi ned as the 

probability that random variable (characteristic) 

X will, in one random experiment, have the 

value lower or equal to a pre-selected number.

The frequency function is also called the 

probability function. The distribution function is 

also called the cumulative function. Frequency 

and distribution functions may be defi ned for 

a discrete as well as a continuous variable. A 

discrete variable can only have integer values 

(for example, the number of trees). A continuous 

variable can obtain values from real numbers 

(for example, tree diameter and height). The 

frequency function of a discrete variable (fi gure 

3.3a) is defi ned by the mathematic equation

    ii pxXPxf )(  (3.17)

whilst it is valid that

    
i

ip 1  (3.18)

The distribution function of a discrete variable 

(fi gure 3.3b) is expressed by the equation

     i
xxi

ii PpxXPxF
i

 
,

)(  (3.19)
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The frequency function of a continuous 

variable (fi gure 3.4a) is also called probability 

density and is described with the equation 

 xXPxxXxxPxf 














 







 


22

)(  (3.20)

where x is a small number approaching 

zero. For simplifi cation, we may identify it with 

the measurement unit of the given continuous 

variable. The following applies for probability 

density

  ( ) 1=∫
∞

∞−

dxxf  (3.21)

which means that the sum of probabilities of 

all possible events (values of character X) equals 

one. The distribution function of a continuous 

variable (fi gure 3.4b) is determined by the 

mathematic formula

  ( ) ( ) ∫
∞−

=≤=
x

dxxfxXPxF )(  (3.22)

Another important term in forest modelling is 

the quantile. A quantile is expressed with the 

formula (fi gure 3.4b):

   where  (3.23)

Fig. 3.4 Frequency (a) and distribution (b) functions of a continuous variable. An inverse function for 
deriving a quantile (the direction of the green arrow) is also expressed within the distribution function 
(the direction of the red arrow).

Fig. 3.3 Frequency (a) and distribution (b) functions of a discrete variable.
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It is calculated from an inverse distribution 

function and means the value of character 

X whose probability of incidence is lower or 

equal to the selected probability P. The most 

frequently used quantiles in forest modelling 

include: median (x
0.5

), lower quartile (x
0.25

), upper 

quartile (x
0.75

), the k-th decile (x
k/100

), where k = 

1, 2, ..., 9 and the k-th percentile (x
k/100

), where k  = 

1,2, ..., 99. Quantiles are related to critical values 

that express values of variable (characteristic) 

X, which we can exceed with risk  and do not 

exceed with probability 1-, in accordance with 

the mathematic formula

    xXP , or     1xXP  (3.24)

The confi dence interval is then a frame, in 

which parameter X occurs with probability 1- 

and outside interval with risk . It is bordered by 

a pair of critical values x
1-/2

 and x/2
.

3.2.2  Biometrical and mathematic formulation 

of basic discrete probability distributions

The basic discrete probability distributions 

used in forest modelling include: uniform, binomial 

(Bernoulli’s), geometric, hyper-geometric, 

negative binomial (Pascal’s), Poisson’s and 

multinomial. Each of these distributions is 

suitable for expressing the probability of other 

group of events. It depends upon the nature 

of the events and the shape of the frequency 

distribution typical for the incidence of the event 

in the total population. The following table (tab. 

3.1) shows these functions in their mathematical 

shapes, as well as stating the mathematical 

formulae for the arithmetic average and standard 

deviation. More details about discrete frequency 

functions may be found in the appropriate 

literature (ŠMELKO 1991, SOKAL and ROHLF 1995, 

ZWILLINGER 2003, SCHEER 2006).

3.2.3  Biometrical and mathematic 

formulation of basic continuous 

probability distributions

The basic continuous probability distributions 

used in forest modelling include: uniform, 

normal (Gauss), standardised normal, gamma, 

exponential, beta, chi-squared (2), Fisher-

Snedecor F and Student t. Each distribution has 

a different shape and is suitable for a different 

group of events. For example, Gauss and 

Student distributions are used for the probability 

of the arithmetic average, chi-squared is used 

for the distribution of variance probability and the 

name function arithmetic 
average 

standard 
deviation 

uniform 

binomial 
(Bernoulli's) 

geometric 

hyper-geometric 

negative binomial 
(Pascal's) 

Poisson's 

mutinomial 
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Tab.3.1 Basic discrete probability distributions.
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Fisher-Snedecor for the distribution of probability 

of the division of two variances. Many are also 

defi ned by the degree of freedom (for example, 

Student, chi-squared and Fisher-Snedecor). 

In the following table (tab. 3.2), these functions 

are illustrated in their mathematical shape whilst 

also giving the mathematical formulae for the 

arithmetic average and standard deviation. More 

details about continuous frequency functions 

may be found in the appropriate literature (ŠMELKO 

1991, SOKAL and ROHLF (1995), ZWILLINGER 2003, 

SCHEER 2006).

3.3  Dendrometric characteristics of a tree 

and a stand

3.3.1  Basic dendrometric characteristics 

of a tree

A tree consists of above ground and below 

ground parts. In the above ground part, we 

distinguish merchantable and non-merchantable 

volume (fi gure 3.5). The border between 

merchantable and non-merchantable volume is 

defi ned by the diameter of the cross section. For 

example, in Slovakia, the Czech Republic and 

Germany it is defi ned by a value of 7cm. Within 

the above ground part, we distinguish between 

the axis part of a tree, called the stem, and 

the side parts of a tree, called branches. Both 

elements are divided into merchantable and 

non-merchantable volume based on the stated 

border diameter. The most often used variable for 

determining the size of the described tree parts is 

their volume. The volume may be defi ned as the 

volume under or over bark. In accordance with 

fi gure 3.5, we distinguish between the volume 

of merchantable wood under bark (HBK), the 

volume of merchantable wood over bark (HSK), 

volume of stem over bark (KSK), volume of stem 

under bark (KBK) and the volume of tree over 

bark (SSK). Another important value used for 

describing the sizes of the mentioned tree parts 

is biomass. It is expressed in the mass units of 

dry wood (dry matter). Apart from the mentioned 

tree parts, biomass also includes the mass of 

assimilation organs (leaves or needles). Total 

name function arithmetic 
average 

standard 
deviation 

uniform 

normal (Gauss) 

standardised normal 

gamma 
 

exponential 
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chi-squared ( 2) 
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Tab.3.2 Basic continuous probability distributions.
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biomass of a tree therefore includes the stem, 

branches, roots and assimilation organs, all 

including bark.

The most important characteristics (values) 

of a tree include: diameter, height, basal area, 

form factor, volume, age, increment, height 

to crown base, crown diameter and biomass. 

The characteristics are shown in fi gure 3.6 

together with a table stating their international 

symbols including units of measurement. Some 

characteristics are measured directly (e.g. 

diameter, height, height to crown base and 

crown diameter), while others are derived using 

formulae (e.g. basal area, form factor, volume 

1 

1 

1 

2 

2 

2 
2 

2 2 
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volume D branch 
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4 
branch 
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2 
branch 

merchan- 
table v. 

A merchant- 
able volume 

B 
non- 

merchant- 
able volume 
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volume 
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+ + + 
= 

= 

= 
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F root  
volume 

underground part 

overground part 

over 
bark 

under 
bark 

bark 

F 

characteristic symbol unit 

1 – diameter d1.3 cm 

2 – height h m 

3 – basal area g1.3 m2 

4 – form factor f1.3 - 

5 – volume v m3 

6 – age t year 

7 – increment i (id ,ih ,iv) (cm,m,m3).t-1 

8 – height to crown 
base 

hc m 

9 – crown diameter dc m 

10 – biomass B kg of dry matter 

1 

2 

3 

4 

5 

8 

9 

1,3 m 

7 – thickness of growth ring (id/2) 

6 – number of growth rings 

Fig. 3.5 Basic tree parts used for determining tree volume.

Fig. 3.6 Basic characteristics of a tree, their symbols and measurement units.
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and increment). Diameter (d
1.3

) expresses the 

diameter of the tree measured perpendicular 

to the stem axis at a height of 1.3 m (at a so 

called breast height). It is measured using either 

a circumference-meter (device for measuring 

tree circumference) or a mensurational calliper 

which measures the diameter of the stem using a 

tangent method or using an angle calliper (fi gure 

3.7). Conversion of the stem circumference (o) 

to diameter is carried out in accordance with the 

formula:

  

od 3.1  (3.25)

The height (h) of a tree expresses the distance 

between the base and the top of the tree. It is 

mostly measured using a trigonometric method 

in which it is necessary to know the horizontal 

distance (L) from the tree and the angles of the 

target at the top (
1
) and base (

2
) of the tree 

(fi gure 3.8). Calculation of a tree height is carried 

out using the formula:

  ( )21. αα tgtgLh ±=  (3.26)

The sum or the difference in the trigonometric 

functions of angles depends upon the orientation 

of the angles against the horizontal plane. 

Various hypsometers or relascopes are used 

for measuring heights. Their calibrated scales 

already account for the stated calculations. 

Basal area (g
1.3

) is calculated as an area of 

a circle defi ned by the diameter of a tree, in 

accordance with:

  
2

3.13.1 .
4

dg 
  (3.27)

The form factor (f
1.3

) is the division between 

tree volume and the volume of a cylinder with the 

same basal area and height as the stem:

  hg
vf

.3.1
3.1   (3.28)

Stem volume (v) is then calculated based on 

the formula:

  3.1
2

3.13.13.1 ...
4

.. fhdfhgv 
  (3.29)

The age (t) of a tree expresses the physical 

age in years. It expresses the number of annual 

rings created in the cross section of the stem 

at breast height increased by the number of 

years for the stem to reach a height of 1.3 m. 

Increment (i) expresses the change in diameter 

(i
d
), height (i

h
) or volume (i

v
) of a tree in a certain 

time period (from t
1
 to t

2
).

  12   ;
12

ttxxi ttx   (3.30)

Age and increment can be measured directly, 

for example, using the increment core method 

(fi gure 2.12). The height to crown base (h
c
) is 

the height on the tree stem at which the tree 

starts to form a healthy, living crown. It is usually 

measured using hypsometers. The crown 

diameter (d
c
) expresses the diameter of a crown 

at the height at which the crown is widest. It is 

measured based on the crown projection, using 

the radius of the crown in several directions 

(fi gure 3.9) A compass and a measuring tape, 

as well as a crown glass prism, may be used to 

measure the radii. The fi nal crown diameter is 

then calculated as the arithmetic average of radii 

in various directions multiplied by two. Biomass 

(B) is quantifi ed by the weight of dry matter of 

mensurational 
calliper 

circumference- 
meter 

angle 
calliper 

DEVICES: 

MEASUREMENT: 

Fig. 3.7 Measuring tree diameter and 
dendrometric devices.
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the appropriate part of the tree (stem, branches, 

roots, assimilation organs). When measuring the 

parameters of trees, we also often determine 

the coordinates of trees in the area. They 

are documented using polar coordinates which 

are converted into perpendicular (Cartesian) 

coordinates. We shall address this conversion 

issue in chapter 9.2. The angles of polar 

coordinates are most often measured using a 

compass and distances are measured using 

a tape or various electronic distance gauges. 

The mentioned characteristics were described 

using simplifi ed methods. The exact defi nition 

of individual variables, including the method, 

principles and accuracy of their measurement 

can be found in forest mensuration textbooks 

(ŠMELKO 2007, HUSCH et al. 2003, VAN LAAR and 

AKÇA 2007).

3.3.2  Basic dendrometric characteristics 

of a stand

Defi nition 3.3

A total stand expresses the status of a forest 

stand before felling (by thinning and clearing).

A remaining stand expresses the status of a 

forest stand after felling (thinning and clearing).

A removal stand is defi ned by a set of trees 

which were removed from the stand during 

felling (thinning or clearing).

By aggregating tree characteristics in the form 

of average, quantile or summary values, we 

obtain the characteristics of the stand. A forest 

stand is a dynamic object whose status changes 

not only due to growth and mortality processes 

but also due to targeted forest management 

actions. These actions cause sudden changes to 

the status, which are shown in a typical broken-

line shown in fi gure 3.10. The blue line indicates 

the development of forest stand stock. If we focus 

upon a selected ’tooth‘ of the line, we can see the 

status before (A) and after (B) the action, and the 

amount of removed stock (C). Therefore, a forest 

stand develops between two tending treatments 

from a remaining stand to a total stand, and 

by cutting of a removal stand, it returns to the 

status of the remaining stand. The black line 

shows the gradually accumulated stock of the 

hypsometers 

DEVICES: 

MEASUREMENT: 

relascope 

crown glass 
prism 

DEVICES: 

MEASUREMENT: 

compass 

measuring 
tape 

Fig. 3.9 Measuring crown projection and 
dendrometric devices.

Fig. 3.8 Measuring tree height and dendrometric 
devices.
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removal stand. The red line then expresses the 

sum of stock of the remaining stand (V
HP

) and 

the accumulated stock of the removal stand (V
PP

) 

which is called total production (in this case the 

total volume production):

  ∑+=
t

PPHPt VVCOP
t

0

 (3.31)

This production expresses the total mass 

created from the start of the development to a 

given age (t). Due to forest management actions, 

many stand characteristics are related to the 

remaining, total and removal stand.

The basic dendrometric characteristics of 

a stand include area, number of trees, basal 

area, stock, increment, mean diameter, mean 

height, basal area of the mean stem, volume 

of the mean stem, increment of the mean stem, 

total volume production, top diameter and top 

height. The characteristics are summarised in 

table 3.3 together with international symbols 

and measurement units. Stand area is the initial 

characteristic. Some characteristics are related 

to this area or are converted to per hectare 

values. These characteristics are then defi ned 

for a remaining, total and removal stand. They 

are shown in yellow in the table. These are the 

number of trees (N), basal area (G), stock (V) 

and stock increment (I
V
). They are calculated 

using the following formulae:

year 

characteristic (e.g. stock) 

(A) 

(B) 
(C) (D) 

Fig. 3.10 Development of a forest stand related to management actions in a forest. The blue line shows 
the development of the stand stock. At the enlarged detail of the ’tooth‘ we can see a total stand (A), 
a remaining stand (B) and a removal stand (C). The black line shows the accumulated value of the 
removal stand. The red curve expresses the total production of the stand (D) as the sum of values of the 
remaining stand and the accumulated value of the removal stand.
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  12   ;
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ttVVI ttV   (3.34)

Special cases of increments which are very 

often used in forest modelling are total current 

increment and total mean increment. The 

total current increment (CBP) expresses the 

immediate change (fi rst derivation) of the total 

volume production (COP) which is estimated 

from a change in COP in a short interval (t) or a 

change in stock from the remaining (V
HP

) to the 

total stand (V
ZP

) in a short interval:

2

21
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 (3.35)

A short interval could be, for example, 5 or 

10 years which is often identical to the shortest 

interval in yield tables or growth simulations. 

The total mean increment (CPP) expresses 

the annual average change in the total volume 

production over the whole life of the stand:

  
t

COPCPP t
t   (3.36)

Other characteristics are related to the mean 

stem which is also called a sample tree. Most 

frequently, it is a stem with mean basal area 

or volume. In the table the characteristics are 

shown in green. They are mean diameter (d
s
), 

mean height (h
s
), basal area of the mean stem 

( g ), volume of the mean stem ( v ) and the mean 

stem increment ( vhd iii ,, ). Mean diameter is 

most often calculated as the quadratic average 

of tree diameters, expressing the diameter of the 

stem with the mean basal area:

  
N

d
d

N

i
g

i
 1

2
3.1

 (3.37)

Tab.3.3 The basic dendrometric characteristics of a stand (characteristics shown in yellow are related 
to the area or hectare and are defi ned for remaining, total and removal stands; the green colour shows 
characteristics describing the mean stem; the magenta colour shows characteristics related to the 
entire production period and all stand components; and the blue colour shows characteristics related to 
the top stem).

characteristic symbol unit 

1 – area P, S ha, m2 

2 – number of trees N (N.ha-1) pcs. (pcs.ha-1) 

3 – basal area G (G.ha-1) m2 (m2.ha-1) 

4 – stock V (V.ha-1) m3 (m3.ha-1) 

5 – increment (on stock) 
I (IV,IV.ha-1) 

TMI, TCI 
m3.t-1, m3.ha-1.t-1 

6 – mean diameter ds (dg) cm 

7 – mean height hs (hL) m 

8 – basal area of the mean stem m2 

9 – mean stem volume m3 

10 – increment of the mean stem (cm,m,m3).t-1 

11 – total volume production TVP m3 

12 – top diameter, top height d95%, h95% cm, m 

g
v

vhd iii ,,
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Mean height is most often calculated as 

Lorey’s mean height, i.e. as the weighted mean 

height of trees using the basal area.
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 (3.38)

The reason for using this method is to get as 

close as possible to the stem which has mean 

basal area. The basal area of the mean stem is 

stated in accordance with:
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 (3.39)

The volume of the mean stem is determined 

in accordance with:
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 (3.40)

The increment of the mean stem ( vhd iii ,, ) is 

calculated as the difference between diameters, 

heights or volumes of the mean stem at the end and 

the beginning of a determined time period. Total 

volume production (formula 3.31) is related to the 

whole production period of the stand, to all stand 

components and is shown in magenta in table 3.3. 

The blue colour shows characteristics related to 

the stem with a defi ned quantile. This is usually a 

95% quantile, which expresses the average value 

of 10% of the trees with the highest values of the 

given characteristics. A stem with this quantile is 

called a predominant (top) stem most frequently 

defi ned by its top (upper) height (h
95%

) and top 

diameter (d
95%

). The top stem is used because the 

infl uence of management treatments (thinning and 

clearing) on its values is very low.

3.4 Statistical methods in forest modelling

When analysing forest ecosystems 

and constructing forest models, we often 

use experimental data obtained from fi eld 

measurements in permanent research plots, 

monitored plots, inventory plots or field 

experiments. This data is particularly necessary 

if we attempt to construct a model on an empirical 

basis. It is necessary to statistically process 

the measured data. Since we encounter multi-

dimensional problems when modelling a forest, it 

Tab.3.4 A list and examples of the use of multi-dimensional statistical methods in forest modelling.

regression analysis dependence of growing stock on age and mean height, dependence of tree 
increment on tree diameter, dependence of tree volume from its diameter and height, 
dependence of tree crown size on its diameter and height etc. 

contingency tables ascertaining the dependence between categorical condition and categorical 
consequence when creating fuzzy rules (for example relation between increased tree 
defoliation and tree die-off etc.). 

analysis of variance thinning experiments: influence of thinnings on stand production (stock, mean height 
etc.). 

analysis of covariance thinning experiments free from influence of accompanying variables (for example 
variability of initial age) etc. 

discriminant analysis classification of trees into assortment classes based on tree parametres (diameter, 
stem spirality, number and size of knots), classification into classes of bio-
sociological position based on tree height, tree crown and its competition, tree 
classification into categories (alive/dead) based on several tree variables, etc. 

cluster analysis classification of observation groups into site categories, classification of growth types 
when analysing a scatterplot of heights from growth series etc. 

factor analysis classification of factors which influence on risk and ammount of disturbance, 
classification of factors which influence on seed production for natural regeneration 
etc. --1,01,0 --0,50,5 00 0,50,5 1,01,0

0,50,5

1,01,0

--0,50,5

--1,01,0
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is necessary to use multi-dimensional statistical 

methods. In forest modelling, the methods mainly 

used are regression analysis, contingency tables, 

analysis of variance and covariance, discriminant 

analysis, cluster analysis and factor analysis. 

Table 3.4 shows a list of the mentioned methods 

with examples of their use in forest modelling. 

We shall address their principles and give a 

framework description in the following text. The 

mentioned text is not supposed to substitute 

literature from the fi eld of multi-dimensional 

statistical methods. Its aim is only to repeat or 

explain the principles of individual methods so the 

text in the following chapters, in which we shall 

apply the given methods, will be understandable. 

For more detailed study of this issue, it is 

necessary to consult appropriate literature (HEBÁK 

and HUSTOPECKÝ 1987, HAIR et al. 1987, HÄRDLE and 

HLÁVKA 2007, TINSLEY and BROWN 2000).

3.4.1 Regression analysis

Defi nition 3.4

Regression analysis seeks a mathemati-

cal formula describing the relationship of one 

quantitative continuous variable to one (univar-

iable) or more (multiple) quantitative continu-

ous variables.

In forest modelling, we often encounter cases 

in which one continuous variable is dependent 

upon other continuous variables. For example, 

forest stand stock depends upon stand age and 

mean height, tree volume and the size of the 

crown depends upon its diameter and height, or 

tree increment is related to its diameter. We use 

regression analysis for a mathematical description 

of these relationships. Based on data material 

collected from empirical measurements of a 

selected sample (sample set), we shall obtain the 

values of individual sample units (1..n). The values 

consist of one variable which we consider to be 

dependent, and one or several variables which we 

consider to be independent. A dependent variable 

is the variable we wish to model. It will be the model 

output. We label it with y symbol. Independent 

variables are values based on which we shall 

carry out modelling. They are inputs to the model. 

We label them with x
i
 symbols. For example, when 

modelling tree volume, we will obtain values of the 

precisely obtained volume (for example, using a 

sampling method) and related values of diameters 

and heights of the appropriate trees. We consider 

volume as a dependent variable and the tree 

diameter and height as independent variables. 

The main result of regression analysis is then the 

mathematical shape of regression equation:

  ),...,,(ˆ 21 kxxxfy   (3.41)

A regression equation may be uni-dimensional 

(univariable) if we only have one independent 

variable, or multi-dimensional (multiple) if we 

have several independent variables. In terms of 

its form, it could be linear if its shape is a line, or 

non-linear if it is a curve. The curve may have 

a varying course depending upon the nature of 

the relationship between variables. We may, 

for example, use a polynomial, an exponential 

function, a power function, a logarithmic function 

or very often a growth curve in forest modelling, 

which we shall address in Chapter 4.1. Another 

frequently used type of regression relationship is a 

logistic function. In this function, the dependent 

variable expresses the probability of incidence of 

a categorical variable. We address it, for example, 

when modelling the probability of tree mortality in 

Chapter 6.7. Regression analysis is most often 

solved using the least square method:

   



n

i
ii yySQD

1

2 min!ˆ  (3.42)

We shall explain the principle using an example 

of univariable linear relationship (fi g. 3.11). Figure 

3.11 shows 22 pairs of x and y values in graph. 

In the scatterplot, we inserted a line which meets 

the condition in formula 3.42. This means that the 

sum of squares of deviations of original values y
i
 

from their aligned values in the inserted line ( iŷ )

is minimum. From the graphical point of view, 

this means that the line is inserted in such a way 

that the area of squares with a side identical to 

the vertical distance of the points from the line 

is minimum. Figure 3.42 displays two of these 

squares symbolically illustrated in grey. If we led 

the line in any other way, the area of squares 

would always be greater. The result of such 

relationship is a regression line:

  xbay .ˆ   (3.43)

The slope b may be derived using the least 

square method (formula 3.42) in accordance with 

the formula:
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and the intercept a may be calculated using 

the formula:

  xbya .−=  (3.45)

Apart from the regression equation, regression 

analysis also determines tightness of 

relationship. Tightness determines to what extent 

the relationship of dependent and independent 

variables become closer to functional (explicit, 

deterministic) relationship, i.e. the relationship in 

which all points lay on the regression line, or vice 

versa, to what extent this relationship reaches a 

level of no dependence, meaning that the points 

are scattered on the area of the circle. In linear 

relationship, we describe the tightness using 

correlation coeffi cient r (Pearson’s r coeffi cient) 

which is calculated using the formula:
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If the correlation coeffi cient equals 1, it 

is a positive functional relationship (fi gure 

3.12, variant a). It if equals -1, it is a negative 

functional relationship (fi gure 3.12, variant b). If 

the coeffi cient is between 0 and 1, it is a positive 

correlation relationship (fi gure 3.12, variant d) 

which becomes tighter the closer it reaches 1. If 

the coeffi cient is between 0 and -1, it is a negative 

correlation relationship (fi gure 3.12, variant e) 

which becomes tighter the closer it reaches 

value of -1. If no relationship exists between 

characters, the value of the correlation coeffi cient 

equals 0 (fi gure 3.12, variant f). A special case 

is variant c) in fi gure 3.12, where the correlation 

coeffi cient equals 0 despite the fact that it is a 

functional relationship. This is because we 

selected a line as a regression equation although 

the distribution of the values clearly showed 

that it is a non-linear relationship. If we select a 

suitable non-linear function (parabola) we will 

obtain a functional relationship. However, for a 

non-linear relationship we use correlation index 

I
yx

 instead of a correlation coeffi cient. Whilst in 

a linear relationship the tightness remains the 

same if we exchange the dependent variable for 

an independent variable, this does not apply to 

a non-linear relationship even despite using the 

same shape of regression equation. Therefore, a 

correlation index is used. It is calculated as a ratio 

of variability of fi tted values around the average 

value against the overall variability of the original 

values around the average value as follows:
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Another very practical characteristic to 

evaluate the tightness of a relationship is a 

coeffi cient (index) of determination B which 

is calculated as the square of the correlation 

coeffi cient (or correlation index).

  
22     resp.    yxIBrB ==  (3.48)

An advantage is its easier interpretation which 

states what percentage of the total variance 

(variability) can be explained using the regression 

equation.

Apart from regression equation and correlation 

tightness, the mean error of a regression 

equation is also assessed in regression analysis. 

It determines the variability of the original values 

around fi tted values and is calculated as follows:
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It is the level of error of the regression equation. 

Its interpretation is similar to standard deviation. 

It expresses the frame around the regression line 

(± mean error) which contains 68% of the original 

values.

A regression equation derived from the sample 

set is always one of the possible equations 

representing the total population. If we repeated 

sampling several times we would always 

obtain different coeffi cients of the regression 

equation. Therefore, in regression analysis we 

also sometimes derive a confi dence band of 

a regression equation (confi dence interval). A 

confi dence band is shown in fi gure 3.13 as an 

example of a univariable linear relationship. It is 

determined based on the equation:
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Depending upon selected value  it is 

possible to create a band containing a true 

regression equation (derived directly from the 

total population) with selected probability (95%, 

99%, 99.9%, etc.).

Dummy variables are also used in regression 

analysis in some forest modelling cases. These 

are discrete variables which are included in 

a regression equation for practical reasons. 

They can have a value of 1 or 0 and function as 

’switches‘ which activate or deactivate a certain 

part of the regression equation. They very often 

serve for the construction of a variant forms 

of the model based on one equation. We can 

demonstrate this in the following example:

   212211 ,., xxyDummyxxyy   (3.51)

This is a calculation of the volume of a stem (y). 

The fi rst component y
1
 calculates the volume of 

the stem without bark, based on the diameter (x
1
) 

and height (x
2
) of the tree. Another component 

y
2
 calculates the volume of bark. If the dummy 

variable equals 1 then the volume of the stem 

with bark is calculated, and if it equals 0, then the 

result is only the volume of the stem without bark.

a) 

b) 

c) 

d) 

e) 

f) 

x 

y 

Fig. 3.11 The principle of univariable linear 
relationship. The relationship between the original 
22 values is replaced by a regression line. The 
fi gure shows the fragmentation of the original 
variability of values around their arithmetic 
average into the variability component of the 
original values around the regression line and 
the regression line values around the arithmetic 
average. Two grey squares symbolically express 
the principle of the least square method. The 
line is inserted in such a way that the sum of all 
squares is minimal.

Fig. 3.12 An example of varying tightness of 
relationship: a) functional positive linear relationship, 
b) functional negative linear relationship, c) functional 
non-linear  relationship (in this case linear equation 
is an unsuitable model), d) positive linear correlation 
relationship (34% of variability can be explained by 
the regression line), e) negative linear correlation 
relationship (15% of the variability can be explained 
by the regression line), f) no relationship exists.

Fig. 3.13 An example of a confi dence band 
(confi dence interval) of a regression equation for 
linear relationship. The fi gure illustrates frameworks 
for the incidence of a true regression line derived 
from all units of the total population with 95%, 99% 
and 99.9% confi dence. The line equation (in the 
centre of the bands) is then determined based upon 
a single sample (units of the sample set).
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3.4.2 Contingency tables

Defi nition 3.5

Contingency tables are used for ascertaining 

the relationship between two categorical 

variables.

Sometimes in forest modelling we encounter 

cases where it is necessary to ascertain 

whether there is any relationship between two 

categorical variables. We may demonstrate it 

using an example of the relationship between 

tree defoliation and tree mortality. Defoliation 

means the level of loss of assimilation organs 

(leaves or needles). It may be defi ned using 

several degrees, for example 0 (0-10%), 1 (11-

25%), 2 (26-60%), 3 (61-90%) and 4 (91-100%). 

We are interested in whether an increase in the 

degree of defoliation also causes an increase in 

the probability of tree mortality. Tree mortality is 

the second categorical variable which expresses 

two states (alive or dead). The aim of the analysis 

could be, for example, the construction of a fuzzy 

rule which expresses the probability that a tree 

will die based upon the following condition: ’If 

the defoliation of the tree is of degree x, the tree 

will die.‘ Variable x could represent any degree 

of defoliation (from 0 to 4). It should be valid that 

with an increased degree of defoliation, the rule 

has higher credibility (probability of dying). We 

shall also address this issue in Chapter 10.4 

when constructing a production network for 

forest modelling purposes. In order to formulate 

this rule responsibility, we need a contingency 

table. We may create a contingency table as 

follows:

Where X is the fi rst categorical variable with 

R number of categories, and Y is the second 

categorical variable with S number of categories. 

In our example, the fi rst categorical variable is 

the degree of defoliation with fi ve categories 

and the second variable is tree mortality with 

two categories. The table contains the observed 

frequencies of the incidence of combinations 

(X=X
k
) and (Y=Y

l
). In our case this could, for 

example, be the number of dead trees from the 

set of observed trees which were categorised 

into defoliation degree 4. From the monitoring, 

we also know the number of living trees in this 

category. The frequencies of living and dead trees 

are documented for all categories of degrees of 

defoliation. In the table, we may calculate the sums 

of rows r
k
, sums of columns s

l
 and total sum n:
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 (3.52)

If the relationship between categorical 

variables does not exist in the contingency table, 

we will obtain the following frequencies:

  
n
sre lk
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=  (3.53)

To ascertain the level of relationship, we 

use the chi-squared test which compares the 

observed frequencies with estimated:
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If     
2

1.1,
2

 SR , there exists a relationship 

between the categorical variables with probability 

of 1-. The mentioned test is only feasible if the 

following is valid for all k and l values:

  5.


n
sr lk  (3.55)

In the opposite case, we should use another, so 

called, non-parametric test such as Fisher’s test.

3.4.3 Analysis of variance

Defi nition 3.6

Analysis of variance is used for examining the 

infl uence of categorical variables (factors) upon 

the quantitative continuous variables of objects.
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Tab. 3.5 The general shape of a contingency table.
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In forest modelling, we often encounter cases 

of evaluating the infl uence of various forest 

management variants in the form of experimental 

plots.  We often call them thinning (fi eld) 

experiments. Figure 3.14 shows an example of 

such an experiment. It is a German experiment 

in Weiden 611 area. The experimental design 

monitors the infl uence of two factors upon the 

growth of pine. The fi rst factor is tree spacing. It 

is divided into four variants (factor levels): 1.25 

x 0.4 m (20,000 trees per hectare), 2.50 x 0.4 

m (10,000 trees per hectare), 2.5 x 0.8 m (5,000 

trees per hectare) and 2.5 x 1.6 m (2,500 trees per 

hectare). Another factor is the type of treatment. 

This contains three varying variants (factor levels): 

without treatment (reference plot), reduction to 

70% and reduction to 50% of the reference plot 

without intervention. Thinning from above is 

applied. Overall there are 12 (4 x 3) management 

variants. Variants may be labelled as twelve levels 

of factor combinations whilst we have four levels 

of the fi rst factor and three levels of the second 

factor. Each of the twelve factor combinations can 

be considered to be an experimental unit (plot). In 

our case, a plot has an area of 32.0 x 32.5 m and 

a buffer zone with a width of 10 m to exclude the 

infl uence of the edge effect upon the monitored 

values of trees. We have 24 plots overall due to the 

fact that each of the 12 variants is repeated twice. 

Repetition is carried out by grouping the variants 

into two blocks. Forming blocks may eliminate 

sources of systematic errors, for example, the 

infl uence of the site. In our case, block 1 with 

parcels 1 - 12 contains depleted sandy soil and 

block 2 with plots 13 - 24 contains thick clay-sand 

soil. Each block contains all 12 variants so the 

differences between sites and blocks may be 

eliminated within the analysis. When planning 

and evaluating fi eld experiments, the selection of 

sample design of the experiment is very important. 

You can read more about the problematic of 

planning and evaluating fi eld experiments in the 

appropriate literature (COCHRAN and COX 1957, 

JEFFERS 1960, MUDRA 1958, MUNZERT 1992). In this 

part, we will only focus upon explaining the main 

principle of evaluating data from fi eld experiments 

based on the analysis of variance. In our case, we 

have two explanatory independent categorical 

values: spacing (factor A) and treatment intensity 

(factor B). We may investigate the factors 

separately or in mutual interaction (factor AB). 

We investigate the infl uence of factors upon the 

dependent continuous variables, e.g. the mean 

or top height in the plot, the plot’s basal area or its 

stock. Analysis of variance is then based on the 

partitioning of variance:

•  total variance (s2): expresses the variance 

of all values around the total average. In our 

case, it could be the variance of basal areas 

of individual plots around the average basal 

area for all plots.

•  variance caused by factors and their 

interaction  (s
A

2, s
B

2, s
AB

2): expresses the 

variance of averages caused by levels of 

factors (or their interaction) around the total 

average. In our case, we calculated this, for 

example, by determining the average basal 

areas for all types of spacing (factor A). We 

shall obtain four different basal areas which 

differ from each other depending upon 

the level of infl uence by the spacing upon 

the height growth of individuals. Based on 

these averages, we calculate their variance 

around the average basal area for all plots. 

We shall do the same for factor B (treatment 

intensity) and factor AB (interaction of both 

factors).

•  residual variance (s
res

2): expresses the 

variance caused by infl uences other than 

those caused by the analysed factors 

and is calculated based on the variance 

of individual values at factor level (or their 

interaction) around the average of factor 

levels (or their interaction). In our case, we 

calculated it by computing the variance of 

basal areas of individual plots around the 

average basal area at the factor level into 

which the given plots belong. Since each 

plots belongs to a different level of factors A, 

B and their interaction AB, we calculate the 

squares of deviations and divide them by the 

total number of degrees of freedom (in our 

case, 4 types of spacing times 3 treatment 

intensities strengths times 2 repetitions per 

interaction minus one, i.e. 23). This is how 

we obtain the average residual variance. 

The total variance then consists of the sum of 

variances at factors´ levels, their interaction and 

residual variance:

  
22222
resABBA sssss +++=  (3.56)

The method of analysing variance is as follows:

1)  We verify whether the variables have normal 

distribution and the same variances, and 

whether they are not dependent upon each 
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other. We use suitable statistical tests for 

these purposes.

2)  If the above-mentioned conditions are met, 

we calculate all the components of the total 

variance (s
A

2, s
B

2, s
AB

2, s
res

2).

3)  We calculate Fisher’s F value for each factor 

or their interaction using the ratio of variance 

caused by a factor (or their interaction) to the 

residual:

  2

2

res

factor

s
s

F =  (3.57)

4)  We compare the calculated F value with the 

table (critical) value at a selected level of 

signifi cance (=1-P, where P is the selected 

probability for the validity of our conclusion) 

and the number of degrees of freedom 

(f
factor

, f
res

). If

  ( )resfactor ff
FF

,2
α>  (3.58)

5)  We proceed in rank tests to compare 

averages at factors levels (or their interaction), 

which means ascertaining the statistical 

signifi cance of the differences between the 

averages of individual factors levels (or their 

interaction) where the infl uence of the factor 

or their interaction was proven. We ascertain 

the differences at the selected level of 

signifi cance  using suitable tests: Scheffe’s, 

Duncan’s, Tukey’s, etc.

3.4.4 Covariance analysis

Defi nition 3.7

Covariance analysis is used for examining 

the infl uence of categorical variables 

(factors) upon the quantitative continuous 

variables of objects which, at the same 

time, are infl uenced by other accompanying 

quantitative variables.

In a simplifi ed manner, we can say that 

covariance analysis is a method attempting to 

’clear‘ the analysis of variance of accompanying 

variables. In experimental practice, it is not always 

possible to retain the same initial conditions 

in fi eld experiments. For example, in the fi eld 

experiment shown in fi gure 3.14, we would have 

trees of different ages in individual plots.  In such 

a case it is impossible to compare the infl uence of 

spacing and treatment upon production using the 

classical analysis of variance. This is because 

already before the intervention itself, there was 

a remarkable difference between the height 

maturities of plots. In this case, three types of 

variables are applied:

a)  explanatory independent categorical 

variables (factors u, v, ...). In our example it 

will be spacing and the treatment intensity.

Block (1) 

Block (2) 

1 
2,50x0,8 

50% 

6 
2,50x0,8 

100% 

11 
2,50x0,8 

70% 

23 
2,50x0,8 

50% 

21 
2,50x0,8 

100% 

15 
2,50x0,8 

70% 

2 
2,50x1,6 

70% 

4 
2,50x1,6 

100% 

8 
2,50x1,6 

50% 

19 
2,50x1,6 

50% 

13 
2,50x1,6 

70% 

17 
2,50x1,6 

100% 

3 
2,50x0,4 

100% 

18 
2,50x0,4 

70% 

7 
2,50x0,4 

50% 

20 
2,50x0,4 

100% 

22 
2,50x0,4 

50% 

9 
2,50x0,4 

70% 

5 
1,25x0,4 

100% 

10 
1,25x0,4 

50% 

12 
1,25x0,4 

70% 

24 
1,25x0,4 

100% 

14 
1,25x0,4 

50% 

16 
1,25x0,4 

70% 

Fig. 3.14 Design of Weiden 611 fi eld experiment 
with the production of Scots pine. A two-factor 
experiment tests the effect of four types of 
spacing and three treatment regimes with two 
repetitions (in two blocks) upon the growthe of 
Scots pine. The resulting experimental design 
contains 4 x 3 x 2 = 24 sample units (plots).
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b)  to-be-explained dependent continuous 

variables (x
1
, x

2
, ... , x

p
). In our example, it 

will be the mean or top height in the plot, the 

basal area of the plot or its stock.

c)  accompanying independent quantitative 

variables (z
1
, z

2
, ... , z

q
). In our example it 

could be the average age of trees in the plot.

Covariance analysis is based on excluding 

the infl uence of accompanying variables using 

regression analysis (fi gure 3.15):

1)  We fi rstly derive the linear regression 

relationship between dependent and 

accompanying independent variables from 

the whole sample set (solid line in fi gure 

3.15) as well as inside the levels of individual 

factors (dashed lines in fi gure 3.15). The 

shapes are evaluated to ascertain whether 

they are suitable for covariance analysis. Ideal 

conditions are if the regression coeffi cients 

are identical and non-zero, as shown in fi gure 

3.15. On the other hand, fi gure 3.16 shows 

examples of extremely unsuitable conditions 

for the application of covariance analysis 

(independence from the accompanying 

variable, interaction between the factor and 

the accompanying variable or a regression 

discrepancy at factor level). In our fi eld 

experiment, we would create regression 

relationship between the basal area and the 

age of trees inside all plots and, of course, also 

separately inside parcels at individual factor 

levels.  We would then obtain total regression 

coeffi cient b and regression coeffi cients for 

each group b
h
 (factor level). If the coeffi cients 

were non-zero and identical, this case would 

be suitable for covariance analysis. 

2)  We transform dependent variables using the 

appropriate regression coeffi cient of groups 

(b
h
):

  ( )hhihhihi zzbxx −−=*
 (3.59)

  The following process is very similar to 

analysis of variance. It only differs in a few 

details.

3)  Variance is partitioned around the regression 

lines and not around the average value as 

for analysis of variance. This means that all 

components of variance (total, caused by 

factors and residual) are calculated using 

equation 3.49 (mean error of a regression 

equation) and are not based on equation 3.8 

(standard deviation).

4)  Such derived variance enters classical 

analysis of variance, which means that 

based on F-test (equations 3.57 and 3.58) 

we ascertain the signifi cance of the infl uence 

of factors upon the dependent values.

5)  If the infl uence of factors is proven, the differ-

ences of dependent variables are tested at the 

level of transformed variables (x
i
*) and not at 

the level of original variables (x
i
) as in analysis 

of variance. Suitable rank tests are used here.

3.4.5 Discriminant analysis

Defi nition 3.8

Discriminant analysis is used for the 

classifi cation of cases (observations) into pre-

defi ned classes of a categorical variable based 

on the values of several quantitative continuous 

variables.

x 

z 

u1 

u2 

z1 = z2 

x2 = x2
* 

x1 = x1
* 

Fig. 3.15 The ideal conditions for analysis of covari-
ance (by HEBÁK and HUSTOPECKÝ 1987). Ellipses 
display groups of two levels of one factor u. In these 
groups there are values of dependent variable x 
which, at the same time, are dependent upon the 
value of accompanying variable z. Regression lines 
express the shape of regression relationship. The 
solid line expresses the relationship between the 
dependent variable and the accompanying variable 
in the whole sample set. The dashed lines express 
relationships inside both levels of factor u. Since all 
regression lines are inclined and parallel at the same 
time (regression coeffi cients are non-zero and identi-
cal), this is an ideal case for covariance analysis. 
The fi gure shows the original variance around the 
arithmetic average which would have been used in 
analysis of variance, as well as transformed variance 
around regression lines used in covariance analysis.
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In forest modelling, we often encounter 

cases when we need to classify an object into a 

certain category based on the values of several 

characters. For example, we need to rank a 

tree into assortment classes based upon its 

diameter, stem spirality, size of knots, etc., or 

we need to rank the tree into classes of its bio-

sociological position (dominant, co-dominant, 

intermediate, overtopped) based on tree height, 

tree crown parameters and tree competition. 

Another very frequent case is classifi cation of the 

tree into an ’alive‘ or ’dead‘ category based on 

several variables (diameter, height, increment, 

competition, vitality, etc.). Discriminant analysis 

is suitable for such cases. We shall show the 

principle of discriminant analysis in the simplest 

case. Based on two quantitative variables (x
1
, x

2
), 

we shall rank the object into a categorical variable 

having just two alternatives (class A, class B). 

We call this categorical variable an alternative 

variable. An example is shown in fi gure 3.17. 

The graph consists of two axes with variables x
1
 

and x
2
. In the sample set we observed n values, 

whilst n
1
 values fall into category A (larger 

dots) and n
2
 values fall into category B (smaller 

dots). The position of individual observations 

is determined by the values of both characters 

(x
1
, x

2
). The fi gure shows that the values cluster 

round the centre of the categories. We can defi ne 

the centres of categories using their centroids. 

Fig. 3.16 Extremely unsuitable conditions for applying covariance analysis (by HEBÁK and HUSTOPECKÝ 
1987). The fi gure shows three levels of one factor u (circle, triangle and square): a) Analysis of variance 
would have shown the difference in values x at individual levels of factor u, i.e. the relationship of x to u. 
Inclusion of the accompanying variable z into the analysis cannot infl uence this result since x is clearly 
unrelated to z, which means that the covariance analysis is unnecessary. b) Analysis of variance will 
probably not prove the relationship of x to u. However, the removal of infl uence of z, i.e. conversion to 
x*, will lead to proving the relationship. The contradiction is caused by the interaction between u and z. 
c) Analysis of variance will prove the relationship of x to u; however, covariance analysis will not prove 
relationship. This is the opposite to case b) and the contradiction is again caused by the interaction 
between u and z. d) Analysis of variance will not prove the relationship of x to u and covariance analysis in 
its standard form is impossible due to discrepancies between regressions in individual levels of factor u.

z 

x 

z 

x 

z 

x 

z 

x 

a) b) 

c) d) 
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These are determined by the vector of mean 

values of all variables whilst average values are 

only calculated from the group of points in the 

given category. In our case, we would select 

two centroids based on the average values of 

characters x
1
 and x

2
 for points in category A and 

points in category B in accordance with:

  [ ]21, AAA xx=x , [ ]21, BBB xx=x  (3.60)

The further apart the centres are from each 

other, the smaller the intersection between both 

categories and the more explicit classifi cation 

is. Apart from their distance, the variance 

of points around the centroids of groups is 

also important. The lower the variance, the 

smaller the intersection of points at the same 

distance between the centroids and hence, the 

classifi cation is more explicit. The distance of 

points from the centroids is most often calculated 

using the Mahalanobis distance which takes 

into consideration differing variance in the 

direction of the axes and the correlation structure 

of data. It is calculated using the equation

  ( ) ( )xxSxx ii −
′

−= −12
Md  (3.61)

where x
i
 is the vector of the evaluated point in 

p-dimensional Euclidean space,  is the vector 

of the centroid (equation 3.60) and S is the 

covariance matrix (equation 3.16). Figure 3.17 

shows the Mahalanobis boundary distance as 

an ellipse. The ellipse surrounds 99%  quantile 

of the Mahalanobis distance from the centroids 

from the group of all points belonging to the 

given category. The graph shows the new turned 

z axis. The axis expresses the discriminant 

score created by a linear combination of the 

original variables x
1
 and x

2
. It is calculated based 

on the discriminant function:

  



p

j
jj xbz

1
.  (3.62)

Axis z shows the probability functions of 

individual discriminant scores (functions f
A
 and 

f
B
). They have normal (Gauss) distribution and 

their parameters may be expressed as a function 

of the Mahalanobis distance from the appropriate 

centroids. The functions have their peaks in the 

positions of the centroids, i.e. for each class the 

score defi ning the centre of the class is the most 

probable. Frequency functions also intersect in 

the points where both ellipses intersect. This 

creates a border which we call a cutting score. 

The line defi nes the border of the discriminant 

score for the classifi cation into the appropriate 

class and, at the same time, it also defi nes the 

area of erroneous classifi cation. The greater is 

the distance between the centroids, the smaller 

the error. The aim of linear combination 3.62 is to 

select such a turn of z axis that the intersection 

of frequency functions is the smallest and 

therefore also the minimum area of erroneous 

classifi cation. The result is optimal discriminant 

weights b
j
.

The principle of classifi cation in discriminant 

analysis can be generalised using Bayes’ 

formula:

  
     

       

     
       xx

xx

xx
xx

BA

B

BA

A

fBPfAP
fBPBP

fBPfAP
fAPAP

..
.

..
.







 (3.63)

P(A|x) and P(B|x) are a posteriori conditional 

probabilities. They express the probability that 

the case falls into category A or B if it has an 

appropriate vector of variables, i.e. if it has the 

given combination of values of the observed 

characters. They are calculated based on the 

following probabilities:

•  a priori conditional probability f
A
(x) and 

f
B
(x): the probability that the case has the 

given vector of variables if it belongs to 

the given category. These are frequency 

functions of discriminant scores which are 

also shown in fi gure 3.17.

•  a priori probability of the assumption: 

the probability that the case has the given 

vector of variables. Probability is identical to 

the denominator in formulae 3.63. 

•  a priori probability of the effect P(A) and 

P(B): the probability that the case falls into 

the given category

The principle of classifying a case into an 

appropriate category in discriminant analysis is 

based on determining a posteriori conditional 

probabilities for all categories from a particular 

combination of values of all observed characters. 

The case will be classifi ed into the category in 

which probability is the highest. In our case of 

alternative classifi cation, we adopt the following 

decision:

  
   
    BBPAP

ABPAP





0

0

xx

xx
 (3.64)
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Particular performance and technical method 

of discriminant analysis depends upon the type 

of task. We may seemingly use different methods 

but the mentioned principle is always the same. 

In Chapter 6.7 we shall, for example, show a 

practical method of discriminant analysis when 

modelling mortality discriminant function using 

Anderson’s discriminant statistics.

3.4.6 Cluster analysis

Defi nition 3.9

Cluster analysis is a method which looks 

for the answer to the question of whether 

observed cases may be divided into mutually 

exclusive groups (clusters). 

Discriminant analysis is the method for 

classifying observed cases into groups, which 

were formed in advance. In some cases of forest 

modelling, we also encounter the situation that 

the groups are not known in advance. It is fi rstly 

necessary to investigate whether the observed 

cases are clustered in categories, and then to 

attempt somehow to defi ne them. As an example 

we can use the classifi cation of observations 

groups into site categories which we call site 

stratifi cation, or the classifi cation of growth types 

when analysing a scatterplot of heights from 

growth series. The basis for cluster analysis is 

the measurement of distances between groups 

which are created gradually (iteratively) during 

analysis. Various measures may be used for 

measuring distances between two points in 

p-dimensional space:

Hamming (Manhattan) distance:

    



p

j
jjH xxd

1
2121,xx  (3.65)

Euclidean distance:

     



p

j
jjE xxd

1

2
2121 ,xx  (3.66)

Chebyshev distance

    jjjC xxd 2121 max, xx  (3.67)

Mahalanobis (Pearson’s r) distance:

  
     21

1
2121,2 xxSxxxx  

Md
 (3.68)

Points in p-dimensional space are defi ned 

by their p-dimensional coordinates such as 

vectors x
1
 and x

2
. A disadvantage of Hamming, 

Category A Category B 

x1 

x2 
cutting score 

border of incorrect classification 

centroids 

ellipses with 99% quantile 
of Mahalanobis distance 
from the centroids 
 

Fig. 3.17 The principle of discriminant 
analysis (by HAIR et al. 1987). The 

cases belong to the class of an 
alternative variable based on the 

combination (vector) of two values 
x

1
 and x

2
. Values are defi ned by 

perpendicular axes. The linear 
combination of values x

1
 and x

2
 is 

called a discriminant score which 
is shown on the z axis. Classes are 

specifi ed by the types of points. Larger 
points indicate class A, smaller indicate 
class B. The position of both classes is 
determined by their centroids. Ellipses 

express 99% quantile of the Mahalanobis 
distance from the centroids determined from 

all points belonging to the given class. In 
points where the ellipses intersect, a cutting 
score is created which defi nes the border of 

the correct and, at the same time, the incorrect 
classifi cation on both frequency functions of 
discriminant score (f

A
 and f

B
). The further the 

centroids are apart from each other and the 
smaller the distance of points from their centroids, 

the smaller is the classifi cation error.
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Euclidean and Chebyshev distances is that 

they are dependent upon the size of units 

of individual dimensions (variables). This 

disadvantage can be removed by using the 

standardised variables. They are applied only 

if their variances are equal. Standardisation is 

carried out by dividing all observed values of the 

given dimension (variable) with the arithmetic 

average (formula 3.6), standard deviation 

(formula 3.8) or variance range (formula 3.12) 

of. If variances of variables differ, we use 

Mahalanobis distance which represents a 

standardised Euclidean distance based on 

covariance. Figure 3.18 demonstrates the 

difference between Hamming, Euclidean and 

Chebyshev distances. We select one from the 

stated distances depending upon how we need 

to strengthen the infl uence of variables upon 

the overall result. Apart from the method for 

calculating distance, the method for defi ning 

distances between clusters is also important. 

Figure 3.19 shows four most frequently used 

methods. The nearest neighbour method 

will fi nd the two nearest points in the defi ned 

clusters and determine their distance. The 

farthest neighbour method calculates 

the greatest distance between two points 

in clusters. The average linkage method 

calculates distances between all points of both 

clusters and determines their average. The 

centroid method fi rstly states the centres of 

groups and calculates the distance between 

them. The selection of a method depends upon 

the type of task. More detailed information 

about the methods of distance calculation 

can be found in appropriate literature (HEBÁK 

and HUSTOPECKÝ 1987, HAIR et al. 1987, HÄRDLE 

and HLÁVKA 2007). Classifi cation of monitored 

cases into clusters is carried out using various 

methods. The methods most often use the 

principle of the iteration method which changes 

categories in cycles until it reaches optimum 

categorisation. The result of categorisation 

is a dendrogram (fi gure 3.20). Individual 

observations are numbered. The dendrogram 

shows, from left to right, the gradual linkage 

of clusters starting with numbered examples. 

The vertical coloured lines (blue, red and 

green) show the phase of classifi cation into 

clusters which means clusters bordered by 

the appropriate colour at a given degree of 

clustering. One of the most popular methods 

for producing clusters is the hierarchical 

clustering method and K-centres method. We 

will now introduce these methods in the form of 

schematic algorithms.

Hierarchical clustering method

Algorithm:

Initialisation:

1.  Determines mutual distances between all 

cases.

2.  Includes every case in a separate cluster.

Main cycle:

1.  If there is more than one cluster:

  1.1  Find two clusters nearest to each other 

and link them.

  1.2  For this new cluster, calculate its dis-

tance from other clusters.

The dendrogram shown in fi gure 3.20 is the 

result of the hierarchical clustering method.

K-centres method

Algorithm:

1.  Randomly select breakdown into K clus-

ters.

2.  Determine the centroids for all clusters in 

the actual breakdown.

3.  For each case, x:

 3.1  Determine the distance d(x,c
k
), k = 

1, ... , K, where c
k
 is the centroid of k 

cluster.

 3.2  Assume d(x,c
l
) = min

k
 d(x,c

k
).

 3.3  If x does not belong to cluster l (to 

which centroid c
1
 is the nearest), 

move x into cluster l.

4.  If any transfer took place, then jump to 

step 2, otherwise this is the end.

The mentioned algorithm is usually very 

effective. It sometimes has to be modifi ed for 

its optimisation. For example, instead of the 

initial breakdown, it is possible to assume the 

fi rst K cases to be centroids. This will exclude 

step 2 during the fi rst data passage. Calculation 

of centroids may also be carried out after each 

transfer (i.e. in step 3 of the cycle).
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3.4.7 Factor analysis

Defi nition 3.10

Factor analysis is a method that searches 

for how the information contained in a large 

set of original variables can be condensed 

(summarisied) into a smaller set of composite 

variables (factors) with minimum loss of 

information.

Forest ecosystems are very complex systems 

infl uenced by a large number of variables. At the 

same time, some variables infl uence each other 

and some are more isolated in terms of their 

infl uence. For example, the risk of wind-throw is 

infl uenced by the forest region, tree species, site 

category, altitude, aspect and slope, stand age, 

stocking, tree species composition, site index 

of tree species, slenderness coeffi cient (ratio 

between mean height and mean diameter of tree 

species), the health of the stand, and others. If 

we wish to create a regression model with the 

risk of wind-throw on the side of the dependent 

variable and the named variables on the side 

of the independent variables, we will encounter 

an almost unsolvable problem. Diffi culties arise 

from the jumbled network of infl uences, from 

complications in selecting a suitable regression 

model in terms of the number of variables as well 

as their mutual interactions. For example, altitude, 

forest region and site category mutually interact 

and similarly, stocking and the slenderness 

coeffi cient, or site category and site index of 

tree species also mutually interact. However, 

they cannot be excluded from the model since 

each characteristic has an irreplaceable portion 

in the overall risk of wind-throw. In such cases 

we may use factor analysis. The method tries to 

combine variables into so called factors based 

variable 2 

variable 1 

x1 

dC(x1,x2) = constant 

dH(x1,x2) = constant 

dE(x1,x2) = constant 

Fig. 3.18 The difference between 
Hamming (d

H
), Euclidean (d

E
) 

and Chebyshev (d
C
) distances. 

In a two-dimensional space the 
constant distance from point x

1
 

is displayed. The point is defi ned 
by two variables. These are 

determined by two dimensions 
(’variable 1‘ axis and ’variable 2‘ 

axis).

Cluster 1 

x 
x 

Cluster 1 

Cluster 1 Cluster 1 

Cluster 2 Cluster 2 

Cluster 2 Cluster 2 

a) 

b) 

c) 

d) 

Fig. 3.19 Methods of ascertaining distances 
between two clusters: a) nearest neighbour 
method, b) farthest neighbour method, c) average 
linkage method, d) centroid method.

Fig. 3.20 Dendrogram. A diagram in the form of a 
tree structure (a) shows (from left to right) gradual 
linkage of clusters starting from numbered cases. 
Red, blue and green vertical lines express the 
phase of linkage during which red, blue and green 
clusters are produced (b).
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on their linear combination. The number of 

factors is much smaller than the original number 

of variables. The reduced number of factors is 

then included in other analyses, for example, 

regression or discriminant analysis.

The general algorithm of factor analysis is 

shown in fi gure 3.21. At the start of the analysis, 

we formulate the scientifi c problem. We 

address the issue which variables to include in 

the analysis. We determine their number and 

composition. We will also verify the suitability 

of the sample set. We then select the type of 

correlation matrix. We may be interested in 

correlations between variables (matrix R) or 

between monitored cases (matrix Q). The fi rst 

case is much more common in forest modelling. 

We will then construct a factor model. The 

factor model may be based on the analysis of 

main components or on mutual factor analysis. 

The result of both factor models is a matrix. 

When constructing principal component 

analysis (PCA), we take total variance into 

account, which consists of common variance 

shared with other variables, specifi c variability 

connected only to one variable and random 

variance related to random error. The resulting 

matrix represents a correlation matrix (see 

Chapter 3.1) which contains 1 in its diagonal. 

In common factor analysis, the matrix is only 

reduced to common variance which means that 

it is cleared of specifi c and random variance. 

Such a matrix contains so called communalities 

in its diagonal, which are smaller than or equal 

to 1 depending upon the proportion of specifi c 

and random variance within the compared 

variables. Communalities therefore express 

the amount of variance of the original variables 

shared with other variables included in the 

analysis. The sum of squares of the values in 

the diagonal of the mentioned matrices is called 

the trace. It expresses the total amount of 

variance on which the factor solution is based. 

In analysing the principal components, the trace 

equals the number of variables based on the 

assumption that the variance of each variable 

equals 1. In common factor analysis, the trace 

equals the sum of squares of communalities in 

the diagonal of the reduced correlation matrix. 

Figure 3.22 shows examples of the correlation 

matrix created from the analysis of principal 

components (variant a) and the reduced 

correlation matrix created based on common 

factor analysis (variant b). Individual variables 

in the matrix represent the age of tree species 

(x
1
), site index of tree species (x

2
), slenderness 

coeffi cient of tree species (x
3
), altitude (x

4
), 

stand stocking (x
5
) and proportion of tree 

species (x
6
).  This represents analysis of the 

risk of wind-throw for spruce. In the next step, 

we select the number of factors and perform 

their extraction. Factors are created by linear 

combination of the original variables (formula 

3.62). Coeffi cients of the linear combination are 

called factor scores (coeffi cients b
j
 in formula 

3.62). A linear combination of the original 

values for the fi rst factor is carried out in such 

a way that the resulting factor includes greater 

common variance than any other combination. 

The second factor then maximises the residual 

variance. It may be orthogonal (perpendicular) 

or oblique (inclined) to the fi rst factor. This 

depends upon the extraction method selected. 

The orthogonal method is selected when we 

consider the factors to be mutually independent 

and in the opposite case we used the oblique 

method. We then proceed with other factors 

which maximise subsequent residual variance. 

The principle is shown in fi gure 3.23. The fi gure 

illustrates a sample set consisting of n units in 

which two characters x
1
 and x

2
 were observed. 

These characters have the original variance 

ranges R
1
 and R

2
. Using formula 3.62, we create 

a linear combination of both variables in order 

to obtain maximum possible variance. This 

creates a new axis (factor 1) whose variance 

range is R
1
*. Another linear combination is 

carried out in such a way that residual variance 

is maximised. Therefore, we will obtain a 

new axis (factor 2) which is perpendicular to 

factor 1 and its variance range is R
2

*. Since 

individual variables have differing dimensions 

(units), transformation of variables into a unifi ed 

dimension is recommended using, for example, 

the mean value and standard deviation in 

accordance with:

  
x

i
i s

xxx −
=*

 (3.69)

Factor loadings are created for the derived 

factors. The loadings express the correlations 

between the original variables and their factors. 

Table 3.6 shows the extraction of factors from 

the correlation matrix of principal components 

(PCA):
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The table contains factor loadings for three 

derived factors and individual variables. For 

example, the correlation coeffi cient between 

the age of tree species (x
1
) and factor 1 is -0.19, 

or between stand stocking (x
5
) and factor 3 the 

correlation coeffi cient is 0.64. The signifi cant 

correlations between variables and their factors 

are highlighted in bold. So called eigenvalues 

are also presented in the table and are calculated 

as the sum of squares of the factor loadings, and 

they express the amount of explained variance 

of all variables in the factor.  It is clear from 

the table that the factors were extracted in the 

order from the greatest to the smallest variance 

(2.12 – 1.91 – 1.28), i.e. using the mentioned 

extraction method. The last row of the table 

shows the calculated percentage of the total 

trace of the original correlation matrix. In our 

case total trace is 6 (see fi g. 3.22a) which is also 

related to the percentage of factor traces (35.33 

– 31.83 – 21.33). The percentage of the total 

variance (trace) represented by the information 

in the factor matrix is, in our case, 88.5. We can 

generally state that the number and composition 

of factors is suitable if their eigenvalues are 

greater than 1 and if their number is smaller than 

or equal to half the number of variables. This 

principle is called the Kaiser rule.

At the same time, a non-rotation matrix is 

suitable if the percentage of total trace is at least 

70 - 80%. The last row of the table contains 

communalities which are calculated as the 

sum squares of the variable loadings. They 

express the level of variance of the variable in 

all factors. From the mentioned combination of 

factors it has so far been very diffi cult to identify 

their signifi cance. Their logical interpretation is 

complex since all variables have a signifi cant 

infl uence upon all factors. We therefore perform 

so called factor rotation in factor analysis. The 

principle of rotation is shown in fi gure 3.24. It is 

a simplifi ed example with fi ve variables marked 

V
1
 to V

5
 and two factors. Their factor loadings are 

displayed in the original axes ’non-rotated factor 

1‘ and ’non-rotated factor 2‘. So, for example, 

variable V
1
 has a fi rst factor loading of 0.5 and 

a second factor loading of 0.8. A list of all non-

rotated loadings is in the fi rst table in fi gure 3.24. 

In the table, we can see that for all variables, there 

is a defi ned value of loadings in both factors. If, 

however, we rotate the axes around angles  

and , we will obtain new axes ’rotated factor 1‘ 

and ’rotated factor 2‘ which signifi cantly changes 

the situation in composition of factor loadings. 

Rotated factor loadings are listed in the second 

table in fi gure 3.24. We may notice that for the 

fi rst factor the signifi cant loadings are for the 

third, fourth and fi fth variable whilst in the second 

factor, the signifi cant loadings are for the fi rst 

and second variables. These rotations provided 

more explicit interpretation of factors. Rotation 

of factors could be orthogonal if angles  and 

 are identical, or inclined if the angles differ. 

Orthogonal rotation is used for factors which 

are mutually independent. Various methods such 

as VARIMAX, QUARTIMAX or EQUIMAX are 

applied. Oblique rotation is used for mutually 

dependent factors and methods such as 

OBLIMAX or PROMAX are used. If we return to 

our example of a non-rotated matrix from 3.6, by 

rotating factors we will obtain a new rotated factor 

matrix as shown in the following table:

variables
factors

communalities
1 2 3

x
1

-0.19 0.92 0.20 0.92

x
2

0.73 -0.39 0.54 0.91

x
3

-0.50 0.65 -0.19 0.71

x
4

0.78 0.28 -0.45 0.89

x
5

0.45 0.62 0.64 0.99

x
6

0.70 0.31 -0.55 0.89

eigenvalues 2.12 1.91 1.28 5.31

% traces 35.33 31.83 21.33 88.50

Tab. 3.6 A non-rotated factor matrix derived using the PCA method (fi g. 3.22a).
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The rotated matrix retained the same 

communalities as well as the overall trace, but 

loadings within factors changed in such a way 

that their interpretation is simpler. In the fi rst factor 

loadings related to age, site index and slenderness 

coeffi cient of tree species are signifi cant. Since the 

slenderness coeffi cient expresses the resistance 

of a tree to breakage and its value depends upon 

age and site index, the factor could be called the 

’stand stability factor‘. In the second factor, loadings 

Tab. 3.7 A rotated factor matrix derived using the VARIMAX method.

variables
factors

communalities
1 2 3

x
1

0.64 0.02 0.71 0.92

x
2

-0.87 0.11 0.36 0.91

x
3

0.83 -0.05 0.18 0.71

x
4

-0.12 0.93 0.11 0.89

x
5

-0.13 0.13 0.98 0.99

x
6

-0.005 0.94 0.04 0.89

eigenvalues 1.89 1.78 1.64 5.31

% traces 31.50 29.67 27.33 88.50

SCIENTIFIC PROBLEM 
Which variables to include? 

How many variables? 
 How are the variables composed?  

What is the size of sample set?  

CORRELATION MATRIX 
R versus Q 

FACTOR MODEL 
PRINCIPAL  

COMPONENT 
ANALYSIS 

COMMON  
FACTOR  
ANALYSIS 

EXTRACTION METHOD 
• orthogonal 
•  

NON-ROTATED FACTOR 
MATRIX 

Number of factors 

ROTATED FACTOR 
MATRIX 

Interpretation of factors 

FACTOR SCORE 
for following analyses: 

(regression, discriminat, 
correlation) 

Fig. 3.21 The general 
factor analysis method 
(HAIR et al. 1987).

oblique
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related to altitude and percentual proportion of 

tree species are signifi cant. Since altitude and 

the proportion of spruce speak of stand diversity, 

we may call the factor the ’stand diversity factor‘. 

The last factor has defi ned loadings in terms of 

the age of tree species and stand stocking. Since 

the perception of stocking is also related to the 

age of the stand, a suitable name would be the 

’stand density factor‘. We reduced the original 

number of six variables to three factors which we 

now may use, for example, in regression analysis. 

We transform variables using formula 3.69 and we 

calculate their linear combination using the derived 

factor scores. We will use the resulting factors as 

independent variables in regression analysis and 

this is how we derive the equation for calculating 

the risk of spruce wind-throw.

3.5 Reproduction of variability

Any creation of forest models represents 

a greater or lower level of simplifi cation 

(generalisation) of reality. When constructing 

Fig. 3.22 A correlation matrix derived by analysing 
principal components (a) and a reduced 
correlation matrix derived using common factor 
analysis (b).

Fig. 3.23 The principle of factor extraction based 
on the linear combination of variables and 
maximising variance. The aim of the extractor is to 
select a suitable number of factors.

Fig. 3.24 The factor rotation principle. The aim of rotation is the logical interpretation of factors.

Correlation between variables 

variable x1 x2 x3 x4 x5 x6 

x1 1.00 -.38 .51 .02 .61 .04 

x2 1.00 -.50 .23 .48 .14 

x3 1.00 -.13 .06 -.05 

x4 1.00 .24 .77 

x5 1.00 .16 

x6 1.00 

Correlation between variables 

variable x1 x2 x3 x4 x5 x6 

x1 .97 -.35 .51 .04 .59 .03 

x2 .97 -.48 .25 .46 .13 

x3 .38 -.08 .05 -.07 

x4 .63 .22 .48 

x5 .98 .17 

x6 .61 

trace 
=  = 6 
units 

trace 
=  = 4,54 
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a) 
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variable 

non-rotated loadings 

I II 

V1 0.50 0.80 

V2 0.60 0.70 

V3 0.90 -0.25 

V4 0.80 -0.30 

V5 0.60 -0.50 

 
variable 

rotated loadings 

I II 

V1 0.03 0.94 

V2 0.16 0.90 

V3 0.95 0.24 

V4 0.84 0.15 

V5 0.76 -0.13 
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empirical models, we fi rstly attempt to derive the 

basic deterministic relationships which we may 

supplement with stochastic behaviour in the next 

step in some cases.

Defi nition 3.11

A deterministic model has explicit behaviour 

which means that with the same initial 

system status and using the same inputs into 

the model, we will always obtain the same 

outputs.

A stochastic model has a certain degree of 

random behaviour which means that despite 

the same initial system status and using the 

same inputs into the model, we will always 

obtain different outputs.

Due to the complexity of a forest, its real 

behaviour appears to be combination of 

deterministic and random behaviour. This is 

because a great many processes are unknown or 

unclear to us despite a high level of cognition. 

We cannot therefore take them into consideration 

when constructing a model. At the same time, in 

terms of the practical use of models and the current 

limits in computer technology, we deliberately 

attempt to simplify some processes. We omit 

many system parameters from the model, as well 

as exogenous, intermediary and status variables 

and this is related to generalising processes and 

nutrients and information fl ows (see Chapter 

2.2.3). As already mentioned in Chapter 2.1, a 

forest model may have combinational, sequential 

or stochastic behaviour. Combinational and 

sequential behaviour is expressed by its 

explicitness and we classify them to deterministic 

models. On the other hand, stochastic behaviour 

shows a certain degree of randomness. In 

Chapter 5.1, we shall address forest ecosystem 

simulators. One of their typical properties is 

the existence of stochastic mechanisms for 

including unknown or unconsidered factors in the 

simulation process. A practical consequence is 

that we obtain different results in the simulation of 

forest development whilst maintaining the same 

initial status and inputs in the system. In this 

Chapter we shall attempt to explain how these 

stochastic features can be achieved in forest 

modelling. The principle lies in the reproduction 

of variance.

Figure 3.25 shows two typical examples 

illustrating how natural variance is neglected 

in classical deterministic modelling based on 

statistical methods. The left side of the fi gure 

(3.25a) shows a model in the form of an arithmetic 

average. The value of all statistical units (for 

example, individuals i.e. trees) is replaced with an 

average value (for example, average diameter). 

However, in reality, the actual value varies 

around the average value in accordance with the 

frequency function illustrated in the fi gure (under 

the assumption of normal distribution). In the 

interval plus-minus standard deviation (formula 

3.8) from the arithmetic average (formula 3.6), 

there are 68.3% of all real values. This interval 

is bordered by infl exion points (points of contrary 

fl exure) on the frequency curve. In a double 

interval of standard deviation, there are 95.5% 

of all real values and in a triple interval there are 

99.7% of all values. Since the modelled variable 

can occur in various absolute units, we attempt to 

standardise it based upon calculating the critical 

deviation (value) z using the relative distance of 

the real value (x) from the arithmetic average ( ). 

Relativisation is carried out based on standard 

deviation (s
x
) in accordance with:

  

xs
xxz −

=  (3.70)

Relativisation is shown in fi gure 3.25a by 

the lower axis z which has a value of 0 in the 

position of the arithmetic average. The true value 

of a statistical unit may then be expressed by the 

arithmetic average modifi ed by the model error 

(x):

  xxx   (3.71)

The right side of the fi gure (3.25b) shows a 

model in the form of the regression equation. We 

can present it using an example of a tree height 

curve. The thin curves in the graph express 

the change in tree height depending upon its 

diameter. When a tree diameter increases, its 

height also increases. The number of curves 

represents the number of monitored trees. 

They may be derived, for example, using stem 

analyses (see Chapter 2.1.1). Thick curves 

express the lower and upper envelope curves 

of the created height range. Each tree has its 

own individual curve. The regression model 

expresses an ’average height curve‘ displayed 

in a dotted line in the graph. It expresses the 

average height of a tree at a selected diameter. 
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However, the actual height of a tree varies around 

the regression curve, which is shown using the 

probability distribution functions (symbolically 

in three selected tree diameters). Similarly to 

the previous case, the probability distribution 

functions may serve for describing a regression 

model error. In the simplest case, a regression 

model error may be described by the mean error 

of the regression equation (formula 3.49) if the 

variable is homoscedastic (see Chapter 3.6.2). 

The true value of a tree height depending upon 

its diameter may then be expressed using the 

regression model modifi ed by its error ( ŷ ):

    yxfyyy ˆˆˆ   (3.72)

A model can also be improved by 

supplementing a model error with an error 

component from a sample set. If we select other 

trees for stem analysis from the total population, 

we will obtain another sample set and therefore 

another regression equation. The confi dence 

interval of the regression equation (see Chapter 

3.4.1), together with its mean error, could in this 

case create a basis for deriving the model error.

Extending a deterministic model to a stochastic 

model lies in generating an error based on the 

reproduction of variance. To reproduce variance 

we need to know the probability error distribution 

function of the model (frequency function). This is 

most frequently described by its shape, position 

and variance. Within this function, we then 

generate a random number whose probability 

mirrors the given function. Suitable methods are 

used for this generation. It is usually the Monte 

Carlo method, the inversion transformation 

method or a suitable approximation method. We 

shall now address these methods in more detail.

3.5.1  The reproduction of variance using 

the Monte Carlo method

Defi nition 3.12

The Monte Carlo method is a class of 

algorithms for simulating systems. These are 

stochastic methods using random or pseudo-

random numbers. They are typically used for 

calculating integrals, mainly multi-dimensional, 

where regular methods are ineffi cient.

The Monte Carlo method is widely used 

starting from simulating experiments, through 

calculating certain integrals to resolving 

differential equations. The basic idea of the 

method is very simple. We want to determine 

the mean value which is the result of a random 

event. We create a computer model of this event 

and after a suffi cient number of simulations the 

data may be processed using classical statistical 

methods, for example, determining the average 

and standard deviation. The method is named 

after Monte Carlo which is famous for its casinos 

and mainly roulette. The term was fi rst used 

by physicists in 1940 who were working on the 

construction of the American atom bomb. The 

x 

y 

inflexion point y=f(x) ^ 

a) b) 

Fig. 3.25 The principle of the reproduction of variability: a) reproduction of variability around the arithmetic 
average, b) reproduction of variability around the regression equation.



142

FOREST ECOSYSTEM ANALYSIS AND MODELLING

basic idea of the Monte Carlo method may also 

be used for generating a random number from a 

frequency function of the known shape. Before 

we introduce the algorithm for generating a 

number, we will explain the principle of the Monte 

Carlo method in calculating the defi nite integral 

of a function. Figure 3.26 shows a frequency 

function f(x). Our aim is to calculate its defi nite 

integral at the interval from a to b. For these 

purposes, the Monte Carlo method provides the 

hit and miss method or a sample mean algorithm. 

The hit and miss method works in such a way 

that we generate pairs of random numbers from 

a continuous uniform distribution (see table 3.2) 

inside the interval from a to b and inside the 

interval from 0 to c. This creates a point which 

can be situated under or above function f(x). For 

the fi rst random number from the interval from a 

to b, we calculate the value of function f(x). If the 

second random number from the interval from 

0 to c is lower or equal to the calculated value 

of function f(x), we consider the generation of a 

point as a ’hit‘ otherwise we defi ne it as a ’miss‘.  

This is how we generate a large number of points 

whilst we count the number of hits. We calculate 

the area of the rectangle defi ned by sides a-b 

and 0-c. We reduce the rectangle’s area by the 

relative number of hits from all generated points. 

The result is an estimate of the defi nite integral of 

function f(x). The larger the number of generated 

points, the closer the estimate matches the 

actual value of the integral. The sample mean 

algorithm of the Monte Carlo method is very 

similar. We generate a large number of random 

numbers from the interval from a to b. We 

determine the values of function f(x) for these 

numbers. We calculate the arithmetic average 

from all function values. We calculate the area 

of a rectangle whose base is a-b and height is 

the arithmetic average of function f(x) values. 

The rectangle area is an estimate of the defi nite 

integral of function f(x).

The mentioned principles of the Monte Carlo 

method may also be used for generating a 

random number whose probability follows the 

defi ned frequency function. The method is 

suitable for generating random numbers from 

arbitrary probability distribution. A condition is 

that we must know the mathematical shape of 

frequency function f(x), we must know minimum 

and maximum values from the defi nition scope 

of x (x
min

 and x
max

) as well as minimum and 

maximum values of the function, i.e. f
min

(x) and 

f
max

(x). To generate a number whose probability 

follows function f(x), we use the generation of 

a random number from continuous uniform 

distribution which is greater or equal to 0 and, 

at the same time, is lower than 1. The algorithm 

is as follows:

Algorithm:

1.  Generate random number x from the uni-

form domain [x
min, 

x
max

].

2.  Calculate f(x) value.

3.  Generate a random number r from uni-

form distribution U[0,1]

4.  If  f
min

(x) + r[f
max

(x) – f
min

(x)] ≤  f(x), accept 

value x, otherwise repeat the algorithm.

3.5.2  Reproduction of variance using the 

inverse transformation method

The Monte Carlo method is a universal method 

which can be used for any frequency function. 

However, in terms of an iterative solution which 

is repeated until the fi nal condition is met (point 

4 of the previous algorithm), it can be time-

demanding, mainly if we generate a larger 

amount of numbers. Therefore, if possible, the 

inverse transformation method is preferred. The 

method may only be applied if the mathematical 

shape of distribution function F(x) can be 

derived from the original frequency function 

f(x) including the inverse distribution function 

F-1(x). This method may only be used for those 

functions which can be integrated using an 

analytical method, for example, substitution, 

decomposition, transformation or integration by 

parts.  The algorithm is as follows:

a b 
0 

c 

f(x) 

’miss‘ 

’ hit ‘ 

I – definite 
integral 

dxxf
b

a
x 

Fig. 3.26 The principle of a ’hit and miss‘ algorithm 
of the Monte Carlo method for calculating the 
defi nite integral of a function (ZWILLINGER, 2003).
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Algorithm:

1.  Generate a random number r from uni-

form distribution U[0,1].

2.  Calculate value x from the inverse distri-

bution function F-1(r).

We will explain the algorithm using an example 

of the Weibull function (see Chapter 6.3.2) which 

is very often used in forest modelling. The function 

has the mathematical shape of an integral 

derived by an analytical method and therefore, 

the distribution and inverse distribution function 

may be stated for this function. The mathematical 

shape of a three parameter Weibull function is 

as follows:
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The mathematical shape of the distribution 

(cumulative) function is
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1F  (3.74)

and the inverse distribution (quantile) function is

     c xbax  1ln.F 1
 (3.75)

The left graph of fi gure 3.27 shows an example 

of a frequency function of tree diameters. The 

function has the parameters a = 10, b = 40 

and c = 2. In the middle of the fi gure, there is a 

distribution function and an inverse distribution 

function is shown on the right. If we wanted to 

generate tree diameter with probability distribution 

in accordance with function 3.73, we would 

generate a random number from continuous 

uniform distribution U[0,1]. Based on the random 

position on the horizontal axis x, we derive the tree 

diameter (the direction of the arrow in fi g. 3.27c). 

In our example, the random number is 0.723 and 

the generated diameter is 55.3 cm. The difference 

of the generated diameter from the average then 

represents a reproduction error of the model (x). 

However, for practical purposes, the absolute or 

relative difference from the arithmetic average is 

used instead of the absolute tree diameter in the 

frequency function, which directly generates the 

model error.

3.5.3  The approximation method 

of reproducing variance 

of the curve by Gauss

The most often used frequency function for 

the reproduction of variance is the Gauss curve 

(normal distribution, see table 3.2). A disadvantage 

of this function is that it is not possible to derive 

the mathematical shape of an integral for this 

function using an analytical method. It is not 

Fig. 3.27 The principle of the inverse transformation method for generating a random number in accordance 
with the stated frequency function: a) the Weibull frequency function of tree diameters with parameters a = 
10, b = 40 and c = 2 states the probability of a tree diameter incidence, b) the Weibull distribution function 
states the cumulative probability of a tree diameter, c) the inverse Weibull distribution function states the 
value of a tree diameter with a given cumulative probability; the direction of the arrow states the generating of 
a tree diameter based on a random number from continuous uniform distribution U[0,1].
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possible to use the inverse transformation method 

for the reproduction of variance. Calculation of 

the maximum value of the frequency function, 

necessary for the Monte Carlo method, is also 

problematic. If we encounter similar problems in 

frequency functions, we try to use an approximation 

method which would replace the mentioned 

methods in order to generate a random number 

close to the given shape of the function. We will 

now show the recommended method for normal 

distribution which is not demanding in terms of 

calculations and, at the same time, approximates 

the Gauss probability distribution very well. The aim 

is to derive a random number from the distribution 

),( xsxN . The algorithm is as follows:

Algorithm:

1.  Generate n random numbers r
i
 from uni-

form distribution U[0,1] whilst n ≥ 12.

2. Calculate value z in accordance with:

 
12

21

n

nr
z

n

i
i∑

=

−
=

3.  Transform value z into value x in accor-

dance with the known arithmetic average 

and standard deviation:

xszxx .+=

The algorithm is quite simple. At input, we 

only need to know the average value ( ) and its 

standard deviation (s
x
). For practical needs to 

reproduce the error the average value is replaced 

by the deterministic value derived from the model 

and formula z.s
x
 represents the reproduced 

error. At the same time, the algorithm is quite 

undemanding in terms of calculation time. For 

deriving one random number, we only need 12 

randomly distributed numbers in accordance 

with uniform continuous distribution. Of course, 

the greater the amount of these numbers, the 

better the approximation.

3.5.4  Theoretical error of a model derived 

using the reproduction of variance

The reproduction of variance in a forest model 

is often hidden from the model user. If we return 

to formulae 3.71 and 3.72, the model user often 

knows the overall result on the left side of the 

equation and does not know the deterministic 

component and the generated error on the 

right side of the equation. The deterministic 

component consists of functional relationships. 

The stochastic component obtained by the 

reproduction of variance includes unconsidered 

factors and unknown processes such as 

historical causes before start of simulation or 

genetic variability. Despite the fact that the 

random component is hidden, it is possible to 
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Fig. 3.28 Schematic method for deriving a theoretical error in a model based on repeated simulations of a 
stochastic nature.
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derive a theoretical error of the model. The only 

thing is to repeat the growth simulations. By 

repeating the growth simulations with the same 

initial status and the same input variables, we 

obtain different results. Figure 3.28 symbolically 

shows the method of repeated simulations. If we 

focus upon the particular output of the growth 

simulation, for example, on the fi nal stock, we 

will obtain the series of results x
1
, x

2
, ..., x

n
. From 

them, we may calculate the arithmetic average 

( , formula 3.6) and the standard deviation 

(s
x
, formula 3.8). The resulting error of the model 

is then calculated using the formula:

 
1

.. )1(,)1(, 22 −
==Δ −− n

ststx x
nxn αα  (3.76)

where t/2,(n-1)
 is the critical value of the Student 

distribution with stated probability P=1- and the 

number of degrees of freedom is n-1. 

Deriving the theoretical error of a model can be 

important for example when we attempt to fi nd 

the optimum variant of forest management. We 

can try several variants, e.g. thinning regimes; 

whilst we shall repeat simulations in all variants 

in a suffi cient scope (at least 30 repetitions are 

recommended). The results of all variants may 

be compared, while during comparison, we 

shall always take simulation error into account. 

A simulation error will create a confi dence 

interval around the resulting characteristic, 

while 95% probability is mostly selected for 

intervals. If the intervals of individual variants 

overlap, no signifi cant difference between 

variants exists, and in the opposite case, the 

difference is statistically signifi cant. Figure 3.29 

shows a comparison between two variants in 

forest management with the same initial status. 

Up to the age of 85 years, there is a signifi cant 

difference between both variants. However, from 

the stand age of 90, the difference becomes 

insignifi cant (intervals overlap). It is caused by 

the fact that the simulation error increases with 

simulation length. A statistical comparison is 

very important, mainly if the simulation results 

have an impact upon forestry practice (e.g. the 

selection of the optimum forest management 

regime) or have scientifi c signifi cance (e.g. 

evaluation of the impact of climatic changes 

upon the production of the forest). Methods of 

testing statistical hypotheses are used for 

testing of differences between simulations (see 

publications addressing biometric problematic, 

for example ŠMELKO 1991, SOKAL and ROHLF 1995, 

SCHEER 2006).

Fig. 3.29 An example of a comparison of two forest management variants based on confi dence intervals 
derived by repeating growth simulations. Up to 85 years, there is a signifi cant difference between both 
variants, from the age of 90 years the difference is not statistically signifi cant.
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3.6 Statistical evaluation of models

3.6.1 Bias, precision and accuracy

Defi nition 3.13

Bias expresses a constant (permanent) 

deviation of the predicted (obtained by a 

model) value from the true value. It expresses a 

so called systematic error (bias). The measure 

of bias is the arithmetic average of true errors.

Precision expresses the variability of true 

errors around average error (bias). It expresses 

so called random error (residual). The rate 

of precision is the standard deviation of true 

errors.

Accuracy expresses the variability of 

predicted values around true values. The rate 

of accuracy is the mean error. It includes bias 

as well as precision.

We will explain the terms bias, precision and 

accuracy in an example of shooting at a target 

(fi g. 3.30). Example a) in fi gure 3.30 shows a 

situation where a rifl e is not misaligned and the 

marksman is precise. The average position of 

shots at the target is identical to the bulls eye of 

the target. The distribution of hits is small. We 

say that the shots are accurate. In example b) 

in fi gure 3.30, the rifl e is misaligned (contains 

a systematic error), but the shooter is accurate. 

The average position of shots at the target is not 

identical to the centre of the target.  It deviates 

signifi cantly from the centre. We call this deviation 

’bias‘. The distribution of hits is small. Due to the 

signifi cant misalignment of the rifl e, even despite 

accurate shooting, we consider the shooting to 

be inaccurate. In case c) in fi gure 3.30, we have a 

rifl e that is not misaligned. However, the shooter 

is inaccurate. Although the average position of 

shots at the target is identical to its centre, there 

is a widespread distribution of hits. Therefore, we 

talk about inaccurate shooting. In the last case 

d) in fi gure 3.30, the rifl e is misaligned and the 

shooter is inaccurate. The average position of 

the hits signifi cantly deviates from the centre of 

the target. The distribution of hits is also great. 

We talk about inaccurate shooting.

When modelling a forest, we regard the centre 

of the target to be the true values that we should 

achieve. We may, for example, obtain true values 

from observations in research or inventory plots 

which have conditions identical to the conditions 

used in simulations. The identity of conditions 

means the identity between initial statuses, 

environmental conditions and the management 

method during the modelled or observed period. 

Modelled (predicted) values are marked x
i
 and 

true (observed) values are marked X
i
. From 

each pair of predicted and true values we 

may calculate the true error of the model e
i 
= 

x
i
 – X

i
. The average of true errors expresses a 

systematic error in the model, which we call bias:
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 (3.77)

Bias may also be expressed in relative 

(percentage) form:

  100.%
X
ee   (3.78)

In the ’terminology of hitting a target‘, bias 

expresses the deviation of hits from the centre 

of the target.

If we calculate the variability of true errors 

around average error (bias), we will obtain the 

precision of the model:
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It could also be expresses relatively (as a 

percentage):

  100.%
X
ss e

e   (3.80)

Within the ’terminology of hitting a target‘, the 

standard deviation of the true errors expresses 

the distribution of hits around their centre.

The total error of the model expresses model’s 

accuracy and will be stated using the mean error 

in accordance with the formula:
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x  (3.81)

It includes both a systematic and a random 

error, using which we can also calculate:
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22 esm ex   (3.82)

The accuracy of the model may also be 

expressed relatively (as a percentage):

  100.%
X
mm x

x   (3.83)

MAYER and BUTLER (1993) suggested a non-

dimensional statistical characteristic which 

directly includes predictions from the model 

and observed data into the formula. It indicates 

the overall fi tting of the model to reality. It is the 

effectiveness (effi ciency) of the model EF 

which is based on the ratio of variance of true 

values (X
i
) around the predicted values (x

i
) and 

the true variance of observed data:
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1  (3.84)

If the effi ciency of the model equals 1, the model 

is perfectly fi tted to reality, which means that the 

variance of true values around predicted values 

is zero and the model is maximally effi cient. The 

characteristic may also be negative if the variance 

of true values around predicted values is greater 

than the variance of observed values. In this case, 

the model is not very effi cient. Overall, we may 

say that the effi ciency of the model increases if EF 

characteristic is closer to 1.

3.6.2  Deriving a systematic and random 

error of the model

The simplest method for statistical comparison 

of a model with reality is as follows: We shall use 

research, monitoring or inventory plots on which we 

measure the true development of characteristics. 

We then apply the model to the initial status of the 

experimental plots. We shall maintain the same 

conditions in the model as in reality (environmental 

conditions, management actions, etc.). Using the 

model, we will obtain the new (predicted) status 

of characteristics. We display the relationship 

Fig. 3.30 An explanation of bias, accuracy and precision in an example of shooting at a target. a) the 
rifl e is not misaligned, the shooter is accurate, shooting is precise, b) the rifl e is misaligned, the shooter 
is accurate, shooting is imprecise, c) the rifl e is not misaligned, the shooter is inaccurate, shooting is 
imprecise, d) the rifl e is misaligned, the shooter is inaccurate, shooting is imprecise (adopted from 
PRETZSCH 2009).
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between predicted and observed characteristics 

in the graph. An example is shown in fi gure 3.31. 

The example is a drawing from testing SILVA 

model (PRETZSCH et al. 2002) for Swiss conditions 

(SCHMID et al. 2006). The observed values of 

diameter increment are on x axis and the predicted 

values of diameter increment using SILVA model 

are on y axis. We construct a linear regression 

model between predicted and observed data (see 

Chapter 3.4.1). The linear model in fi gure 3.31 is 

shown with the dashed line. If the model did not 

embody a systematic error, the line would cross 

the graph’s diagonal which means that it would 

intersect the start of the coordinate system (0) and 

the regression coeffi cient b would have a value of 1 

(45° tangent). This line is shown as a solid line in the 

graph. The greater the deviation of the regression 

equation from the diagonal line, the more signifi cant 

the systematic error in the model is.

For regression analysis, MCARDLE (1988) and 

SOKAL and ROHLF (1995) recommend to use the 

reduced major axis (RMA) method instead of the 

classical ordinary least squares (OLS) method. 

This method is much more suitable since both 

variables (dependent predicted as well as 

independent observed) are affected by an error. 

The predicted variable is affected by a model 

error and the observed variable is affected by an 

experimental measurement error. This means 

clearly that the model is not able to explain the 

error of the observed values. This method is 

mainly suitable if the error of the observed value 

exceeds one third of the error of the predicted 

value. In the RMA method, for calculating a 

regression coeffi cient we use the ratio of the 

standard deviation of an observed variable and 

the predicted variable instead of equation 3.44:
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 (3.85)

The sign for regression coeffi cient b
RMA

 is 

identical to the sign of covariance of observed 

and predicted values (formula 3.15). The 

absolute coeffi cient and correlation coeffi cient 

are calculated in the same way as for the OLS 

method (formulae 3.45 and 3.46).

If a systematic error occurs based on the 

stated regression model, we may proceed in its 

derivation and correction. Of various possible 

methods, we recommend the following. We 

derive a linear regression relationship between 

the predicted value (x) and the difference 

between the true and predicted value (X - x). 

Figure 3.32 shows an example of deriving a 

systematic error for SIBYLA model (FABRIKA 

2005). The x axis shows the annual height 

increment of a tree derived by the SIBYLA 

model and the y axis shows the difference 

between the true, observed increment and the 

modelled, predicted increment. We make a linear 

regression relationship using the RMA method. It 

is shown by the red line in the fi gure. The red line 

defi nes the correction of the systematic error:

  xbacorr RMAbias .  (3.86)

The systematic error of the model is then:

  biascorrbias   (3.87)

Figure 3.33 shows possible cases which defi ne 

the magnitude and the sign of the systematic 

error. In the fi rst case (fi g. 3.33a), the regression 

line is identical to the x axis. No systematic error 

in the model exists. In the second case (fi g. 

3.33b), the regression line is parallel to the x axis 

and intersects the positive semi-axis y at the 

average value of differences ( )xX − . The model 

systematically under-estimates reality with the 

same constant error regardless of the magnitude 

of the modelled (predicted) value. Regression 

coeffi cient b
RMA

 equals zero and absolute 

coeffi cient a is equal to systematic error ( )xX −
. In the third case (fi g. 3.3c), the regression line is 

parallel to the x axis and intersects the negative 

semi-axis y at the average value of differences 

( )xX − . The model systematically over-estimates 

reality with the same constant error regardless 

of the magnitude of the modelled (predicted) 

value. Regression coeffi cient b
RMA

 equals zero 

and absolute coeffi cient a is equal to systematic 

error ( )xX − . In the fourth case (fi g. 3.33d) the 

regression line is at a non-zero angle to the x axis. 

The model has a systematic error which changes 

depending upon the modelled (predicted) value 

(formula 3.87). In order to also test the systematic 

error statistically, it is necessary to carry out 

tests of statistical hypotheses (see publications 

with biometry problematics, for example, ŠMELKO 

1991, SOKAL and ROHLF 1995, SCHEER 2006). In the 

second and third cases (fi gures 3.33b and 3.33c), 

the test of the signifi cance of the deviation of the 
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average value from zero is recommended, and in 

the fourth case (fi g. 3.33d), a statistical test of the 

signifi cance of a correlation coeffi cient deviation 

from zero or a test of the deviation of regression 

equation coeffi cients from zero is recommended.

In the next step, we can derive the random 

error of the model. In our case, the random error 

expresses the variance of true errors around 

the model of the systematic error (regression 

equation). It is shown in fi gure 3.32 by the green 

frequency curves which are displayed at regular 

distances along the x axis. The frequency curves 

have different variance ranges. If the variance 

changes with the change of an independent 

variable, we call this heteroscedasticity. In the 

opposite case, it is homoscedasticity.

Defi nition 3.14

Homoscedasticity expresses the perma-

nence of the variance of random components, 

i.e. it represents the status in which the vari-

ance of random components is fi xed regard-

less of input independent variables.

Heteroscedasticity expresses the variability 

of the variance of random components, i.e.  it 

is the status where the variance of random 

components changes with the change of an 

input independent variable.

Chanéaz (no. 5), colline 

observed diameter increment (cm) 
0 5 10 15 20 25 
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Fig. 3.31 Predicted values versus observed values 
of a tree diameter increment from the evaluation 
of the suitability of SILVA model for conditions in 
Switzerland on experimental data in plot number 
5 - Chanéaz (SCHMID et al. 2006). The solid 
line expresses the status without a systematic 
error (the absolute coeffi cient equals 0 and the 
regression coeffi cient equals 1). The dashed 
line expresses an RMA linear regression model 
between predicted and observed values. The 
circle represents beech, the rhombus represents 
spruce and the cross represents fi r.

Fig. 3.32 The principle of deriving systematic and random errors of the height increment of spruce 
presented on an example of evaluating SIBYLA model in Slovak conditions using data from 1,189 permanent 
monitoring plots within a 4 x 4 km network. The horizontal axis shows the predicted value and the vertical 
axis shows the difference between observed and predicted values. The red line shows the model of 
correction a systematic error and the green frequency curves illustrate the random error of the model.
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Figure 3.34 shows the principle of homo-

scedasticity and heteroscedasticity. If the 

variance is homoscedastic, we use the mean 

error of the regression equation xXs ˆ  (formula 

3.49) or the standard deviation xŝ  (formula 3.9) 

to express the random error.

The mean error of the regression equation

  xXsresidual ˆ  (3.88)

is used when the linear model of systematic 

error correction (3.86) is inclined to the x axis. 

It is case d) in fi gure 3.33. The mean error 

expresses the variance of true errors of the 

model around the regression correction of the 

systematic error.

Standard deviation

  xsresidual ˆ   (3.89)

is used if the regression line is parallel with 

the x axis. This includes all the other cases in 

fi gure 3.33. The standard deviation expresses 

the variance of true errors around the constant 

systematic error in cases b) and c) in fi gure 3.33, 

or the variance of true errors around the zero 

error in case a) in fi gure 3.33. If the variance is 

heteroscedastic, we must express the value of 

the random error as a function of the predicted 

value. We use a suitable regression equation 

(linear or non-linear). It may be derived using 

the following method. We divide the scale of 

predicted values (horizontal axis) into suitably 

large regular intervals. Within each interval, 

we calculate the standard deviation of the true 

error (vertical axis). We create a regression 

model between standard deviations of the 

intervals and the centres of intervals:

   predictionfresidual   (3.90)

The regression model expresses an estimate 

of a heteroscedastic error depending upon the 

predicted value.

x 

X – x 

x 

X – x 

x 

X – x 

x 

X – x 

0 
(X – x) 

(X – x) 

a + bRMA . x 

a) b) c) d)

a) b)

Fig. 3.33 A schematic illustration of possible cases when deriving a systematic error: a) the regression line 
is identical to the x axis, the model is without systematic error, b) the regression line is above the x axis 
and is parallel with it, the model systematically under-estimates reality, c) the regression line is under the 
x axis is parallel with it, the model systematically over-estimates reality, d) the regression line is inclined to 
the x axis, the model has a systematic error which changes depending upon the predicted value. 

Fig. 3.34 The principle of homoscedastic and heteroscedastic variability of random errors around 
the regression model of a systematic error: a) homoscedasticity - variance of random components is 
constant, b) heteroscedasticity - variance of random components changes with the predicted value.
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3.6.3 Transmitting errors

Growth models of forest ecosystems very 

often contain a wide range of outputs which 

include a large number of values. Many of these 

values are derived from other values, and hence, 

they are also model outputs. Due to the large 

number of output variables, it is not possible to 

carry out full validation of precision and accuracy. 

Therefore, we select a limited number of output 

characteristics. These will be statistically 

validated based on experimental data. An error 

in other outputs may then be derived based 

on transmitting errors. For example, when 

modelling tree growth using tree models, we 

obtain data about the heights and diameters 

of individual trees. Using the method from the 

previous Chapter, we check errors in modelling 

the height and diameter of a tree. Errors in other 

characteristics such as tree volume, mean 

diameter, mean height or stand stock could be 

derived using an analytical method based on the 

rule of error transmission (see ŠMELKO 2007, 

page 19).

A relative error in modelling an individual tree 

(its estimate for the total population) is marked as 

m
x
%. It can be an error in the height or diameter 

of a tree. The error in a characteristic derived 

from n trees follows the rule:

  
n

mm x
x

%%   (3.91)

It can be an error in the mean height or mean 

diameter of a tree. The greater the range, the 

smaller is the error. It generally applies that an 

error of an individual variable increases with its 

natural variance and decreases with the size of 

the data material from which the variable was 

derived. Based on the nature of tree variables, 

their variance can be ranked in an order, which 

has been proven not only analytically but also via 

experimental research (ŠMELKO, 1983).

  %%%%2%% fhddgv mmmmmm   (3.92)

The form factor (f
1.3

) and the height (h) have 

the lowest variance within a tree. The variance of 

tree diameters (d
1.3

) is greater since the diameter 

is more differentiated under the infl uence of 

the competition pressure between trees and 

management actions than the height of the tree. 

The basal area of a tree (g
1.3

) has double variance 

of the diameter variance since it is calculated 

based on the square of the diameter (formula 

3.27). The highest variance has tree volume 

since it aggregates the variance of diameter, 

height and form factor of a tree (formula 3.29).

Based on the error transmission rule, we may 

derive the relative error of tree volume using 

the errors of partial dendrometric values in 

accordance with:

222 %%%..2%%4% fhdhdhdv mmmrmmm +++=  (3.93)

Since there is a relationship between tree 

diameter and height, when determining an error 

we also have to take into account their correlation 

coeffi cient (r
hd

). The mean stem volume error is 

calculated using a similar method but instead of 

errors of variables of individual trees, the errors 

of mean variables from n trees will be inserted 

into formula 3.93. Since these are calculated in 

accordance with formula 3.91, we may express 

the relative error of the mean stem volume using 

the formula:

n
m

n
m

n
mr

n
m

n
mm fhd

hd
hd

v

222 %%.%.2%%4% +++=  (3.94)

Instead of the correlation coeffi cient between 

tree diameter and height, it is necessary to 

use the correlation coeffi cient between the 

mean diameter and mean height of the stand 

( dhr ). Since the total stand stock can be 

calculated by multiplying the mean stem volume 

with the number of trees in the stand, the error of 

the stand stock will be:

  
22 %%% NvV mmm   (3.95)

Transmitting errors may be demonstrated 

in the following fi ctional example: Based on 

experimental validation and experience, we 

discovered that tree diameter error is ±40%, tree 

height error is ±30% and the form factor error 

of a tree is ±20%. Let us assume that our stand 

where we will carry out forest growth simulation 

contains 100 trees. The errors of mean diameter, 

mean height and form factor of the mean stem 

calculated in accordance with formula 3.91 will 

be ten times smaller  (±4%, ±3% and ±2%). We 

further know that an error of determining the 

number of trees is ±20% and the correlation 

coeffi cient between the diameter and height 

of individual trees is 0.7. Let us assume that 
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the correlation relationship between the mean 

diameter and mean height equals correlation 

at the level of individual trees. If we apply the 

previous formulae, we will obtain the tree volume 

error ±97%, the mean stem volume error ±9.7% 

and the stand stock estimate error ±22.2%.

3.6.4  Methods of evaluating and adapting 

models

Before we start using methods of evaluating 

and adapting models for the subject of interest 

(region or purpose), we must clarify several 

important terms. It is mainly necessary to 

distinguish between a model and a simulator, 

since the terms will be related to them. Biometric 

and mathematical representation of forest 

growth processes lead to the construction 

of models. Conversion of these models into 

a practical computer program for predicting 

forest development and the production of forest 

scenarios leads to the development of simulators. 

Due to this, the model must exist before the 

simulator is created. However, development of 

a model does not necessarily have to result in 

the creation of a simulator. We will address the 

defi nition of simulators in more detail in Chapter 

5.1. When evaluating models and simulators, 

the terms used are very often confused, 

misused or incorrectly interpreted. The terms 

are such as: evaluation, validation, verifi cation, 

parameterisation, reparameterisation, calibration 

and analysis of sensitivity. We shall now attempt 

to clarify these terms.

Defi nition 3.15

Evaluation of a model is the complex assess-

ment of a model consisting of the evaluation of 

the suitability of a selected model for a particu-

lar purpose, the correctness of the developed 

biometric model as well as the suitability and 

success of its software solution. 

Validation of a model is one aspect of evalu-

ation of a model which focuses upon biom-

etric quantifi cation of the correctness of the 

model (bias and precision).

Parameterisation of a model is related to 

its construction. It addresses the derivation of 

suitable system parameters for the selected 

algorithms of a model.

Repeated parameterisation, for example, for the 

purposes of improving the precision of a model 

or adapting a model to a new object (region or 

purpose) is called reparameterisation. 

Sensitivity analysis is the evaluation of 

a model by posing the question of how the 

variance of input variables infl uences the vari-

ance of output variables. 

Calibration of a model is adapting the be-

haviour of an existing model or some of its 

parameters in order to achieve better compli-

ance between compared data and the fi nal 

modelled variables in particular conditions.

Evaluation of forest growth models therefore 

does not only include testing its biometric accuracy 

(GERTNER and GUAN 1992, VANCLAY and SKOVSGAARD 

1997). Under the term ‘evaluation’ we understand 

the overall control of the effi ciency and the overall 

success of a model. We fi rstly examine whether 

we selected a suitable model. This means whether 

the modelling principle and the construction of 

algorithms is suitable for the purpose for which 

the model was constructed. Next, we address 

the issue of how well the predicted values match 

the real values. Of course, in this case we only 

focus upon the object or purpose of use for which 

the model was constructed. For example, we test 

it in terms of the region within which the model 

has proclaimed validity. Finally, we focus upon 

its software solution. We evaluate the questions 

of whether the model is user friendly, whether it 

is fl exible, whether it is able to be integrated into 

the information fl ow of the forestry operation, 

whether it is suffi ciently documented, etc.  This 

shows that the evaluation of models is more 

related to simulators. If the model does not result 

in a simulator, we may also carry out evaluation 

at model level. In such a case, we do not address 

the issue of software. More detailed information 

about evaluating growth simulators can be found 

in the works of PRETZSCH et al. (2002a), which 

was created within the German Union of Forestry 

Research Organisations (DVFF – Deutscher 

Verband Forstlicher Forschungsanstalten) with 

the aim of standardising the descriptions of 

models, their evaluation and documenting their 

software structure.

Validation of models is a narrower term than 

evaluation. It does not evaluate a simulator but 

only its model at the level of precision, bias and 

accuracy. It is based on empirical data using 
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which we compare the predicted outputs of the 

model with reality. It is important that the empirical 

material is not identical to the material used for the 

model construction. The reason for this is that if 

the model was created without methodological 

errors in data processing, we would not discover 

a possible systematic error in the model when 

using the original data material. The data material 

should come from the region for which the model 

was derived. An exception is the validation for the 

purposes of subsequent calibration of the model. 

In this case, we may also use empirical data from 

another region. However, we must remember that 

negative results related to e.g. its systematic error 

may not necessarily show the lack of its quality but 

only state that the model should be calibrated for a 

new region. The terms ‘validation’ and ‘verifi cation’ 

are often incorrectly used as synonyms. A growth 

model cannot be verifi ed since verifi cation includes 

verifying the credibility of statements. In accordance 

with the theory of critical rationalism founded by 

POPPER (1984), convincing verifi cation of general 

empirical statements (hypotheses) is not possible 

without at least one element of persuasive proof for 

their negation.  Due to the frequent statistical nature 

of models, which is also related to the validation 

methods, verifi cation of models is impossible at 

their current level of development. We cannot 

evaluate whether a model is true or false. We can 

only evaluate whether it is accurate or inaccurate 

in terms of its precision and bias. Hence, we talk 

about its validation and not its verifi cation.

During the initial construction of a model, we 

create algorithms and seek suitable algorithm 

parameters. In accordance with Chapter 2.2.3, we 

call them system parameters (see also Chapter 

5.1.1). They are therefore constant values which 

control the model but are not infl uenced by the 

model in return. They could be either statistically 

derived coeffi cients of equations and functions, 

or measured values such as various eco-

physiological constants of trees, their organs or 

the forest environment. Seeking and deriving 

these parameters is called parameterisation of the 

model. Repeated parameterisation of the model 

is called reparameterisation. It takes place when, 

by validation, we discover that the model shows a 

systematic error which we wish to correct. If, based 

on further empirical data, we try to perform full or 

partial exchange of the original parameters, we talk 

about reparameterisation. Such reparameterisation 

is carried out in order to improve model’s accuracy. 

Another reason for new parameterisation may 

be an attempt to implement the model for a 

region different than that for which the model was 

constructed. If we decide to use algorithms of an 

already existing model, by its calibration based on 

the exchange of the original parameters, we also 

carry out reparameterisation.

Sensitivity analysis is one of other specifi c 

cases of model evaluation. It is a study of 

how variance (uncertainty) in the outputs of a 

mathematical model may be qualitatively or 

quantitatively linked to various sources of variance 

of model input (SALTELLI et al. 2008). In general, it 

is an evaluation of model’s reaction to changes in 

its inputs. Since inputs usually represent a large 

set of variables, mainly in complex models, this 

analysis is very diffi cult. We attempt to change 

individual exogenous and intermediary variables 

of the model within their ecological amplitude (see 

Chapter 4.4) and observe how these changes, 

mainly in the form of the co-effect of several 

variables, infl uence model predictions (status 

variables). Sensitivity analysis may have several 

purposes, mainly related to the developers of 

growth models (PANNELL 1977):

a)  supporting decision making or creating 

recommendations for people in the decision 

making process (testing the robustness of 

results),

b)  improving communication between 

model developers and people in the 

decision making process (creating more 

credible, understandable or persuasive 

recommendations),

c)  improving understanding and quantifi cation 

of a system (understanding the relationship 

between model inputs and outputs),

d)  developing a model (seeking faults in the 

construction of the model),

Before applying models in the scientifi c and 

practical area, we probably most often encounter 

a problem when we attempt to apply the model to 

an object of interest for which the model was not 

primarily constructed. For example, we use the 

model in a different region than originally created 

for, and we attempt to ‘fi t’ it to reality within the 

given object as best we can. This process is 

called calibration. We may carry out calibration 

using several methods. We either correct an error 

at model output or, based on empirical material, 

we attempt to change model parameters, or 

we modify model parameters using Bayesian 

calibration method. We will describe these 

methods in more detail in the following text.
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3.6.4.1  Calibration of models using the 

correction of errors

If we try to adapt model outputs by their 

direct correction, we say that we calibrate the 

model by correcting errors. The principle is 

that we add a reproduced error to the predicted 

error, for example, to the tree increment i
model

. 

We use a suitable frequency error function for 

reproducing an error. The function is described 

by its shape, position and variance. The position 

is determined by correcting the systematic error 

corr
bias

. This needs to be stated using a suitable 

method, for example, using the RMA regression 

method (formula 3.86). Variance is specifi ed 

by the residual components of errors. It can 

be derived, for example, in accordance with 

formulae 3.88, 3.89 or 3.90 depending upon the 

nature of variability around the systematic error. 

The shape of a curve is determined by the type of 

frequency function. Normal (Gauss) distribution 

is most often used. The fi nal characteristic is 

calculated in accordance with:

 residualcorrNii biasmodelfinal ,  (3.96)

To generate error N(corr
bias

, residual), we use, 

for example, the approximation method described 

in Chapter 3.5.3 or the Monte Carlo method which 

we addressed in Chapter 3.5.1. An advantage of 

the error correction method is that it is very simple 

and requires less demanding experimental data 

than in the case of empirical reparameterisation. 

At the same time, modifi cation of the model itself 

is simple since it does not require a change in 

system parameters and, in some cases, does 

not even require changing the source code of the 

growth simulator. For this method, we say that it 

is adaptation of the model’s behaviour since we 

only change its output map (see Chapter 2.2.4).

3.6.4.2  Calibration of models using 

empirical reparameterisation

This type of calibration is very demanding in 

terms of fi eld measurements. It requires complex 

or partial repetition of collecting experimental data 

of the same nature as in the original material used 

for constructing the model. All the original system 

parameters (or their part) will be replaced with 

new ones. This calibration is not only demanding 

in terms of fi eld data but it also requires thorough 

knowledge of the model’s construction.  It is 

necessary to use the same methodological 

method as in the initial development of the 

model. This means that the developers of the 

original model very often cooperate in this type of 

calibration. Calibration is therefore demanding in 

terms of time and fi nances. However, it is of much 

better quality than the previous calibration since 

in this case we talk about adapting the structure 

of the model, which means that we change not 

only the behaviour of the entire system but also 

the behaviour of its elements. Such a calibrated 

model then appears to be much more credible.

3.6.4.3 Bayesian calibration of models

Bayesian calibration combines the advantages 

of the previous two methods. To carry out this 

method, we only need experimental data at the 

level of error correction method and its result is 

reparameterisation of the model, which means 

that we modify the model at structure level. At the 

same time, the result of this method is not only 

a list of new parameters but also their variance 

in the form of frequency functions. This method 

therefore exceeds the scope of calibration in the 

direction of analysing model sensitivity. However, 

its implementation is very demanding in terms of 

the professional expertise of researchers, since 

it uses complicated mathematical algorithms 

and demanding iteration methods together 

with computer technology, which also very 

often require changes in the source code of a 

growth simulator. Changes are necessary if the 

model’s system parameters are a part of the 

simulator’s source code and cannot be changed 

by an external operator of the fi nal program. In 

this publication, we shall only explain the basic 

principle and a simplifi ed algorithm of Bayesian 

calibration. More detailed information about this 

method can be found in the works of VAN OIJEN 

(2008). More simply, we may say that Bayesian 

calibration allows derivation of the most probable 

values of model parameters based on current 

knowledge of the model parameters and 

’incomplete‘ measurements in order to validate 

the model. The method is based on Bayesian 

formula and calculation of multi-dimensional 

integrals. Bayesian formula

      fDPPDP ).(  (3.97)

says that the probability of a posteriori 

distribution of parameters of a model is 

proportional to the multiplication of the probability 

of a priori distribution of model parameters and 

the credibility of the measured data mixed with 
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model outputs. The theoretical background of 

the method was known much earlier, but the 

method has only recently started to be used 

due to the development in the performance of 

computer technology. This is because it uses 

demanding computer methods - MCMC (Markov 

Chain – Monte Carlo) - such as: the Metropolis 

method, the Metropolis-Hastings method, Gibbs 

sampling, etc. The simplifi ed algorithm of the 

Metropolis-Hastings method is as follows:

Algorithm:

1.  Start anywhere in the area of the param-

eters: p(i=0).

2.  Randomly select  p(i+1) = p(i) + .

3.  If [ P(p(i+1)) * P(D|f(p(i+1))) ] / [ P(p(i)) * 

P(D|f(p(i))) ] > U[0,1), then accept p(i+1), 

otherwise exclude p(i+1).

4.  Increment: i=i+1.

5. If i < 104, then go to point 2.

We will explain the algorithm using an example 

of calibration of the BASFOR process model 

(CAMERON and VAN OIJEN 2009) by VAN OIJEN et 

al. (2005). The principle is shown in fi gure 3.35. 

At the start of the algorithm, we must defi ne 

the area of all system parameters. This means 

that we should defi ne the a priori distribution 

of parameters in the form of their probability 

functions. If these are not known from apriori 

empirical research, we may also use uniform 

continuous distribution whilst we estimate the 

amplitude of distribution based on the possible 

variance range of parameters. Figure 3.35 

shows a priori uniform distribution of 39 input 

parameters of BASFOR model. Based on these 

distributions, we may determine the range of 

outputs before the calibration of the model. The 

fi gure shows 12 output variables in the form of 

their envelope curves (black dotted lines) during 

the development of the simulation time. The 

envelope curves were created by all possible 
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Fig. 3.35 An example of Bayesian calibration of BASFOR model (CAMERON and VAN OIJEN 2009) by VAN 
OIJEN et al. (2005).
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combinations of the 39 input parameters within 

their uniform distributions. We combine these 

outputs with experimental data. In the fi gure 

they are shown with blue circles with a vertical 

line. In accordance with the previous algorithm, 

we start anywhere in the area of the parameters 

from their a priori distribution. We randomly 

select a new status of parameters modifi ed by 

difference . We apply it to Bayesian formula 

by which we obtain the probability of the a 

posteriori distribution of parameters. If this 

probability is greater than the random number 

from an interval of 0 to 1, we accept the new 

status of parameters, otherwise we reject it. We 

repeat the entire process 104 times. This is how 

we gradually create a new space of statuses. 

This results in new a posteriori distributions 

of the probability of parameters. They give us 

new range of output parameters into which our 

experimental data also fall. The new scopes are 

shown by the green dotted lines in fi gure 3.35. 

We then select those which have the greatest 

probability, within the new frequency functions, 

as new parameters. Finally, we may state 

that this is currently a very promising method 

which is also proven by the latest examples of 

its application (GREEN et al. 2000, NYSTRÖM and 

STÅHL 2001, FANG et al. 2001, RADTKE et al. 2002, 

VAN OIJEN et al. 2005, KARLBERG et al. 2006, 

RADTKE and ROBINSON 2006).

Summary

Empirical d ata in the form of a sampling set, 

which represents the entire population (fi g. 

3.2a), are very often used in the construction 

of the models of forest growth processes (fi g. 

3.2b). From the sampling set, one-dimensional 

or multi-dimensional characteristics are 

derived. These characteristics are then used 

to defi ne the behaviour of the population 

using suitable one-dimensional or multi-

dimensional statistical methods. Statistical 

analyses use frequency functions (fi g. 3.3) 

or distribution functions (fi g. 3.4). A list of the 

most frequently used discrete and continuous 

frequency functions is given in tables 3.1 and 

3.2. The basic dendrometric characteristics 

of a tree include diameter, height, basal area, 

form factor, volume, age, increment, height to 

crown base, crown diameter and biomass (fi g. 

3.6). The basic dendrometric characteristics 

of a stand include area, number of trees, basal 

area, stand stock, increment, mean diameter, 

mean height, mean tree basal area, mean tree 

volume, mean tree increment, total volume 

production, upper diameter, and upper height 

(tab. 3.3). Some of these characteristics are 

related to the status of forest stands before 

thinning (total stand), after thinning (remaining 

stand) or to thinning itself (removal stand) – fi g. 

3.10. Multi-dimensional statistical methods are 

frequently used when modelling forests (tab. 

3.4): regression analysis, contingency tables, 

analysis of variance, covariance analysis, 

discriminant analysis, cluster analysis and 

factor analysis. Regression analysis is 

used to fi nd the mathematical formula for 

calculating the dependence of one quantitative 

continuous variable upon other quantitative 

continuous variables (fi g. 3.11, 3.12 and 3.13). 

Contingency tables are used to ascertain the 

relationship between two categorical variables 

(tab. 3.5). Analysis of variance  is applied 

when  examining the infl uence of categorical 

variables (factors) upon the quantitative 

variables of objects (fi g. 3.14). Covariance 

analysis is used to determine the infl uence 

of categorical variables (factors) upon the 

quantitative variables of objects. However, 

at the same time, these are also infl uenced 

by other accompanying quantitative variables 

(fi g. 3.15). Discriminant analysis is used for 

the classifi cation of cases (observations) into 

pre-set classes of a categorical variable on 

the base of the values of several quantitative 

continuous variables (fi g. 3.17). Cluster 

analysis looks for the answer to the question 

of whether the observed cases may be divided 

into mutually exclusive groups, so called 

clusters (fi g. 3.20). Factor analysis deals with 

the question how to condense the information 

contained in a large set of original variables 

into a smaller set of composite variables 

(factors) with minimum loss of information (fi g. 
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3.21, 3.23 and 3.24). When modelling a forest, 

we can use deterministic models or stochastic 

models. Deterministic models have explicit 

behaviour. Stochastic models have partially 

random behaviour. In stochastic models, it 

is often necessary to reproduce variability 

around the deterministic value (fi g. 3.25). 

Suitable methods are used for variability 

reproduction: the Monte Carlo method (fi g. 

3.26), the inversion transformation method (fi g. 

3.27) or approximation methods. Stochastic 

models allow determination of a theoretic 

error in the model by repeating simulation 

using the same input data and conditions (fi g. 

3.28). A theoretic error in a model can be used 

to test the difference between several results 

(variants) of a simulation infl uenced by different 

scenarios (fi g. 3.29). Models are assessed in 

terms of their precision, bias and accuracy 

(fi g. 3.30). One part of the assessment is 

to derive a systematic and random error of 

the model (fi g. 3.32). A systematic error is a 

measure of model bias. A random error is 

a measure of model precision. Both errors 

defi ne the accuracy of the model. An error 

of composite variables can be expressed on 

the base of errors in input partial variables 

using the error transmission rule. The basic 

terms related to assessment and adaptation 

of models includes evaluation, validation, 

parameterisation, reparameterisation, 

sensitivity analysis and calibration. 

Evaluation is complex evaluation of a model 

focusing on the suitability of the model for the 

given purpose, the accuracy of the model, 

its suitability and the successfulness of its 

software solution. Validation focuses only 

on the assessment of the precision and bias 

of the model. Parameterisation of a model 

is the process of the derivation of the system 

model parameters. A change in model system 

parameters in order to improve its precision or 

to adapt it to a new object (area or purpose) 

is called reparameterisation. If we evaluate 

an object by posing the question of how the 

variability in input variables is expressed in 

the variability of output variables, we perform 

a so called sensitivity analysis. Calibration 

is the most frequently performed procedure. 

For example, it is related to adapting a model 

to a new object (forest type) or area. This can 

be performed using error correction, empirical 

reparamaterisation or using Bayesian 

calibration (fi g. 3.35).
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Do laws, principles, rules and theories on 

forest growth exist?

Let us start with a famous story. Syracuse 

tyrant Hieron ordered a crown of pure gold from 

a goldsmith. When the crown was ready, the 

King suspected that the goldsmith had mixed 

silver with the gold. He asked Archimedes to 

verify the crown’s content. He did not want to 

damage the jewel and for a long time he was 

desperately seeking a method of how to do this. 

One day, when he was in the public baths, he 

noticed that after he had immersed himself, the 

water level rose. At that moment, he fi nally found 

the solution. Apparently, he was so excited 

that he ran naked into the street and shouted, 

’Eureka!‘ (I have found it!). He fi rst immersed the 

crown in the measuring jug and then a piece 

of pure gold of the same weight. The crown 

raised the water level higher than the gold, by 

which he proved that there was another metal 

in the crown. We do not know what happened 

to the dishonest goldsmith, but our genius soon 

formulated the famous Archimedes’ Principle: 

Any object, wholly or partially immersed in 

a fl uid, is buoyed up by a force equal to the 

weight of the fl uid displaced by the object. 

Thanks to his unique experimental methods, 

we can call Archimedes the fi rst ’scientifi c 

engineer‘ in history. He was the fi rst to link 

theory with experiment. If we want to discover 

laws, disclose principles, derive rules or form 

theories, we must rely on empirical experience 

supported by experimental data. Experimental 

data is even more important if the object of 

interest is a biological system, which a forest 

certainly is. Due to the some random behaviour 

components of many forest processes, it is even 

more complicated to formulate laws. Rather, we 

discover principles and rules. Rarely, we are 

able to formulate complex theories. A timed 

coincidence often assists in experiments. 

As the French doctor and biochemist, Louis 

Pasteur, said: ’Coincidence favours only the 

prepared mind‘. Throughout the entire history 

of forest growth and yield science, despite the 

complexity of a forest, some laws, principles, 

rules and theories have been formulated thanks 

to renowned people such as Reineke, Yoda, 

Eichhorn or Assmann. However, we must 

mention here that in some cases, terms such as 

‘law’ or ‘theory’ are not adequate, especially if 

we follow their exact defi nitions given in Chapter 

2.2.1. Despite that, we shall maintain the used 

terminology which has already become a 

forestry science tradition. We consider it very 

important to familiarise the reader with the 

problematics of laws, principles, rules and 

theories in forestry modelling since nowadays, 

many of them form an important keystone of 

modern growth models and simulators.

4.  Laws, principles, rules and theories 

in forest modelling

“If we want to discover the laws of nature, this may be achieved by becoming most familiar with natural 

events”

(C. Maxwell)

Fig. 4.1 ARCHIMEDES OF SYRACUSE (287 - 212 
B.C.) was the fi rst to thoroughly link theory with 
experiment and formulate one of the fi rst physical 
laws - Archimedes’ Principle. Thanks to his unique 
experimental methods, we can call Archimedes the 
fi rst ’scientifi c engineer‘ in history. The illustration is 
by the Italian Baroque artist Domenico Fetti (picture 
taken from Wikimedia Commons).
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What will we learn in this chapter?

Since the beginning of investigation of forest 

growth processes, scientists carrying out forest 

modelling tried to most accurately become 

familiar with natural events which form the 

background of these processes. They based 

their work on observations, measurements and 

experiments which were representative of the 

given period. Thanks to that, they obtained a 

description of many relationships which they 

formed into laws, principles, rules or theories, 

although the particular terms are not always 

properly used. In this Chapter, we shall learn 

about the most important, already classical, 

knowledge which has formed the development 

of growth models to date. We shall become 

familiar with the principle of growth and 

increment. We shall defi ne terms such as a 

growth and increment curve, relative growth 

rate, relative increment and growth multipliers. 

We shall address the principle of allometry. We 

shall introduce some knowledge related to the 

growing space of trees such as Reineke’s stand 

density rule, Yoda’s self-differentiating rule or 

the law of spatial allometry. We will address 

the relationship between ’dose‘ and ’response‘ 

in the form of unimodal functions. We will 

present this using an example of Mitscherlich’s, 

Thomasius’ and Kahn’s functions. We shall learn 

about the fl uctuation of a dose and the complex 

response of a dose. We shall subsequently 

clarify the term ’ecological site index‘. We shall 

explain the principle of Eichhorn’s rule and its 

derivatives which became the basis for defi ning 

the terms ’stand site index‘ and ’production 

level‘. Finally, we shall take a closer look at 

one of the most important theories in forest 

modelling, established by Assmann, related 

to optimum and critical basal area, and we 

shall also identify its relationship to unimodal 

function of dose and response. The mentioned 

chapter is related to the issue of forest growth 

and yield science. This should not replace 

textbooks on the appropriate subject. Its aim 

is to introduce the basic terms and principles 

we are going to use in further texts. For more 

detailed clarifi cation of the problematics of 

growth, production and yield from a forest, it 

is therefore necessary to approach appropriate 

literature (KRAMER et al. 1988, ŠEBÍK and POLÁK 

1990, WENK et al. 1990, ŠMELKO et al. 1992, 

PRETZSCH 2001, 2009).

4.1 The principle of growth and increment

For a tree, to live means to grow or at least to 

persist. The living activity of a tree or entire stands 

more or less leads to a signifi cant change in size 

with age. In the case of a tree it is, for example, a 

change in its diameter, height or volume, and in the 

case of a stand, it is a change in its mean diameter, 

top height, basal area or stock. If we place age on 

the x axis and the appropriate growth value on the 

y axis, we will obtain a growth curve. If we place a 

change in growth value on the y axis for a defi ned 

period, we obtain an increment curve. Growth and 

increment curves follow certain rules arising from 

the general principles of organism growth. These 

have been well known for a long time and were 

also supported by empirical research (WEBER 

1891, PESCHEL 1938, PRODAN 1961). We are now 

going to attempt to summarise generally valid and 

acknowledged mathematical relationships related 

to the growth and increment of trees and stands. 

They refer to the yield and increment function, 

relative growth rate and relative increment and, 

fi nally, growth multipliers.

4.1.1 The growth and increment function

Defi nition 3.15

The yield function is a mathematical function 

expressing the relationship between growth 

value and the age of an individual or population. 

The function has a progress shape and a typi-

cal development in the shape of an ‘S’, which 

asymptotically approaches the maximum value.

The increment function expresses the change 

in the growth value of an individual or population 

throughout a defi ned time period, depending 

upon age. It can be expressed as the fi rst deri-

vation of the growth function (current increment) 

or may be based upon the proportion of growth 

value and age (mean increment).

The yield function describes the growth 

development of an individual (tree) or population 

(stand). It shows changes in the growth value 

over time. We consider a growth value to be a 

characteristic of a tree or stand whose value 

increases with their age. These are, for example, 

diameters and heights of trees, volumes of trees 

or mean diameters, mean heights, stock or basal 
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areas of stands. A theoretical shape of a growth 

curve can be displayed using a progress function 

which starts at 0 value at age 0, grows convexly 

until reaching the infl ection point (turnover 

point) when it changes its shape to concave 

and approaches the theoretical maximum value 

(asymptote). The shape therefore resembles a 

stretched, italic ‘S’. A growth curve is shown in 

fi gure 4.2, upper left, as an example of a growth 

in height (h) of an individual tree depending 

upon its age (t). The infl ection point is shown 

by the small black square and is given by the 

coordinates (t
l
, h

l
). To display the part of function 

with a convex shape, we used red ’‘ symbol and 

for a concave shape we used red ’‘ symbol. The 

shape of the function changes at the infl ection 

point. The mathematical shape of a yield function 

shall be written as:

  )(tFh   (4.1)

If we make the fi rst derivation of the yield 

function, we will obtain a curve with a current 

increment:

  ( ) ( )
dt
dhtFtfBP =′==  (4.2)

The regular tree increment may be interpreted as 

an annual tree increment although this interpretation 

is simplifi ed since it is only an approximation of 

the derived function. Despite that, in practical 

calculations, the difference in values per year is 

used instead of the fi rst derivation. This is because 

the difference from the fi rst derivation is negligible. 

Geometrically, the current increment is defi ned by 

the tangent to the yield function (curve) at a certain 

point. It expresses the tangent of the angle between 

the tangent line and the x axis. Figure 4.2 upper left 

shows the tangent lines using short, thick lines in 

selected points of the curve. A current increment 

(fi rst derivation of a yield function) is shown as a 

grey line below the yield function. In the infl ection 

point of the yield function, the current increment 

curve reaches maximum (point 2). The current 

increment curve has two infl ection points (points 

1 and 3). Before the fi rst infl ection point it has a 

convex shape. We say that a tree is in its young 

stage (J - young). Between the fi rst and second 

infl ection points, the current increment curve has 

a concave shape. We say that a tree is in the stage 

of full vigour (V - vitality). From the second infl ection 

point, it has a convex shape. We say that a tree is in 

the stage of decreasing vigour (P - adolescence). 

The current increment curve of a tree starts in 0 

value (start of growth) and asymptotically reaches 

0 value (termination of growth). By integrating the 

current increment curve, we may obtain the growth 

value at age t:

  ( ) ( )∫∫ ===
tt

dttfdtBPtFh
00

..  (4.3)

If we divide the growth value by age we obtain 

the mean growth increment value.
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hPP
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===
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 (4.4)

Geometrically, the mean increment is defi ned 

by intersections of the yield function and a secant 

line passing through value 0 on the x axis and 

a point on the growth curve at selected age t. 

The tangent of the angle between the secant 

line and the x axis expresses the value of the 

mean increment. Figure 4.2 upper right, shows 

secant lines with a dashed line (b
1
, b

2
, b

3
) at 

three selected points of the growth curve. The 

mean increment curve is shown as a black 

line below the yield function. It starts at value 

0. When it reaches maximum, it crosses the 

current increment curve (point 4). After reaching 

maximum, it asymptotically decreases to the 

value of the minimum average increment (PP
min

). 

A geometrical explanation of the reason why 

current and mean increment curves cross each 

other in the maximum average increment lies in 

the fact that, at this point, the secant line of the 

yield function is also its tangent. Mathematical 

proof of this phenomenon is as follows:

  

( )
( ) ( )

2

.
t

tFttF
dt

t
tFd

PP −′
==′  (4.5)

If we set the stated formula to equal zero 

(which means that the mean increment reaches 

its maximum), we will obtain equality of the 

current and mean increments:

     
t
tFtF   (4.6)

The cases stated above represent the ideal 

shape of the yield curve which is achieved by a 

tree only under the assumption that tree growth 

was not slowed down or was slowed evenly, 

meaning that the conditions for tree growth do 

not signifi cantly change throughout its life. If the 
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competitive situation of a tree suddenly changes 

or environmental conditions change signifi cantly, 

it may cause a change of the shape and the 

mentioned relationships.

4.1.2  Relative growth rate and relative 

increment

Defi nition 4.2

Relative growth rate is the change in growth 

value (current increment y ) related to the 

size of the growth value (y) occurring in a 

certain moment in time (t).

Relative increment expresses the proportion 

of current periodic increment and the 

magnitude of growth value at the beginning 

or at the end of the period.

If we divide the current increment function with 

the yield function, we obtain the function of the 

relative growth rate:

  
y
yp


  (4.7)

From this function, we may derive the relative 

growth rate p
t
 at a selected time moment t. Due 

to the necessity to recognise the mathematical 

shape of the yield function as well as its fi rst 

derivation, the determination of the relative 

growth rate is often replaced by the determination 

of the relative increment. The relative increment 

is calculated in such a way that we derive the 

current periodic increment over a selected period 

(t), which we express relative to the growth 

value. The current periodic increment represents 

a change in the growth value over the period from 

t to t+t. Since the periodic increment refl ects a 

change in the growth value over a certain period 

J J 
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V V P 

P P 

P 

(t1, h1) 

(t2, h2) 

1 
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4 

tree age (years) tree age (years) 

tree age (years) tree age (years) 
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t1 

t1 t2 t2 
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t2 

h h 
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b3 

b1 
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PP PP 
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ih2 

 hmax 
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 0 

  

  

 

 

Fig. 4.2 Growth and increment function. The yield function of a tree is shown above as an example of tree 
height growth. Curves of a current increment (grey line) and mean increment (black line) are shown below. 
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(for example, 5 or 10 years), we may relate this 

increment to the growth value at the beginning 

(y
t
) or at the end (y

t
+t) of this period.

  

t

ttt

t
t y

yy
y
yp 



   (4.8)
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If the period t is close to 0 value, the difference 

y is close to the differential y  and the question of 

whether relative increment is related to the lower 

or upper limit of the period is no longer relevant. 

This means that the shorter the period, the smaller 

the difference between relative increment and 

relative growth rate. From the practical as well as 

theoretical viewpoint, a relative increment related 

to the upper limit of the interval (formula 4.9) is 

more suitable since it provides better estimates 

of the relative increment at a young age. At the 

beginning of tree growth, when the lower limit of 

the interval for periodic increment p
t
 equals age 

0, the relative increment cannot be calculated 

since the initial growth value y
t
 also equals 0. In 

this case, the relative increment function is based 

on an asymptote with an infi nity value. In case of 

relative increment p
t
+

t
, the value of the periodic 

increment at the beginning of growth is identical 

to the growth value at the end of the given period. 

Therefore, the relative increment at the beginning 

of growth equals 1. We shall demonstrate the 

relative increment p
t+t

 in an example of the 

Wenk’s function which attempts to illustrate its 

mathematical description:

  




















 



tcetc
etc

v ep

.31..2
1 1..

 (4.10)

A transformed age value enters the function:

  
10

10−
=′

tt  (4.11)

Figure 4.3 gives an example of the function for 

8 different parameters c
2
.

A relationship exists between both relative 

increments p
t
 and p

t+t
 based on which it is 

possible to derive the fi rst from the second and 

vice versa.
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From the relative increment we may also 

derive the periodic current increment value:

  tttttt pypyy  ..  (4.14)

4.1.3 Growth multipliers

Defi nition 4.2

A growth multiplier expresses the ratio 

of the same growth value in different time 

periods (t+t and t).

If we divide the growth values at age t+t and t, 

we shall obtain the growth multiplier:

  
t

tt
tt y

yM 
   (4.15)

The multiplier is a relative index which illustrates 

how many times the growth value increases in a 

given period. The principle is shown in Fig. 4.4. In 

the graph, the age of the stand is shown on the x 

axis and the growth value (mean height) is shown 

on the y axis. The red arrows show the mean 

height values at the age of 40 and 50 years. By 

dividing the mean heights at the age of 50 and 

Fig. 4.3 Development of the relative increment 
function p

t+t
, according to Wenk, for 8 different 

parameters c
2
 (0.50–0.60–0.75–1.00–1.50–

2.00–3.00–5.00) of function 4.10. Processed in 
accordance with ŠMELKO et al. (1992).

age (years) 

relative increment 
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40, we shall obtain the growth multiplier which 

expresses the relative change in 10 year period. 

The growth multiplier can be used to express the 

actual growth value based on the initial growth 

value in accordance with:

  ttttt Myy   .  (4.16)

Table 4.1 shows the development of mean 

stand height depending upon the age of the 

stand. Development is also shown in a graph 

in fi gure 4.4. The table starts at the age of 40 

years. The last three columns in the table give 

multipliers for a 5-year period (M
t+5

, column with 

black lettering), a 10-year period (M
t+10

, column 

with blue lettering) and a 20-year period (M
t+20

, 

column with red lettering). The time-course of 

multipliers is also shown in the graph in fi gure 4.5 

with curves of the same colour as the lettering in 

the appropriate columns in the table. Functions 

start in infi nity; have a descending shape (fi rst 

steep, then less steep) and ends in value 1. The 

curves of multipliers representing longer periods 

are situated above those for shorter periods.

The rules of the ratio between growth values 

of trees and stands have been addressed by 

various authors. KANGAS (1968) investigated this 

very thoroughly. He originally called it a growth 

coeffi cient. WENK (1972) established the term 

‘growth multiplier’ used today. At the same time, 

he proved that growth multipliers are a function 

of the relative increment:

  

tt
tt p
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The law of multiplication applies in the use of 

growth multipliers. The law states that multipliers 

representing longer time periods may be derived 

from partial multipliers for shorter time periods 

by their multiplication, whilst shorter time periods 

are periods created by dividing longer time 

periods. For example, a growth multiplier for the 

period of 40+10 years is expressed based upon 

two multipliers for periods 40+5 and 45+5 (see 

table 4.1):

  
3125.11308.1.1607.1

. 5455401040

==
== +++ MMM

 (4.18)

Or, the growth multiplier for the period of 

40+20 years is expressed as a multiplication of 

two multipliers for the periods of 10 years or four 

multipliers for the periods of 5 years (see table 

4.1):

5804.10859.1.1088.1.1308.1.1607.1
2041.1.3125.1

...
.

555550545540

105010402040

==
==

==
==

++++

+++

MMMM
MMM

 (4.19)

The principle of the law of multiplication is 

shown in table 4.1 using yellow background, 

which highlights the progressive period of an 

appropriate growth multiplier, starting at the 

age of 40 years. It is valid that a multiplier in a 

given column can be obtained by multiplying 

partial multipliers with yellow background in the 

previous column, as symbolically illustrated by 

the thick polygons in table 4.1.

4.1.4  General system infrastructure of 

sigmoid growth 

Figure 4.5 illustrates a system infrastructure 

which shows growth in the shape of a yield 

Fig. 4.4 The principles for determining a growth 
multiplier using an example of mean stand height 
development. The example shows derivation of a 
multiplier for a period of 40+10 years.

Tab. 4.1 Growth multipliers for a 5, 10 and 20 year 
period are derived from the development of mean 
stand height (fi g. 4.4) and the principle of the law 
of multiplication.

t hs Mt+5 Mt+10 Mt+20 

40 11.2 1.2043 1.5342 3.5000 

45 13.0 1.1607 1.3978 2.5000 

50 14.7 1.1308 1.3125 2.0137 

55 16.3 1.1088 1.2538 1.7527 

60 17.7 1.0859 1.2041 1.5804 

65 19.0 1.0734 1.1656 1.4615 

70 20.2 1.0632 1.1412 1.3742 

75 21.4 1.0594 1.1263 1.3128 

80 22.4 1.0467 1.1089 1.2655 

age 

mean height 

t 

yt 
yt+ t 
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function. The system infrastructure is displayed 

using a convention of system diagrams. The 

fi gure shows the development of state variable y, 

displayed in a rectangle. The state of a variable 

depends upon the ‘balance’ between infl ow via 

assimilation and outfl ow via respiration. Infl ow and 

outfl ow is shown by the appropriate arrows, whilst 

these may be regulated by valves v
1
 and v

2
. Tree 

biomass could, for example, be considered as a 

state variable. An increase in biomass in this case 

depends upon the level of photosynthesis b and 

the actual state of biomass y. Outfl ow depending 

upon respiration is regulated by the amount of 

respirating biomass y and the level of respiration 

a. Infl ow expresses the expansion component of 

growth, which we call anabolism. In our case, 

we can express this with valve v
1
 using the linear 

equation v
1
=b.y. Outfl ow expresses the reduction 

component, which we call catabolism. In our 

case, we can express this with valve v
2
 using 

the quadratic equation v
2
=b/a.y2. The mentioned 

‘balance’ can be expressed by a differential 

equation depending upon time t:

  ( ) 2.. y
a
byb

dt
dytfy −===′  (4.20)

By integrating the differential equation, we 

shall obtain the yield function:

  ( ) ( )∫==
t

dttftFy
0

.  (4.21)

The result is a logistic yield function:

  tbec
ay ..1 

  (4.22)

The function is shown in fi g. 4.7 together with 

the magnitude of outfl ow and infl ow. In its initial 

phase, the curve shows exponential growth. 

After crossing the infl exion point (turning point) 

it asymptotically approaches its limit value 

(BATSCHELET 1975). Since the infrastructure may 

be analogically related to biological as well as 

technical and social systems, we refer to it as 

general infrastructure. Due to the fact that the 

fi nal yield curve has an ‘S’ shape, we refer to this 

growth as sigmoid growth.

Fig. 4.5 The development of growth multipliers 
for 5, 10 and 20 year periods derived from the 
development of mean stand height (fi g. 4.4).

Fig. 4.7 Logistic yield function as a result of 
‘balance’ between infl ow and outfl ow in a system 
infrastructure of sigmoid growth from fi gure 4.6 
(HIGH PERFORMANCE SYSTEMS 1996).

age 
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Fig. 4.6 The principle of a general system infrastructure of sigmoid growth using a convention of system 
diagrams in an example of tree biomass growth (HIGH PERFORMANCE SYSTEMS 1996). 
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4.1.5  Physiological reasoning of yield functions

VON BERTALANFFY’S function (1951) is a clear ex-

ample of a yield curve derived based on theoretical, 

eco-physiological theory. It models the increment 

dv/dt based on interaction between growth process-

es and decrease processes in an organism. Von 

Bertalanffy labelled growth processes as assimi-

lation and decrease processes as dissimilation. 

Assimilation expresses the expansion component 

(anabolism) and, according to von Bertalanffy, it cor-

responds with the surface area of an organism:

  3
2

.vaonassimilati =  (4.23)

Dissimilation expresses the reduction 

component (catabolism) and, according to von 

Bertalanffy, it corresponds with the volume of 

an organism:

  vbiondissimilat .  (4.24)

These assumptions are logical if we take into 

account that assimilation depends upon the 

photosynthesis process and this corresponds 

to the surface area of leaves, and dissimilation 

depends upon the respiration processes and 

this corresponds to the size of the respirating 

biomass. Based on these assumptions, we may 

give the differential equation of the increment:

  vbva
dt
dv .. 3

2

−=  (4.25)

If we state the asymptote of the function to be 

A= (a/b)3, establish coeffi cient k=b/3 and integrate 

function 4.25, we obtain Bertalanffy’s function:

   3.1. tkeAv   (4.26)

The increment culminates in the infl ection 

point of the function t
r
:
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 (4.27)

According to VON BERTALANFFY (1951), this point 

is reached when the organism reaches 29.63% 

of the maximum value (A.0.2963).

4.1.6  An overview of approved growth and 

increment functions

Physiological processes of growth expansion 

and reduction, forming the basis of tree growth, 

are very complex and so far have not been 

understood satisfactorily. Despite this, yield and 

increment functions within a broad frame seem to 

be a very stable and credible tool for simulating 

growth. Therefore, they are very frequently used, 

mainly in empirical models (see chapter 5.2.1). 

Yield functions introduced in this chapter attempt 

to roughly quantify the rules of tree growth. 

Their efforts are not the best possible statistical 

description and simulation of observed values 

in experimental plots, but to explain growth 

processes on the base of increment expansion 

and reduction motivated by its biological nature 

(WENK et al. 1990). The biological credibility 

of yield functions prevails over their fl exibility. 

Flexibility may be achieved by simulating growth 

using polynomials with a suffi cient number of 

parameters. Although polynomials can very 

fl exibly copy experimental material with a high 

degree of statistical adaptability, by using them we 

lose the range of values which exceed the time 

scale of obtained experimental data. We therefore 

give up the opportunity for credible extrapolation.

Table 4.2 contains a list of yield functions which 

are frequently used and which were proven to 

work in forest modelling by KIVISTE (1988) and 

ZEIDE (1993). We do not present the functions of 

MITSCHERLICH (1948) and MICHAILOFF (1943) which 

are also sometimes used for describing growth 

processes, but their biological credibility is lower 

due to inter alia the absence of an infl exion point. 

Growth functions describe accumulated values 

and therefore cloud the view of the increment 

expansion and reduction processes which 

form the basis for growth. Therefore, table 4.2 

also includes differential form of functions, i.e. 

increment curves expressing the development 

of a current increment. This form also allows to 

derive expansion and reduction components 

which are also part of the table. Probably the most 

frequently used growth function is the Chapman 

and Richards function (RICHARDS 1959). This is a 

three parameter growth function. It was created 

by replacing exponent 3 in VON BERTALANFFY’s 

(1951) two parameter function by coeffi cient c. In 

this way, the function achieved higher adaptability 

to empirical data. The function was successfully 

applied, for example, by KAHN (1994) and KAHN 

and PRETZSCH (1997) in modelling height growth 

depending upon the site conditions using empirical 

data from long term experimental plots in SILVA 

model. By changing parameters a, b and c which 

control the asymptote, the slope and location 
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of the infl exion point, it is possible to display a 

broad spectrum of height growth development. 

However, the fl exibility increased by generalising 

von Bertalanffy’s equation decreases its biological 

credibility and under certain conditions, it also 

brings instability when estimating parameters. 

Functions by KORF (1939) or LEVAKOVIČ (1935), 

also three parameter functions, avoid these faults 

and according to KIVISTE (1988) and ZEIDE (1972, 

1989, 1993), they achieve signifi cantly better 

results in many research applications in relation 

to biological interpretability and standard error of 

the statistical estimate. Korf’s function was, for 

example, successfully implemented in SIBYLA 

growth model (FABRIKA, 2005). Hossfeld IV’s 

equation (HOSSFELD, in PESCHEL 1938) was proven 

good for the simulation of the growth of volume 

of trees and stands. However, when modelling 

height and diameter growth, it does not achieve 

the accuracy of Chapman and Richards’ equation. 

Gompertz’s function (GOMPERTZ, 1825), originally 

developed for the description of age structure 

of human population, has an infl exion point in 

0.3679.A and always achieves relatively good 

results regardless of the growth variable used. 

The equation created under the name ‘mono-

molecular’ is suitable for expressing growth 

responses to environmental factors (see Chapter 

4.4). However, it is less suitable for the simulation 

of growth over time. It has no infl exion point and 

therefore is biologically less credible. Although 

the logistic growth function is probably the most 

well known function in ecology, in comparison 

with other functions it usually achieves worse 

results due to its infl exibility. The reason is also 

the fact that the location of the infl exion point is 

in 0.5.A and also the fact that, more or less, it 

uses voluntary determination of the reduction 

component proportional to the second square of 

the growth variable ((a/b).y2). Comparison research 

by Kiviste and Zeide highlight the fl exibility and 

biological interpretability mainly of the functions 

of Gompertz, Levakovič III, Korf and Hossfeld IV. 

At the same time, they stress that each function 

should also defi nitely be evaluated on the basis 

of mean error which, from biologically credible 

equations shall favour the one that guarantees 

the best possible statistical balance.

From other functions not stated in table 4.2, 

we may mention, for example, the classical 

functions established by Backmann (BACKMANN, 

1941, 1943). The function introduces so called 

organic time which is the ratio between the actual 

time (t) and the time of increment culmination (t
w
). 

It is based on differential calculus where the ratio 

between the actual and maximum increment is a 

function of organic time.
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function 
name 

growth  
function 

increment 
function 

expansion 
component 

reduction 
component 

Hossfeld IV 

Gompertz 

logistic 

mono-molecular 

v.Bertalanffy 

Chapman-Richards 

Levakovič III 

Korf 

atbty cc //

ctbeaey

btceay 1/

btceay 1

31 bteay

cbteay 1

ctbtay 22 /

cbtaey

21 // atbbcty cc

ctbecteabcey

21/ btbt ceabcey

btabcey

213 btbt eabey

11 cbtbt eabcey

2/2 tbtabcy

cbtc eabcty 1

tcy /

yac ln

by

ab

3/23/13 bya

cccbcya /1/1

tcy /2

tyac /ln

atcy /2

ycy ln

2/ yab

by

by3

bcy

tcya ccc /2 /1/1

tycy /ln

Tab. 4.2 An overview of important yield functions with their names, differential forms and with expansion 
and reduction components (ZEIDE 1993).
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This function is not often used since its empirical 

determination is very diffi cult and ambiguous 

because the empirical increment curves show too 

many irregularities. At the same time, the problem 

of the existence of organic (biological) time has 

not yet been suffi ciently resolved. Worthy to note 

are also four parameter functions from THOMASIUS 

(1965) and SLOBODA (1971) which were derived for 

growth height and which, according to studies by 

RÖMISCH (1983) and NAKE (1983), are really suitable 

for this purpose. 

Yield functions started to be successfully 

applied in forest modelling in relation to the 

construction of yield tables. Users usually face 

the problem of which function to use from the 

wide selection at their disposal. RÖMISCH (1983) 

developed and tested a method of objective 

evaluation of the cogency of yield functions on 

empirical growth processes. In addition, he proved 

that almost every yield function has a formal 

identity with a particular probability distribution 

function. Since these functions are mostly well 

mathematically investigated, knowledge from 

probability theory may also be used in case of 

yield functions. NAKE (1983) examined 16 yield 

functions using data about growth of volume and 

height of trees from stem analyses of spruce 

and pine. Some contradictions to the results of 

RÖMISCH (1983) could not be fully explained which 

shows the level of imperfections in determining 

parameters. NAKE (1983) extended the control 

criteria by including the ability to extrapolate and 

sensitivity to reducing the number of parameters. 

He discovered the different reactions of functions 

to the control criteria. For example, Chapman and 

Richards’ function showed excellent fl exibility 

but, at the same time, it showed signifi cant 

shortcomings in the ability to extrapolate.

4.2 Allometric rule of shape changes

Growth processes in humans, animals and 

plants include a characteristic change in the 

proportions between individual organs. The 

majority of organisms change their shape 

proportions with age, which means that organs 

develop at a different rate. For example, a human 

head grows more slowly than its body (fi gure 

4.8) or there is a typical change in proportions 

between the pincers and the overall size of a crab. 

The same applies to the relationship between the 

crown width and tree height or the crown length 

and tree height. Figure 4.9a shows a characteristic 

change in the height, crown diameter and crown 

length of a solitary beech (PRETZSCH, 1992a). In 

an open area, height growth slows down with 

advancing age in comparison with the growth 

in crown diameter. Due to this, crown diameter 

permanently increases in comparison to the 

height of the tree. If their ratio was 0.25 in a young 

individual, it is 0.55 in the adult specimen. Within 

the same time, the ratio between the length of the 

crown and the height of the tree decreases from 

1.0 to 0.75. In the conditions of a stand canopy 

treated with a slight thinning from above (fi gure 

4.9b), the growth of crown width slows compared 

to open space due to competition. This means that 

under identical initial conditions the ratio between 

the crown diameter and tree height at adult age 

reaches only 0.35 compared to open area where 

this ratio was 0.55. The same is valid for the ratio 

between crown length and tree height, which at 

adult age decreases to a value of 0.45 versus the 

value in open area (0.75). This dynamic change 

in proportions between the organs of humans, 

animals and plants can be expressed using the 

allometric rule of shape changes described by VON 

BERTALANFFY (1951).

4.2.1  Principle and biometric formulation of 

allometry

Defi nition 4.4

Allometry expresses changes in the 

proportions between individual organs of a 

specimen over time. Allometry is caused by 

various growth rates of organs which are in 

permanent relation to each other or to the 

growth rate of the entire organism.

Fig. 4.8 After the birth of a child, the head is of 
greater size in comparison with the rest of the body. 
This ’disproportion‘ gradually disappears with age. 
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Allometry arises from the different rates of 

organs growth. These are in permanent relation 

to each other or to the growth rate of the entire 

body. This relationship can be expressed by the 

equation:

  b

xdt
dx

ydt
dy

b

x
x
y
y

=⇒=′

′

1.

1.
 (4.29)

In the equation, y is the size of the fi rst organ 

and x is the size of the second organ or the 

whole body. Value b represents the stability of 

the proportion between relative growth rates of 

the fi rst organ and the second organ (or whole 

body). The mentioned equation can be modifi ed 

to the following shape:

  
x

dxb
y

dy .=  (4.30)

By integration of equation 4.30 we shall obtain 

the shape of an allometric equation:

  
bxay .  (4.31)

Since both values (y and x) are time dependent, 

the equation may also be expressed as follows:

     btxaty .  (4.32)

An advantage of exponential function 4.31 is 

the possibility to modify it into a more simple 

linear shape using logarithms:

  xbay ln.lnln +=  (4.33)

This function is displayed as a line (fi gure 4.10a) 

whilst the original function is an exponential 

curve (fi gure 4.10b). Coeffi cient a in allometric 

equation 4.31 is the value of y if the value of x is 1. 

It therefore expresses the initial ratio between the 

sizes of both compared organs. The allometric 

constant (coeffi cient) b has an important 

position in the equation. If the allometric constant 

equals 1, we talk about isometry. In this case, 

proportional growth takes place, where the 

ratio between the sizes of organs remains the 

same. Isometry is visualised by a line which 

is at an angle of 45° to the horizontal axis in 

both exponential as well as logarithmic shapes 

(fi gure 4.10 a, b, solid lines). In an exponential 

shape (fi gure 4.10b, solid line), the line crosses 

coordinates [1,a]. In a logarithmic shape (fi gure 

4.10a, solid line), the line crosses coordinates 

[0, ln a]. If the allometric constant is greater than 

1 (b > 1), we call it positive allometry. In this 

case, the ratio between the sizes of compared 

organs increases. The function is expressed 

as an exponential curve (fi gure 4.10b, dashed 

line) which also crosses coordinates [1,a] as in 

isometry, but its position is above the isometric 

line at the distance depending on coeffi cient 

b. The greater is coeffi cient b, the greater the 

distance between the line and the curve. If the 

allometric constant is smaller than 1 (b < 1), it 

is negative allometry. In this case, there is 

a decrease in the ratio between the sizes of 

age (t) age (t) 

height (h) height (h) cd 

ch 

s = cd/h 
v = ch/h 

s = 0,25               0,55 
v = 1,00               0,75 v = 1,00             0,45 

open-grown 
tree 

tree 
in stand 

s = 0,25             0,35 

Fig. 4.9 Expression of the typical change in the proportions between tree height, crown diameter and crown 
length: a) in a open area, solitary individuals show an increase of the ratio between crown diameter and tree 
height and a decrease of the proportion between crown length and tree height, b) when a tree is located in 
the competitive environment of a stand, the increase of the ratio between crown diameter and tree height is 
slower and the decrease of the ratio between crown length and tree height is faster (PRETZSCH 1992a)
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compared organs. The function is expressed 

as an exponential curve (fi gure 4.10b, dotted 

line) which also crosses coordinates [1,a] 

as in isometry, but its position is below the 

isometric line and the greater the coeffi cient b, 

the greater the distance between the line and 

the curve. Exponential curves for positive and 

negative allometry have their equivalent in a 

logarithmic function which crosses point [0, ln 

a]. A logarithmic line in positive allometry (fi gure 

4.10a, dashed line) is at an angle of more than 

45° to the x axis. The angle increases with an 

increase of the allometric constant. A logarithmic 

line in negative allometry (fi gure 4.10a, dotted 

line) is at an angle of less than 45° to the x axis. 

The angle decreases with a decrease of the 

allometric constant.

This was the most common type of allometry, 

where the allometric constant was greater than 

0. This type of allometry typically depends 

upon growth values and is ranked amongst 

progressive allometries. A special allometric 

case occurs if the allometric constant equals 0 or 

is negative. If the constant is zero, the allometric 

relationship expresses that a dependent variable 

in the allometric equation stopped at its initial 

value and its increment is zero. However, a 

change of independent variable still occurs. 

This is so called stagnating allometry. If the 

allometric constant is negative, the growth of 

one variable causes a decrease of the other 

variable and vice versa. A typical example is a 

decrease of the number of trees with increasing 

mean stand diameter or an increasing volume 

of individuals. This type of allometry is called 

degressive allometry and is used, for example, 

in the principle of production space (see below). 

4.2.2 A biological explanation of allometry

VON BERTALANFFY (1951) states wide options 

for using allometric equations in morphology, 

biochemistry, pharmacology and anatomy. The 

physiological interpretation of an allometric 

equation can be expressed by modifying 

equation 4.29:

  
dt
dx

x
yb

dt
dy ..=  (4.34)

This means that we can understand allometry 

as a result of the distribution of substances 

received by an entire organism to its individual 

organs. Distribution follows the key b(y/x). The 

key consists of the multiplication of the ratio 

between the size of organs and the allometric 

constant. The allometric constant expresses 

the balance of the distribution of substances 

between organs. It shows the internal strategy 

of distribution and the distribution balance. 

Distribution strategy may be explained in an 

example of the growth of three trees which have 

the same initial shape. The initial ratio between 

height and diameter of the trees is 1.3. Coeffi cient 

a in the allometric equation will therefore be 1.3. 

Allometric equations of the trees are:

  

8024.0
3.1

8954.0
3.1

9751.0
3.1

.3.1    )3(

.3.1    )2(

.3.1    )1(

dh

dh

dh







 (4.35)

ln y 

ln x x 

y 

positive 
allometry 
b > 1 

positive 
allometry 
b > 1 

negative 
allometry 
b < 1 

isometry 
b = 1 

negative 
allometry 
 

b < 1 

isometry  
b = 1 

a) b) 

Fig. 4.10 Graphical display of an allometric equation (with coeffi cient a = 1) and the principle of isometry 
(solid line, b = 1), positive allometry (dashed line, b > 1) and negative allometry (dotted line, b < 1): a) 
derived linear allometric equation (formula 4.33), b) original exponential allometric equation (formula 4.31).
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Tree 1 is in a strong competitive situation. 

This means that the tree uses a survival 

strategy when distributing substances in the 

growth process. In comparison with trees 2 

and 3, which have suffi cient growing space, the 

tree invests more into height growth in order to 

maintain as much contact with the upper stand 

light as possible. This means that its slenderness 

coeffi cient (h/d
1.3

) is greater than of trees 2 and 

3. For example, if tree 1 has a diameter of 25 

cm, its height, in accordance with the allometric 

equation, equals 30 m and its slenderness 

coeffi cient is 1.20. The slenderness coeffi cient 

of tree 2 is at the same diameter 0.93 and the 

slenderness coeffi cient of tree 3 is 0.69. This 

means that due to suffi cient growing space trees 

2 and 3 invest more into the growth of diameter 

to stabilise their position, which is in compliance 

with stabilisation strategy. The situation is 

shown in fi gure 4.11. The allometry of tree 1 is 

shown with the red line, tree 2 with the blue line 

and tree 3 with the green line. Isometry in the 

fi gure is shown with the thick, black line.

Environmental changes may lead to a 

sudden decrease or increase in allometric 

development. They may cause sudden changes 

of the allometric constant. If, for example, in a 

dense canopy, there are trees with survival 

strategy, after a sudden release of space (light 

management) they may shift to stabilisation 

strategy. Stabilisation strategy means 

transformation from high to low slenderness 

ratio. The opposite situation may also occur. If 

trees which originally had suffi cient growing 

space fi nd themselves in a situation with greater 

competition, for example, due to neglected care, 

they may shift from a stabilisation state to a 

survival state, which causes that their negative 

allometry moves closer to positive allometry 

and the slenderness coeffi cient increases. A 

similar sudden change of the allometric constant 

may, for example, occur under the infl uence 

of emissions which could lead to a signifi cant 

reduction in the growth of diameter against the 

height growth and even to subsequent temporary 

disappearance of annual growth rings. Such a 

sudden change in allometry was observed in the 

research of spruce and fi r production under the 

infl uence of emissions (ELLING 1993, FRANZ and 

PRETZSCH 1988, RÖHLE 1987).

4.3 Rules of growing space

As trees grow (enlarge), their demand for 

space increases. In stands without management 

intervention, their density becomes close 

to maximum. Density may be quantifi ed, for 

example, by the basal area or the number of 

trees depending upon age or mean diameter 

of the stand. Maximum density depends upon 

the type of tree species, site and developmental 

phase of the stand. The situation where stand 

density reaches maximum leads to an increasing 

lack of resources necessary for the trees. This 

is expressed via increased competition. The 

results of competition are self-differentiation 

processes which lead to the curve reaching 

maximum stand density. This process ensures 

that the curve is not exceeded. Several authors 

have attempted to describe self-differentiation 

processes in plant ecosystems. From them, the 

results of REINEKE (1933) and YODA et al. (1963) 

contributed the most to their generalisation 

and wide implementation in forest growth 

models. Based upon Galilei’s principle of 

shape similarity, the mathematical relationships 

between linear expansion of plants, demand 

for space, site consumption, stand density 

and biomass of organisms were introduced to 

biology by SPENCER (1864-1867) and THOMPSON 

Fig. 4.11 Biological explanation of allometry in 
an example of three trees. Tree 1 grows under 
strong competitive pressure (red line), tree 2 
has the largest growing space (blue line) and 
tree 3 has the best growing position (green line). 
The isometry line is shown with the thick line. 
The slenderness coeffi cient (h/d

1.3
) gradually 

decreases in order of trees 1-2-3.

tree diameter 

tree height 

isometry 
tree 1 

tree 2 

tree 3 
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(1917). VON BERTALANFFY (1951) supplemented 

these mathematical relations with the principle 

of allometry. Based on this knowledge, YODA, 

KIRA, OGAWA and HONZUMI (1963) discovered a 

characteristic reduction in the weight of plants 

with an increasing number of plants per area 

and derived the self-thinning rule. The rule 

describes the proportional relationship between 

the biomass of plants and the number of 

specimens (individuals) per area unit. This rule 

basically combines production and ecological 

aspects. Research carried out on various types 

of plants brought numerous examples of its 

validity (HARPER 1977, WELLER 1987, 1990). On 

the other hand, since the 1980s there have 

been repeated doubts about the general validity 

of the rule (WHITE 1981, ZEIDE 1987). More recent 

works, for example, by WHITTINGTON (1984) and 

SACKVILL HAMILTON et al. (1995) therefore suggest 

more general formulation of the self-thinning 

rule which, although maintaining the original 

allometric equation, extends it to include other 

explanatory variables. Long time before Yoda 

and his co-workers, REINEKE (1933) formulated 

the forest stand density rule. In research 

of forest growth, this rule has fundamental 

signifi cance for understanding, analysis and 

modelling (BERGEL 1985, FRANZ 1968, STERBA 

1975, 1981, 1987). Analogically to Yoda’s 

rule, Reineke’s rule describes the allometric 

relationship between mean stand diameter and 

the number of trees in an area. In discussions of 

authors about the validity of Yoda’s rule (YODA et 

al. 1963) no mention of any relation to Reineke’s 

rule (REINEKE 1933) was made. In the following 

text, we shall illustrate the relationship between 

Reineke’s and Yoda’s rules and theoretically 

derive Yoda’s rule from the allometric law of 

stereometric bodies.

4.3.1 Reineke’s stand density rule

Defi nition 4.5

Reineke’s stand density rule expresses 

the degressive (decreasing) allometric 

relationship between the number of trees 

per area unit on the dependent variable 

side and median diameter of the stand on 

the independent variable side. This formula 

applies to fully stocked stands which are 

developed in a natural way without human 

intervention and unexpected events (natural 

disturbances). The exponent in an allometric 

equation is called Reineke’s constant and is 

independent from tree species and habitat.

REINEKE (1933) discovered the stand density 

rule when examining the proportion of stand 

density which would not be dependent upon 

rating and age. The rule was derived from the 

research of even-aged stands of Douglas fi rs in 

North West USA. He called it the ’stand density 

rule‘. Reineke discovered this rule by using a 

double logarithmic system where the mean 

ln N = 12,5 – 1,605 . ln dg 

mean diameter - dg (cm) 

number of trees per hectare - N 

Douglas fir 
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Fig. 4.12 The principle of Reineke’s stand density rule in an example of experimental data on Douglas fi r 
from the states of Washington and Oregon (REINEKE, 1933): a) the relationship between the number of trees 
and mean stand diameter in a double logarithmic system with an envelope line of maximum stand density, 
b) maximum stand density in the form of Reineke’s rule, c) maximum basal area of the stand derived from 
Reineke’s rule.
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diameter of the observed stand (d
g
) was inserted 

on the horizontal axis and the number of trees 

per hectare (N) on the vertical axis; all data was 

obtained from research measurements. This 

created a scatterplot in which Reineke located 

the upper envelope line (fi gure 4.12a):

  gdaN ln.605.1ln −=  (4.36)

In a double logarithmic system, this line had 

a slope (regression coeffi cient) of -1.605 and 

according to research; it has been proven that the 

slope alternated very little between various tree 

species, stand structure and site. Therefore, he 

marked the constant -1.605 to be generally valid 

for fully stocked, even-aged stands regardless of 

tree species and site. He modifi ed the equation 

which resulted in the shape of his rule (fi gure 

4.12b):

  
605.1.  g

a deN  (4.37)

Taking into account the principle of allometry 

formulated later (VON BERTALANFFY 1951), we can 

state that Reineke discovered the allometric 

stand density rule. The fi rst member in the 

equation (ea) expresses stand density if mean 

diameter is 1 cm. This is therefore the initial stand 

density. Coeffi cient a is called the coeffi cient of 

position. The coeffi cient of position depends 

upon the tree species and site. According to 

research, it varies from 10 to 13. The allometric 

constant in the equation exponent (-1.605) is 

called Reineke’s constant. In further research, 

Reineke’s stand density rule underwent analysis 

from experimental measurements. According to 

some research (ŠMELKO 1968, DANIEL and STERBA 

1980), it is recommended that a coeffi cient 

within the range from -1.9 to -1.4 be used instead 

of Reineke’s constant, depending upon tree 

species and region.

Reineke’s rule expresses the maximum 

stand density created by its self-differentiation 

if the stand is left to develop naturally without 

human interventions and without the infl uence of 

unexpected events (natural disturbances). From 

rule 4.37, we may also derive an equation for 

maximum basal area (fi gure 4.12c).
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4.3.2 Yoda’s self-thinning rule

Defi nition 4.6

Yoda’s self-thinning rule expresses the de-

gressive (decreasing) allometric relationship 

between the average weight of a specimen 

on the dependent variable side and the num-

ber of specimens in an area on the independ-

ent variable side. It describes a self-thinning 

(auto-regulating) curve which determines the 

state of a population under optimum environ-

mental conditions and natural development 

without the intervention of mankind and un-

expected events. The exponent in an allomet-

ric equation has a value of -3/2 and is called 

Yoda’s constant.

KIRA et al. (1953) and YODA et al. (1963), when 

studying plants, discovered a similar border 

line independently from Reineke’s rule. They 

defi ned the rule which is known today as Yoda’s 

self-thinning rule or the minus three-halves 

potential law. The law describes the relationship 

between the average weight of a specimen (m) 

and the number of specimens in an area (N) in 

even-aged, pure populations of plants during 

natural, undisturbed development. For plants 

and bushes, studied by KIRA et al. (1953), YODA 

et al. (1963) and subsequently by HARPER (1977) 

and WELLER (1987), the following equation is 

estimated:

  2
3

.


 Nem a
 (4.39)

The equation can also be written in linear, 

logarithmic form:

  Nam ln.
2
3ln −=  (4.40)

The law expresses the allometric relationship 

between the weight of a specimen and population 

density, and it is degressive allometry with the 

coeffi cient of -3/2. The coeffi cient is known as 

Yoda’s constant. Parameter ea expresses the 

fi nal weight of the specimen if the number of 

specimens in the population is one. Coeffi cient 

a is called the positional coeffi cient and depends 

upon the species and site. The principle of the 

self-thinning rule is displayed in fi gure 4.13. In 

the fi gure, in a double logarithmic system, the 

horizontal axis shows the number of plants per 
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m² and the vertical axis shows the weight of plant 

in grams. The example is taken from the studies 

of HARPER (1977), particularly monitoring the 

population of perennial ryegrass (Lolium perenne 

L.). Points H
1
, H

2
, H

3
, H

4
 and H

5
 represent the 

statees of the population in chronological order. 

The left side of the fi gure (4.13a) shows the 

situation under optimum conditions, when plants 

have a suffi cient amount of all resources. The 

right side of the fi gure (4.13b) shows the situation 

under sub-optimum conditions, when plants 

have limited resources (for example, lack of light 

or decreased input of nutrients). In our example, 

population of perennial ryegrass was seeded in 

four varying initial densities. They are represented 

by various symbols (empty square, fi lled triangle, 

fi lled square, fi lled circle) in point H
1
. The symbols 

show the chronology of population development 

with a given initial density. We may notice that 

with the growth of specimens, population density 

gradually decreases, while the decrease is 

more intensive when approaching the so called 

self-thinning (auto-regulating) line. The line 

is shown by a tangent curve. If during natural 

undisturbed development (left side) the line is 

inclined in accordance with Yoda’s constant 

-3/2, in the situation when there is a lack of 

resources, this line becomes less steep (right 

side). Apart from steepness, the position of the 

line also changes and moves downwards. The 

shift in position expresses a worsening of the 

site. In our case, the steepness changed from 

the original allometric constant -3/2 (Yoda’s 

constant) to a new allometric constant -1 and 

positional coeffi cient a changed from the original 

value of 10 to a new value of 5. In the given 

example, Harper demonstrates that during a lack 

of resources, average weight of an individual at 

the same density is lower.

4.3.3  Relationship between allometry, 

Yoda’s and Reineke’s rules

Although REINEKE (1933) and YODA et al. 

(1963) discovered their rules independently 

of each other, it has been shown that there is 

a very close connection between them. We 

are going to attempt to explain this connection 

based on analytical theory. Let us assume 

that a relationship exists between the biomass 

of a specimen in a kg of dry matter (m) and its 

diameter at a height of 1.3 m (d). We express this 

relationship using the allometric equation:

  2.1
adam   (4.41)

If we put formula 4.41 into Yoda’s rule (formula 

4.40) and then from this formula we express 

population density, we obtain the equation:

  ( ) daaaN ln..
3
2ln.

3
2ln 21 −−−=  (4.42)

N - density (number of plants per m2) N - density (number of plants per m2) 

m – average weight 
(g/plant) 

m – average weight 
(g/plant) 

self-differentiating 
(auto-regulating) line 

H1 , H2 ,  H3 , H4 , H5 ... state in chronological time order  

shift in position of the line 
caused by worsening of the site 
(e.g. reduction of light) 

optimum conditions sub-optimum conditions 

, a=10 
, a=5 , a=10 

Lolium perenne L. 
(Perennial ryegrass) 

Fig. 4.13 The principle of Yoda’s self-thinning rule is shown in an example using experimental data with 
the production of perennial ryegrass (Lolium perenne L.) at various initial seeding densities (different 
symbols for points). Points H

1
, H

2
, H

3
, H

4
 and H

5 
express the state of the population in chronological order 

(processed in accordance with HARPER, 1977): a) production under optimum conditions with suffi cient 
resources, b) production under sub-optimum conditions with limited input of resources.



175

FOREST ECOSYSTEM ANALYSIS AND MODELLING

If we replace members of the equation by 

constants,

  ( )aaa −−=′ 1ln.
3
2

 (4.43)

  2.
3
2 ab   (4.44)

we shall obtain Reineke’s equation,

  dbaN ln.ln ′+′=  (4.45)

in which the coeffi cient a  is a positional 

coeffi cient and b  is Reineke’s allometric 

constant.

We can now demonstrate this analytical theory 

in an example of biomass analysis according to 

ELLENBERG et al. (1986) and PELLINEN (1986), from 

which MESCHEDERU (1997) derived the following 

allometric equations (fi gure 4.14):

  
6597.2.0442.0 dm   for spruce (4.46)

  
5030.2.1143.0 dm   for beech (4.47)

Based on formula 4.44, we can derive an 

allometric coeffi cient for spruce (-1.773) and for 

beech (-1.669). The stated calculation shows 

that allometric coeffi cients are close to Reineke’s 

constant (-1.605). This supports the theory that 

Reineke’s stand density rule and Yoda’s self-

thinning rule are closely related although they 

were derived independently of each other.

4.3.4  From the law of spatial allometry to 

the self-thinning rule

In the previous chapter, we proved that the 

rules of REINEKE (1933) and YODA et al. (1963) 

have a common theoretical background. The 

reason for this is that both rules have the same 

simple and clear allometric relationship, as 

exists between the volume, projection area and 

surface of stereometric bodies, for example, 

of a sphere. Figure 4.15 shows spheres which 

are placed on the horizontal planes of the same 

size and arranged tightly next to each other. The 

volume of spheres is progressively increasing in 

the direction from plane A, through B and C to 

D. In this example, originating from the theory 

by ENQUIST et al. (1998), we shall show the 

relationship between spatial allometry and the 

self-thinning rule. It is clear from the fi gure that 

the larger the spheres, the fewer of them can 

fi t in the area. A similar principle also applies 

in production biology. Let us now express the 

volume of a sphere based upon its radius r:

  
3..

3
4 rv   (4.48)

The projection area of the sphere is:

  
2.rs   (4.49)

Sphere volume represents the biomass of 

the specimen and the sphere projection area 

represents the growth area of the specimen. If 

we express the sphere radius from formula 4.49 

based upon its projection area and put this into 

formula 4.48, we shall obtain the equation:

  2
3

1
2

3
..

.3
4 scsv 


 (4.50)

Let us now express the nominal area of the 

specimen based upon the number of trees in the 

area (N):

  
N

s 1
  (4.51)

If we put the nominal area into formula 4.50 we 

shall obtain the equation:

  2
3

1.
 Ncv  (4.52)

If the isometry between volume (v) and 

biomass (m) of specimen (v=c
2
.m1) applies, we 

can derive a new equation:

  2
3

3
2

3

2

1 ..   NcN
c
cm  (4.53)

Fig. 4.14 Allometry between tree diameter at a 
height of 1.3 m and surface biomass in kg of dry 
matter. Allometric relationships (formulae 4.46 
and 4.47) were derived by MESCHEDERU (1977) 
according to values measured by ELLENBERG et al. 
(1986) and PELLINEN (1986).

d1.3 (cm) 

surface biomass 
(kg of dry matter) 

Beech 
Spruce 
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This is how we reach Yoda’s self-thinning rule 

on the basis of the generally valid law of spatial 

allometry.

4.4 Law of dose and response

In Chapter 1.1.1 we spoke of the fact that tree 

growth responds to numerous environmental 

factors. These are mainly climate and soil factors 

such as solar radiation, temperature, rainfall, soil 

type, humus content, content and accessibility 

to nutrients, soil humidity, accessible water, 

etc. These factors do not act in isolation but are 

mutually interactive, which results in the creation 

of complex conditions for the life of individuals. 

The conditions control the nature of growth 

processes themselves, they are refl ected in the 

growth increment value and also signifi cantly 

regulate the competition processes together 

with directing mortality processes. Scientists’ 

theories in forest modelling have been directed 

towards quantifi cation of these infl uences 

for many years, mainly on tree increments. 

Apart from classical regression methods, the 

approaches based on the unimodal function of 

dose and response have become commonly 

used in forest modelling and this shifts the 

empirical approach towards biological one. The 

function is based on the construction of fuzzy 

sets which describe the individual effect of a 

factor (dose) upon the relative increment of a 

tree. Unimodal functions are modelled using 

suitable mathematical functions (for example, 

Mitscherlich’s, Thomasius’ and Kahn’s). There 

are also mathematical tools for modelling cyclical 

and random fl uctuations of an initial dose, 

which could be infl uenced by seasonal factors 

and various stochastic events. The individual 

responses of doses are aggregated into the 

complex response which models the overall fi nal 

infl uence upon the relative increment of a tree. 

The mentioned abstraction created a basis for 

the so called dose and response law which we 

shall now become familiarised with.

4.4.1  Unimodal function of dose and 

response

Defi nition 4.7

The unimodal function of dose and re-

sponse expresses the relationship between 

the value of the environmental factor (dose) 

and the relative value of specimen’s incre-

ment (response) in the form of inclusion in the 

fuzzy set. It is described by the fuzzy function 

which may have its progressive and degres-

sive parts.

Tree’s response to a selected environmental 

factor can be described using the function, the 

principle of which is shown in fi gure 4.16. The x 

axis on the graph displays the environmental 

factor value. We call this a ’dose‘. We label the 

dose s. It could, for example, be the average 

temperature during the vegetation period, total 

rainfall over the vegetation period, etc. The 

dose changes from the range of the ecological 

amplitude. It is determined by the minimum and 

maximum values of the environmental factor, 

inside the range of which the tree species can 

be productive. Outside this range, the process 

halts and the increment value is zero. If such a 

state continues, the specimen may die. The y 

axis shows specimen’s relative increment value. 

We call this an ’response‘. We label the response 

r. It could, for example, be the relative infl uence 

upon the increment of the diameter or height of a 

tree. The response can obtain values from 0 to 1. 

At 0 value, growth stops and at a value of 1, it is 

the maximum possible increment. The range of 

the response is actually identical to the fuzzy set 

which, in the meaning of fuzzy logic, expresses the 

state between false and true values. The unimodal 

function of dose and response is therefore a 

fuzzy function describing the inclusion of a tree 

into the fuzzy set. In simple terms, it expresses 

the reliability of the axiom ’the tree produces‘, 

which can be expressed in the form of plausibility 

Fig. 4.15 A decrease in density by self-thinning 
in forest stands can be shown in an example of 
a stereometric relationship of a sphere in an area 
of 10 x 10 m. Spatial allometry between changes 
in volume and density in plants is similar to that in 
spheres, where the minus three-halves potential 
law is also valid.

growth area of specimen 

biomass 
of specimen 
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as a continuous number from 0 to 1. Plausibility 

describes the credibility of the axiom. If the 

credibility is 0, the tree is defi nitely not productive 

and if it is 1, the tree is defi nitely productive. The 

function may have a progressive component in 

which there is an increase in the response with 

an increased dose and a degressive part when 

the response decreases with an increase in a 

dose. We also call a degressive part an overdose. 

The parts are separated by the vertex of the 

curve. In some cases of a unimodal function, the 

progressive or degressive part may be missing, 

which occurs when the function is only decreasing 

or only increasing. However, the most frequently 

occurring unimodal function is with an increasing 

as well as a decreasing part. Dose limits inside the 

ecological amplitude determining the responses 

greater than 0.9 (90%) determine the so called 

optimum range. If the response is between the 

values of 0.5 (50%) and 0.9 (90%), it is a lower or 

upper sub-optimum range of dose, depending 

upon whether we are under or above the optimum 

range. Using the same method, we may also 

determine the lower and upper pessimal range 

in which the response is between values of 0 

(0%) and 0.5 (50%). The function shape is mainly 

dependent upon the tree species and s factor. 

Figure 4.17 shows an example of the unimodal 

function of dose and response for Norway spruce, 

Silver fi r and Sessile oak for total rainfall during 

the vegetation period. This example is from SILVA 

growth simulator (PRETZSCH et al. 2002) and is 

modelled using Kahn’s function (KAHN 1994).

4.4.2 Examples of unimodal function

Various mathematical functions are used to 

express a unimodal function and they attempt to 

simulate the shape of progressive and degressive 

parts of a dose and response curve. These could 

be functions which use monotonous shapes, 

increasing in case of progressive parts and 

decreasing in case of degressive parts which 

mutually combine. As the most well known function, 

we may mention Mitscherlich’s function, known as 

’Mitscherlich’s production law‘ (MITSCHERLICH, 1948). 

Another used function is the Thomasius function 

(THOMASIUS 1990) thanks to its direct defi nition of the 

ecological amplitude of a dose using minimum and 

maximum values in the form of parameters. KAHN’s 

Fig. 4.16 Unimodal function of dose and response. 
The horizontal axis shows the value of the 
environmental factor (dose) and the vertical axis 
shows the relative infl uence upon the increment 
of a specimen (response). An effective dose is 
situated inside the ecological amplitude containing 
lower and upper pessimal range, lower and upper 
sub-optimum range and optimum range. The 
function consists of progressive and degressive 
parts which are separated by the vertex of the 
curve. The degressive part is also called an 
overdose.

Fig. 4.17 An example of the dose and effect 
function of total rainfall during a vegetation period 
in mm for Norway spruce (Picea abies), Silver fi r 
(Abies alba) and Sessile oak (Quercus petraea). 
Prepared in accordance with Kahn’s function 
(KAHN, 1994) implemented in SILVA growth 
simulator (PRETZSCH et al. 2002).
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function (1994) appears to be very fl exible, and 

uses quadratic-linear sections defi ned between 

the break points of the fuzzy function. We shall 

describe the mentioned functions in more detail.

4.4.2.1 Production law by Mitscherlich

MITSCHERLICH (1948) was one of the fi rst to 

describe progressive and degressive parts of the 

unimodal function. The analytical background 

of the mathematical function is now called 

’Mitscherlich’s production law‘. It is based on the 

assumption that the increment of a response (r) 

in the progressive part of the function, depending 

upon the value of the dose (s), is proportional to 

the difference between the maximum response 

(r
max

, usually 1 or 100%) and the actual response 

(r). Proportionality is determined by the 

proportionality progression factor (c
p
).

  ( )rrc
ds
dr

P −= max.  (4.54)

If we integrate this function, we shall obtain a 

well-known function of progressive growth part:

   sc
p

Perr .
max 1.   (4.55)

In a similar way, he also expressed the 

degressive part of growth using a proportionality 

regression factor (c
d
)

  
sc

d
derr .

max .   (4.56)

By joining both parts, we will create the fi nal 

form of Mitscherlich’s production law:

  ( ) scsc dP eerr ..
max .1. −−−=  (4.57)

A disadvantage of this function is that the 

simultaneous response of progressive and 

degressive components signifi cantly modifi es the 

maximum effect of the function which afterwards 

does not correspond with the original r
max

 value. 

Therefore, in further steps, the function needs to 

be adapted by modifying the parameter r
max

 so 

that we can reach the originally stated maximum 

value (usually 1 or 100%) whilst maintaining the 

function shape. We will face another problem if 

we wish to defi ne the ecological amplitude of a 

dose. It frequently has to be resolved by truncating 

the function in the values of the minimum and 

maximum dose (s
min

 and s
max

) which may cause a 

sudden decrease in the effectiveness of the dose 

at the edge of the ecological amplitude.

4.4.2.2 Function by Thomasius

Unlike Mitscherlich, instead of using 

multiplication formula for progressive (r
p
) and 

degressive (r
d
) parts of the dose and response 

function, THOMASIUS (1990) proposed using their 

difference:

  dp rrr   (4.58)

The progressive part is determined on the 

basis of the maximum response of the dose 

(r
max

, usually 1 or 100%), proportionality factor of 

progression (c
p
) and the difference of the actual 

dose (s) from the lower limit of the ecological 

amplitude (s
min

):

  
  min.

max 1. ssc
p

perr   (4.59)

The degressive part is determined in a similar 

way but it us es the proportionality regression 

factor (c
d
) and the upper limit of the ecological 

amplitude (s
max

):

  
 ssc

d
derr  max.

max .  (4.60)

The fi nal shape of the function is then:

 
    sscssc dp eerr   maxmin ..

max 1.  (4.61)

Spruce 
Beech 

relative increment 

average temperature 
in vegetation period (°C) 

0,00 

1,00 

0,25 

0,50 

0,75 

0 5 10 15 20 25 

Fig. 4.18 The reaction of annual height increment of 
spruce (Picea abies) and beech (Fagus silvatica) at 
the age of 20 years to various average temperatures 
during the vegetation period. Progressive and 
degressive parts are modelled using Thomasius’ 
function (equation 4.61). The following parameters 
apply to spruce: c

p
 = 0.63; c

d
 = 3.03; s

min
 = 6°C; s

opt
 

= 14.5°C; s
max

 = 18°C. The following parameters 
apply to beech: c

p
 = 1.14; c

d
 = 1.83; s

min
 = 8°C; s

opt
 = 

15.2°C; s
max

 = 20°C.
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Similar to Mitscherlich’s production law, 

the function does not have an infl exion point. 

However, its advantage is the direct defi nition 

of the ecological amplitude using minimum and 

maximum values of the dose. Therefore, the 

function does not need to be explicitly truncated. 

This is because outside the ecological amplitude, 

it obtains negative values which can be set to 

zero in a program code. At the same time, using 

this function, it is simpler to maintain the originally 

defi ned maximum dose response which does 

not need to be explicitly modifi ed. It is suffi cient 

to use proportionality factors greater than one 

in the function. Figure 4.18 gives an example of 

Thomasius’ function of dose and response for 

Norway spruce and European beech, and the 

average temperature factor during the vegetation 

period.

4.4.2.3 Function by Kahn

For the purposes of the SILVA growth 

simulator (PRETZSCH et al. 2002), KAHN (1994) 

created a very fl exible function. The function 

arises from the defi nition of important break 

points which describe the lower and upper limits 

of the ecological amplitude (c
1
 and c

4
) as well as 

the lower and upper limit of the optimum state 

(c
2
 and c

3
). The principle is shown in Fig. 4.19. 

Point c
1
 expresses the minimum dose value s

min
 

which has a zero response upon the increment 

of the specimen. Point c
4
, which determines 

the maximum dose value s
max

, also has a zero 

response. In Kahn’s view, the optimum state is 

understood to be the maximum (one hundred 

per cent) response. It is determined by the 

lower (c
2
) and upper (c

3
) limits of dose s. The 

progressive part is modelled between points 

c
1
 and c

2.
 A quadratic function which creates 

a curve with an infl exion point at an response 

value of 50% is used. The fi rst section of the 

function, from 0% to 50% response, determines 

the lower pessimal range and has a convex 

shape. The second section of the function, from 

50% to 100% response, determines the lower 

sub-optimum range and has a concave shape. 

Between points c
2
 and c

3
, we use a linear section 

in the form of a constant function with a response 

value of 100%. Points c
3
 and c

4
 are borders of 

the degressive part. A quadratic function with an 

infl exion point is used in this part, too. The fi rst 

section, from 100% to 50%, expresses the upper 

sub-optimum range and has a concave shape. 

The second section, from 50% to 0%, describes 

the upper pessimal range and has a convex 

shape. The response of the function outside the 

ecological amplitude is 0%. It is a heuristically 

defi ned function of dose and response which 

corresponds best to the construction of a fuzzy 

function to transform the dose value into an 

response value (inclusion in the fuzzy set). It can 

be expressed mathematically as follows:
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c1 

c2 c3 

c4 
s 

r 

smin smax 0 

1 

0,5 inflexion point inflexion point 

Fig. 4.19 The principle of the unimodal function of 
dose and response by KAHN (1994). The function 
is defi ned by break points: c

1
 - lower limit of the 

ecological amplitude, c
2
 - lower limit of maximum 

response, c
3
 - upper limit of maximum response, 

c
4
 - upper limit of the ecological amplitude. 

Between points c
1
 and c

2
, there is a quadratic 

section (progressive part) with an infl exion point 
at response value 50% which divides the lower 
pessimal and lower sub-optimum range. Between 
points c

2
 and c

3
, there is a linear constant section 

which determines the optimum state with the 
maximum response value. Between points c

3
 and 

c
4
, there is a quadratic section (regressive part) 

with an infl exion point at response value 50% 
which divides the lower pessimal and upper sub-
optimum range.



180

FOREST ECOSYSTEM ANALYSIS AND MODELLING

The fl exibility of the function is basically 

included in the possibility to defi ne break points 

within the ecological amplitude which may be 

obtained from ecological studies. Determination 

of points allows determination of the function 

shape which has a progressive and degressive 

part including the range and optimum response 

(points c
1
, c

2
, c

3
 and c

4
 differ), the shape of the 

function which has only a progressive part (c
3
 = 

c
4
) or only a degressive part (c

1
 = c

2
), or it has 

the optimum response defi ned by one peak (c
2
 

= c
3
). Figure 4.17 shows and example of Kahn’s 

function for total rainfall during the vegetation 

period for three species (spruce, fi r and oak).

4.4.3 Dose fl uctuation theory 

An important input into a unimodal function is 

the value of the dose on the basis of which its 

response is calculated. Dose values undergo 

certain development trends or cyclic deviations 

and, of course, are also infl uenced by stochastic 

events. For example, the average temperature 

in vegetation period has an increasing trend 

due to climate changes. At the same time, within 

this trend, there may also be certain cycles, for 

example, under the infl uence of activity cycles 

of the Sun. Of course, due to the complexity of 

processes and aggregated nature of the average 

temperature, it is necessary to take random 

fl uctuations in individual years into account. Other 

dose values behave similarly, for example, total 

rainfall, soil moisture or the length of the vegetation 

period. Therefore, it is possible to use various 

ecological and climatic theories to describe these 

events. A simple and a very suitable function 

seems to be the function created by Fabrika for 

the purposes of modelling dose changes in time 

in SIBYLA growth simulator (FABRIKA, 2005). The 

principle of the function is shown in fi gure 4.20. 

The red dot-and-dashed line shows the trend of 

the dose development. The trend is defi ned by its 

initial value (a) and fi nal value (b) per given trend 

period (p). The trend commences in a defi ned 

calendar year (r). The dose value in the defi ned 

year (x) will be calculated using the formula:

    






 






 

p
rx

a
baxt .11.  (4.63)

If the dose fl uctuates around the trend in 

certain defi ned cycles, it may be determined 

using amplitude of oscillation (o) and frequency 

of oscillation (f). Oscillation amplitude expresses 

the maximum deviation from the trend (positive 

average temperature in vegetation period (°C) 

calendar year 

time series of dose 

cyclic development 

trend random fluctuation 

Fig. 4.20 Principle of modelling dose fl uctuation. The development of a dose follows a trend (red dot-and-
dashed line), cyclic developments (blue curve) and random fl uctuation (black line).
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and negative). The oscillation frequency 

expresses the number of oscillations per period p 

whilst one oscillation means a shift from the trend 

to maximum, minimum and back to the trend. 

Cyclic fl uctuation is shown in fi gure 4.20 by the 

blue curve. It can be mathematically expressed 

by the formula:

      







 


p
rxfoxtxc ..2.sin. 

 (4.64)

A random stochastic element may also be 

included in modelling dose development by 

defi ning the mean error of cyclic fl uctuation 

(s
x
), which is used for generating an additional 

stochastic value from normal (Gauss) distribution.

       xsRandomxcxn ,0  (4.65)

Random fl uctuation is shown in the fi gure 

by the black line. The example expresses 

the development of average temperature in 

vegetation period. It starts with the initial year, 

1950, and is defi ned for a period of 50 years. The 

temperature value at the beginning of the period 

is 12°C and 12.4°C at the end of the period. Over 

the 50-year period, there are 2 cycles (frequency) 

in a shift from the trend to maximum, minimum 

and back to the trend, whilst the deviation from 

the trend (oscillation) is ±0.2°C. The mean 

error of random fl uctuation around the cyclic 

development is ±0.1°C.

4.4.4. Complex response of a dose

Growth factors never act in isolation but their doses 

are mutually combined. For example, according 

to KAHN’s (1994) model, the height increment of a 

tree is affected by nine factors: concentration of 

carbon dioxide in the atmosphere, concentration 

of nitrogen oxides in the atmosphere, supply of 

nutrients in the soil, length of vegetation period, 

average temperature during the vegetation period, 

annual temperature amplitude, total rainfall during 

the vegetation period, soil moisture and aridity 

index. Therefore, apart from modelling individual 

unimodal functions of dose and response, 

attention should also be paid to modelling mutual 

infl uence between doses of several growth 

factors. The simplest method for addressing the 

mutual response of doses is their multiplicative 

connection. If we use the unimodal function 

by THOMASIUS (1990) and we express the total 

response as a percentage (maximum is 100%), 

the response of doses of several growth factors 

(s
1
, s

2
, ..., s

n
) may be expressed using the formula:

    


 
n

i

sscssc iiidiiip eer
1

.. maxmin1.100  (4.66)

The equation uses different factors of 

proportionality of progression (c
p
), degression (c

d
) 

and minimum (s
min

) and maximum (s
max

) values of 

ecological amplitude depending upon individual 

growth factors. Figure 4.21 gives an example of 

a multiplicative connection between two growth 

factors: average temperature in vegetation 

period and total rainfall in vegetation period. A 

disadvantage of such connection of factors is 

that it does not consider other connections such 

as compensation, replacement or strengthening 

the response. If, for example, there is a factor in 

the bond which has zero value, the fi nal result is 

zero regardless of the state of other factors. We 

refer to such a connection as a limiting effect 

which is also called the Liebig’s law of the 

minimum. In general, it may be expressed using 

the equation for multiplicative connection:

  



n

i
inmult rrrrr

1
21 .  ...  ..  (4.67)

If the response of individual factors is 

mutually replaced or supplemented, we call it 

a compensating effect. It may be generally 

expressed using the equation for an additive 

connection:

      



n

i
insum rrrrr

1
21 111.  ...  .1.11  (4.68)

Response r
i
 in the formulae are within the range 

from 0 to 1. They are calculated based on unimodal 

functions from the appropriate dose values s
i
. 

In biological systems, it is very diffi cult to state 

explicitly whether it is a limiting or compensating 

effect. It is often a link of both effects. Therefore, 

for practical needs, we recommend the use of a 

model from ZIMMERMAN and ZYSNO (1980) which is 

based on the theory of fuzzy sets and systems. 

It defi nes the combined response based on 

the equation of fl exible interconnection using an 

aggregation parameter :

  



















 







n

i
i

n

i
ikomb rrr

1

1

1

11.  (4.69)

If coeffi cient  equals zero, it is a limiting 

response which means that individual effects are 



182

FOREST ECOSYSTEM ANALYSIS AND MODELLING

multiplicatively connected. If coeffi cient  equals 

one, it is a compensating response meaning that 

individual effects are additively connected. The 

coeffi cient within the range of these limit values 

expresses a certain degree of the combined 

response. The closer is this value to the limit 

value, the clearer the method of interconnection 

(limiting or compensating). A value of 0.5 means 

the strongest combination of both types of the 

response. We demonstrate the principle of 

the combined response using the connection 

between three responses each with a value 

of 0.5. In a mutual interconnection, we modify 

values of coeffi cient  from a value of 0 through 

values of 0.2, 0.5 and 0.8 to a value of 1. At the 

same time, for comparison, we shall calculate the 

limiting response (r
mult

), compensating response 

(r
sum

) and the combined response (r
comb

). The 

result is shown in table 4.3. The table shows 

clearly that if the value of coeffi cient  equals 0, it 

is a limiting response with a fi nal value of 0.125, 

while if coeffi cient  equals 1, it is a compensating 

response with a fi nal value of 0.875. When using 

coeffi cient  of 0.5, there is a combined response 

with a value of 0.331.

4.4.5 Ecological site index

Defi nition 4.8

Ecological site index expresses the qual-

ity of the site. It is not necessary to know the 

nature and actual management state of the 

stand for the determination of the ecological 

site index. It is based on the climatic condi-

tions and atmospheric composition, the relief 

and location (geomorphology), as well as on 

the soil and its properties. It is also called the 

site class.

Ecological site index is expressed by the 

character of natural conditions forming the basis 

for the production of forest stands. It is related 

to the state of growth factors which, with their 

doses, infl uence the growth and development 

of trees and stands. It is mainly defi ned by the 

conditions of the natural environment (climate, 

atmosphere, geomorphology, soil). This state 

may be suitable for a particular group of tree 

species or stand types and, on the other hand, 

it may not be suitable for other tree species or 

stand types. If we look at the defi nition of the dose 

and response function, it refers to the character 

of variables shown on the horizontal axis of the 

unimodal function. If we transform doses into 

their response using unimodal functions and 

aggregate the effects into the complex effect on 

the growth of trees, we will express the ecological 

site index which represents the particular type 

of tree species. Determination of ecological site 

index is therefore based directly on the state 

of growth factors which are independent of the 

character and economic state of the stand. The 

ecological site index depends on the type of tree 

species which actually or hypothetically grows 

at the given site. This means that based upon 

ecological site classifi cation we may determine 

several values of site index for one site type and 

for several tree species. This is based on the fact 

that we exclusively use the state of growth factors, 

whilst we do not need to account for actual stand 

characteristics as it is, for example, in case of 

stand site class, which we shall address in the 

following chapter in relation to Eichhorn’s rule.

average temperature 
in vegetation period 
(°C) 

total precipitation in 
vegetation period 
(mm) 

effect on 
height increment 
(%) 

SPRUCE 

only progressive 
parts are displayed  

r1 r2 r3  rmult rsum rkomb 

0.5 0.5 0.5 0.0 0.125 0.875 0.125 

0.5 0.5 0.5 0.2 0.125 0.875 0.184 

0.5 0.5 0.5 0.5 0.125 0.875 0.331 

0.5 0.5 0.5 0.8 0.125 0.875 0.593 

0.5 0.5 0.5 1.0 0.125 0.875 0.875 

Fig. 4.21 The response of an annual spruce 
increment to average temperature during 
vegetation period and total rainfall in vegetation 
period modelled using Thomasius’ function. 

( ) ( )( )11 18.03,36.63,0 .1.100 ss eer −−−− −−=
( ) ( )( )22 1500.0325,0220.00918,01 ss ee −−−− −− . The fi gure only 

displays progressive parts of the function.

Tab. 4.3 A comparison of the limiting (r
mult

), 
compensating (r

sum
) and combined (r

comb
) response 

of three factors (r
1
, r

2
, and r

3
) with a change in 

coeffi cient  in a combined response equation 
(formula 4.69) (ZIMMERMANN and ZYSNO 1980).
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Ecological site index may be determined 

directly or indirectly (SKOVSKGAARD and VANCLAY 

2008). Direct site classifi cation is carried out 

based upon the aggregate of growth factors and 

their states. For example, in accordance with 

KAHN’s model (1994), it is the total or average 

annual state of factors such as concentration of 

carbon dioxide in the atmosphere, concentration 

of nitrogen oxides in the atmosphere, supply of 

nutrients in the soil, length of vegetation period, 

average temperature during the vegetation period, 

annual temperature amplitude, total rainfall during 

the vegetation period, soil moisture and aridity 

index, or in the model of GRACIA et al. (1999), it is 

the daily state of factors such as solar radiation, 

maximum and minimum daily temperature, daily 

rainfall, wind speed, content of carbon dioxide in 

the atmosphere and water vapour defi cit. Based 

upon the list of growth factors, we can determine 

their doses which will be transformed into their 

responses using unimodal functions. These are 

then aggregated into a complex response, which 

defi nes the relative degree of ecological site index 

(from 0 to 1 or from 0 to 100%). Since the information 

regarding the state of growth factors is very often 

unavailable in ordinary practice, an indirect site 

classifi cation was implemented. Indirect site 

classifi cation is based on the determination of 

indicators which, by their nature, determine the 

state of factors and the values of their doses. As 

indicators, we may use, for example, forest region 

or geographical location (longitude and latitude), 

forest altitudinal zone or altitude above sea level, 

aspect and slope of the terrain, soil type, etc. 

These are suitably combined. CAJANDER (1926) 

and ZLATNÍK (1963) used plant indicators, which 

well represented soil and climatic conditions, for 

the indirect site classifi cation. They introduced so 

called phytocoenoses (plant communities) and 

forest types, which are used for determining the 

ecological site index. At present, it is becoming 

clear that for determining stand’s production 

level, it is suitable to add other indicators to 

phytocenoses and forest types. In an indirect 

ecological site classifi cation, selected indicators 

are classifi ed into discrete categories, on the base 

of which the ecological site class may be found 

in classifi cation tables. This is most frequently a 

relative level from the defi ned range of integer 

numbers. Some growth simulators, e.g. SILVA 

(PRETZSCH and KAHN 1998) and SIBYLA (FABRIKA 

2005), use the transformation of indirect site 

classifi cation to direct classifi cation in such a way 

that the state of selected climatic and soil growth 

factors is derived from the state of indicators 

(forest region, altitude above sea level, aspect, 

slope, and forest type). The following method 

of site classifi cation is then identical to direct 

classifi cation. We talk about site generators. 

A methodological approach may, for example, 

lie in deriving classifi cation tables in which the 

range of climatic characteristics for the stated 

range of altitudes can be found on the base of the 

forest region. The required value of the climatic 

characteristic is derived from the given interval 

using interpolation method depending upon the 

real altitude. This value can be further modifi ed 

depending upon aspect and slope. Geographical 

information system methods (spatial interpolation 

and geostatistics) are often used to derive a 

classifi cation table. We shall address this in one 

of the following chapters.

4.5 Eichhorn’s rule and its derivatives

Quite early, at the beginning of the twentieth 

century, EICHHORN (1902) formulated the equation 

which infl uenced the development of the fi rst 

biometrically based models for a long time - yield 

tables. The mentioned equation is known to the 

forestry scientifi c and professional community 

as ’Eichhorn’s rule‘. The rule states the statistical 

relationship between mean stand height (h
s
) and 

the stock of standing trees (V.ha-1):

  ( )shfhaV =−1.  (4.70)

The equation was derived for unmanaged 

even-aged pure stands. GEHRHARDT (1909, 1923, 

1930) corrected this ’basic Eichhorn’s rule‘ 

twice based on a large amount of data from 

experimental plots. He fi rstly stated that the total 

volume production (COP) is also closely related 

to the mean height:

   shfCOP   (4.71)

Thanks to ASSMANN (1961), this extension to 

Eichhorn’s rule is known in literature as ’extended 

Eichhorn’s rule I‘ or the ’common yield level‘. 

Gehrhardt later clarifi ed this connection to such 

an extent that he also added stand age (t) in the 

equation:

   thfCOP s ,  (4.72)
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The reason for this was that stand production 

also depends upon the production ability of the 

site which is represented by stand site class 

(Q):

   thfQ s ,  (4.73)

Stand site class expresses its height maturity 

in relation to its actual age. This is how he 

achieved the equation:

   QhfCOP s ,  (4.74)

WIEDEMANN (1943) implemented this equation 

in his yield tables, by which he gave a standard 

for the construction of other yield tables. ASSMANN 

(1961) later labelled this equation as ’extended 

Eichhorn’s rule II‘ or ’special yield level‘. The 

assessment of spruce experimental plots in the 

South America carried out by ASSMANN (1961) 

showed that total volume production of forest 

stands may differ even if the plots were of the 

same age and had the same mean height by 

±15%. Therefore, ASSMANN and FRANZ (1963) 

introduced refi ning value (x) which they generally 

called yield level. They proved that the level is 

closely related to stand density which is linked 

with certain site types and therefore, it infl uences 

the basal area of the trees with the same tree 

dimensions. They amended the equation as 

follows:

   xQhfCOP s ,,  (4.75)

They subsequently modifi ed the equation by 

including the top height (h
95%

) which is due to 

its insensitivity to management interventions 

considered to be a much more suitable 

characteristic than the mean height.

  ( )xQhfCOP ,,%95=  (4.76)

They called it ’extended Eichhorn’s rule III‘ 

or ’sub-divided special yield level‘. These 

equations established the basis for constructing 

yield tables and for the wide introduction of site 

class and yield level into forest modelling. In 

the following text, we shall concentrate upon 

stock (m3.ha-1) COP (m3.ha-1) 

COP (m3.ha-1) COP (m3.ha-1) 

mean height (m) mean height (m) 

mean height (m) top height (m) 

Fir Spruce 

Pine Spruce 

a) b) 

c) d) 

Fig. 4.22 From ’Eichhorn’s rule‘ to sub-divided special yield level: a) ’EICHHORN’S rule‘ (1902) for stands of 
Silver fi r with moderate thinning, b) common yield level from spruce yield tables for moderate thinning 
(GEHRHARDT, 1923), c) special yield level from pine yield tables for moderate thinning (WIEDEMANN, 1943), d) 
sub-divided special yield level from spruce yield tables for graduated thinning (ASSMANN and FRANZ 1963).
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defi ning and describing these terms. Figure 4.22 

displays the principle of Eichhorn’s rule and its 

extensions, including the use of site class (I, II, 

III, IV, V, VI, by WIEDEMANN 1943) and yield level 

(U - lower, M - medium, O - upper, by ASSMANN 

and FRANZ 1963).

4.5.1 Stand site class

Defi nition 4.9

Stand site class expresses production inten-

sity of a forest stand with regard to its species 

composition, character and management state 

at a given site. It is a measure for the evalua-

tion and comparison of the production ability 

of forest stands.

Unlike site index (ecological site index), 

stand site class is determined based on the 

condition of the forest stand. Therefore, for 

its determination it is unnecessary to know 

ecological characteristics of the site (growth 

factors). Instead, it is necessary to ascertain the 

appropriate stand variable. A classifi cation uses 

the variables which are:

a)  explicitly defi ned and easily measurable;

b)  closely dependent upon ecological site 

index,

c)  independent from management 

interventions, mainly stand tending 

methods.

The following variables are most frequently 

used: mean height, top height, stand stock, 

total volume production, total mean increment. 

Variables are always related to the age of tree 

species. The most suitable and most frequently 

used variables are mean and top height since 

they are relatively easy to measure. To ascertain 

the site class, we use classifi cation system 

(fi g. 4.23). Stand site class may be expressed 

relatively or absolutely. Relative stand site 

class is defi ned by a relative degree described in 

words (for example, excellent, very good, good, 

average, poor) or by integer numbers (e.g. I, II, 

..., VI, or 1+, 1, 2, ..., 9, 9–). The advantage of 

a relative site class is the simple comparison 

of production between various tree species. 

The only condition is the same scale of relative 

values. Absolute stand site class is quantifi ed 

directly based upon the value of the variable 

(e.g. mean or top height) at a given reference 

age. The age of 100 years is most frequently 

used for tree species of temperate zones. For 

fast growing tree species, the age of 50 or 30 

years is used. For example, a value of 28 means 

that at a given site the tree species should reach 

a mean height of 28 m at the age of 100 years. 

The advantage of an absolute site index is easy 

interpretability of its value and an explicit idea 

about the size of production. A disadvantage 

is worse comparability between tree species 

since the particular value of an absolute site 

class may represent another relative production 

degree compared to the maximum possible 

Fig. 4.23 Examples of stand site classes: a) relative 
site classes from PRESSLER’s (1877) yield tables 
according to stand stock expressed in words, 
b) relative site classes from WIEDEMANN’s (1936/42) 
yield tables according to mean height, expressed 
in Roman numerals, c) absolute site classes from 
ASSMANN and FRANZ’s (1963) yield tables according 
to top height. 

top height (m) 

mean height (m) 

stock (m3.ha-1) 

age 

age 

age 

excellent 

very good 

good 

low 

average 

a) 

b) 

c) 
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value. However, an absolute value can be simply 

transformed to a relative value; we only need 

to know the minimum and maximum absolute 

values for the tree species and use interpolation 

techniques. Similarly, a relative value may be 

transformed into an absolute value. At present, 

absolute values are preferred. Figure 4.23 shows 

three varying examples of a classifi cation system 

(relative in words, relative in numbers, absolute). 

More detailed information about stand site class 

and classifi cation systems may be found in the 

appropriate literature (ŠEBÍK and POLÁK 1990, 

WENK et al. 1990, ŠMELKO et al. 1992).

4.5.2 Yield level 

Defi nition 4.10

Yield level expresses the level of stand stock 

at the same mean height (or age) and stand 

site class. It is related to natural maximum 

density (basal area) of the stand which de-

pends upon the site.

Based on the analysis of experimental data, 

when constructing yield tables, ASSMANN and 

FRANZ (1963) discovered that stand stock differs 

despite the same age of stands and the same 

site class. This phenomenon was attributed to the 

infl uence of the site, determined by climate, soil 

and type of vegetation, upon the natural maximum 

stand density. This means that even if the mean 

stand values are equal (e.g. mean height), hectare 

values differ (e.g. basal area and stock). This is the 

result of the varying number of trees in the area. 

This means that the site may gather a different 

number of trees with the same dimensions. The 

result of this knowledge was the introduction of 

yield level into the construction of yield tables. 

This level was also used when constructing other 

yield tables whilst the authors used different terms: 

increment level (LEMBCKE et al. 1981), growth 

type (WENK, 1980), stock level (HALAJ et al. 1987). 

The given yield levels are expressed in the form of 

discrete categories, e.g. O - upper, M - medium, 

U - lower (according to ASSMANN and FRANZ, 1963), 

or categries 1 – 1.5 – 2 – 2.5 – 3 (HALAJ et al. 

1987). The determination of the production level 

can be carried out directly or indirectly. The direct 

method consists of measuring a characteristic 

closely related to stand density. A suitable and 

easily measured characteristic is, for example, 

basal area which can be ascertained using the 

relascope method. On the basis of the obtained 

basal area per hectare, site class and stand age, 

we can fi nd the yield level in yield tables which 

in its basal area is closest to the table value. 

However, an indirect method, which is based 

upon geographical location of the stand and 

its typological classifi cation, is more frequently 

used. Based on this, the yield level can be found 

in the classifi cation table. As an example, we 

may state the determination of stand stock level 

in accordance with Slovak yield tables (HALAJ 

et al. 1987). Based upon the forest location and 

tree species, the forest stand is included in the 

growth area. By including the forest stand into the 

management set of stands, the stock level can be 

found within the growth area.

4.6  Theory of optimum and critical 

basal area

In long term experimental plots of beech, 

spruce, pine and oak, ASSMANN (1961) discovered 

a connection between the magnitude of basal area 

and the volume increment of trees, which is known 

today as the theory of optimum and critical basal 

area. The theory bears Assmann’s name and is 

considered to be one of the most famous and 

revolutionary theories on forest growth. It found 

its application in theoretical and practical forest 

silviculture as well as in forestry management. We 

shall look at this theory in more detail.

4.6.1 Assmann’s basal area theory

The principle of the theory discovered by 

ASSMANN (1961) is shown in fi gure 4.24. Based 

upon the data from experimental plots, Assmann 

plotted the relative density of even-aged pure 

stands on the x axis. Relative stand density 

expresses the ratio of the actual basal area 

of the stand to the maximum basal area. The 

maximum basal area describes the level of 

stand density under natural (without intervention) 

development. It is marked with a value of 100% 

and is displayed in the graph by a fi lled black 

circle. For the stated relativised basal areas, 

he then determined the current stand volume 

increment. The increment reached by the stand 

at maximum density is labelled as one hundred 

per cent. He then relativised other increments 

to this value. He plotted such relativised 
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increments along the y axis. This illustrated an 

interesting relationship between increments and 

basal area. It is shown as a thick curve in the 

fi gure. The curve starts from the value of one 

hundred per cent basal area at one hundred 

per cent increment. The relative increment then 

increases with a decrease in stand density until 

it reaches maximum. With a further decrease 

in stand density, the increment also decreases. 

Let us now change the relative increment scale 

so the maximum is labelled as one hundred per 

cent. This point expresses the optimum basal 

area. It is shown as a small empty rhombus in the 

fi gure. It shows the state of the basal area when 

the stand reaches maximum increment. Relative 

to this increment, we derive a level of 95%. Two 

points shown as empty circles were created on 

the curve. The points express the critical basal 

area when the stand increment reaches a level 

of 95% from the maximum increment. The critical 

basal area greater than optimum basal area is 

called the upper (point 1) and the smaller basal 

area is ca lled the lower critical basal area (point 

2). The increment decreases almost linearly after 

reaching the lower critical basal area. Such a 

relationship between increment and basal area 

was derived by Assmann separately for tree 

species, stand site classes and mainly different 

ages of the stand. He discovered the following 

tendency (fi gure 4.25). With an increasing stand 

age, the curve shifts in a downward direction 

and the optimum basal area moves towards the 

maximum basal area until they fi nally fuse. In 

this situation, only one critical basal area exists, 

namely the lower one. The same tendency 

has also been shown for stand site classes. A 

decrease of site class has a similar effect as an 

increase in age. The curves move downwards, 

optimum basal area gets closer to maximum 

and the upper critical basal area ceases to exist. 

Figure 4.25 also shows a comparison between 

tree species at maximum site class and an age 

of 40 years. Tree species which better tolerate 

shade (beech and spruce) react more intensively. 

Their curves are shifted upwards in comparison 

with tree species which are more light-demanding 

(oak and pine). Since the upper critical basal 

area often disappears (with increasing age and 

Fig. 4.24 The principle of Assmann’s basal 
area theory (ASSMANN 1961). It expresses the 
relationship between relative stand volume 
increment and relative density of basal area. If the 
increment is at maximum, the stand is in the state 
of optimum basal area. If the increment reaches 
95% of the maximum increment, the stand is in the 
state of critical basal area.

Fig. 4.25 A comparison of the relationship between relative stand volume increment and t relative density 
of basal area depending upon: a) tree species (maximum site class, aged 40 years), b) site class (spruce, 
aged 40 years) and c) age (spruce, site class of 40).

relative stand volume 
increment (%) 

relative density of 
basal area (%) 

maximum basal area 
optimum basal area 
critical basal area 
 - upper (1) and lower (2) 

(1) (2) 

maximum basal area 
optimum basal area 
critical basal area 

BO DB SM 
BK 

maximum site class, 40 years 

spruce, 40 years spruce, M 40 

40 years 

60 years 

80 years 
100 years 

a) b) c) 
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decreasing site class), the lower critical basal 

area is used exclusively in the theory of forest 

growth, forest modelling, forest silviculture and in 

management planning as a standard for stating 

the threshold under which the stand canopy 

should not fall. ASSMANN (1961) sees the causes of 

the mentioned forest stand behaviour in the fact 

that in young and middle-aged stands thinning is 

over-compensated by increased increments of the 

remaining stand, mainly if thinnings are oriented 

at trees with weaker assimilation performance. 

This tendency can be mainly seen in better sites 

with better site classes. At the same time, we 

must mention that this behaviour only applies to 

even-aged pure stands (monocultures). In mixed 

stands, tendencies in forest stand productivity 

differ. They are characterised by more or less 

constant increment which decreases only at a 

certain stocking level (PRETZSCH 2005). This is 

thanks to their greater fl exibility in growth. This is 

demonstrated schematically in fi gure 4.26.

4.6.2  Unimodal function of dose and effect 

based on Assmann’s theory

The relationship between the magnitude of 

basal area and current annual increment of 

stands according to ASSMANN (1961) may be 

understood as a special case of the unimodal 

function of dose and response. The difference is 

that the response is not related to an individual 

tree but to the whole stand, and that a dose 

uses secondary growth factors, which also 

include infl uence by management, instead of 

primary growth factors. The following model 

(PRETZSCH 2005) may serve as an example of a 

mathematically expressed unimodal function:

( )

( ) ( ) ( ) ( )relrelg

relrel

SDIQaSDIda

SDIaSDIaa
relIn(BP  )

ln.ln.ln.ln.

.ln.

43

210

++

+++=
 (4.77)

BP
rel

 is the relative current (periodic) annual 

volume stand increment, SDI
rel

 is the relative 

stand density index based on Reineke’s 

(1933) rule (see Chapter 6.5.3 on modelling 

stand density), d
g
 is the quadratic mean stand 

diameter, Q is the absolute stand site class 

(mean height at the age of 100 years) and a
0
 to 

a
4
 are equation coeffi cients. The model includes 

a dose combined in the form of:

a)  growth factors transformed into the form of 

stand site class,

b) stand maturity defi ned by mean diameter,

c)  management stand state expressed by its 

density.

min. max. 
stand density 

production 
(increment) 

BEECH + SPRUCE 
BEECH 
SPRUCE 

Fig. 4.26 Schematic illustration of the relationship 
between stand density and biomass production 
in pure and mixed stands (PRETZSCH 2005). 
Various mixtures of spruce and beech lead to a 
’fl atter‘ relationship between the stand density 
and increment in comparison with pure spruce 
or beech forests. This is refl ected in the higher 
growth fl exibility of mixed stands (black line) than 
of pure stands (grey lines). 

Fig. 4.27 The relationship between the relative 
stand density index SDI

rel
 and relative current annual 

increment BP
rel

 for spruce (left) and beech (right) for 
different mean diameters d

g
 (above) and various site 

classes Q (below). The model uses formula 4.77 with 
coeffi cients: a) spruce 0.85; -2.64; -0.85; 0.19; 0.81; 
b) beech: 1.33; -2.31; -1.33; 0.37; 0.72. Processed in 
accordance with PRETZSCH (2005).
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The model is suffi ciently fl exible, considers 

the interaction between various factors due 

to which it amends ASSMANN’s (1961) original 

model by adding other stand properties. Figure 

4.27 illustrates model behaviour in an example 

of spruce (right) and beech (left) for various 

mean diameters (above) and stand site classes 

(below). The relative current annual increment 

decreases with increasing mean diameter 

at the same stand density and same site 

class, and this applies to both tree species. In 

terms of a changing site class whilst keeping 

constant stand density together with its mean 

diameter, the increment of spruce decreases 

with increasing site class, whilst for beech the 

opposite applies.

Summary

Growth variables are the characteristics of 

a tree or a stand that increase in their values 

with the age of the tree or stand. The yield 

function is used to modell their development. 

This function describes the relationship 

between the growth variable and age. It has 

a typical shape (fi g. 4.2) and properties. The 

most well-known growth functions include: 

Hossfeld, Gompertz, logistic, monomolecular, 

Bertalanffy, Chapman-Richards, Levakovič, 

Korf, Backmann, Thomasius and Sloboda 

(tab. 4.2). Increment functions can be 

derived from the yield function: a) fi rst 

derivative of the yield function will give us 

the current increment function, b) if we use 

division by age instead of the growth value, 

we will obtain the mean increment function. If 

the mean increment culminates, it intersects 

the current increment (fi g. 4.2). The formula 

applies only to continuous, uninhibited or 

uniformly inhibited growth. If we divide the 

function of current increment by the yield 

function, we obtain relative growth rate 

function (fi g. 4.3). Instead of the fi rst derivative 

(current increment) we can also use a 

periodic increment (for 5 or 10 years). If we 

divide it by the initial growth varable (formula 

4.8) or by the target growth variable (formula 

4.9), we obtain the relative increment. If 

we divide the value of the growth variable at 

the end and the beginning of the determined 

period, we obtain the growth multiplier 

which expresses how many times the given 

variable increases. Growth multipliers follow 

the multiplication law. This means that 

the multipliers over longer periods can be 

expressed by the multiplication of partial 

multipliers over shorter periods which form 

the original period. The fi nal yield function 

is formed by the expansion factor called 

anabolism or assimilation and the reduction 

factor called catabolism or dissimilation (fi g. 

4.6). During the growth of an organism, a 

proportional change between organs occurs. 

This is termed allometry. Allometry expresses 

the fact that organs grow at varying rates 

which are, however, proportionate (fi g. 4.9). 

This can be expressed by the mathematical 

function (equations 4.31 and 4.33). Allometry 

can be progressive, stagnating or degressive. 

Progressive allometry can be isometric, 

positive or negative. REINEKE (1933) found the 

relationship between natural stand density 

and mean diameter (equations 4.36 and 4.37, 

fi g. 4.12). This is called Reineke’s stand 

density rule. It is a degressive allometric 

relationship with an allometric constant equal 

to 1.605. Other authors suggested to modify 

the constant depending upon the particular 

species and habitat. YODA et al. (1963) found 

a similar relationship between average weight 

of an individual and the number of individuals 

in the area (equations 4.39 and 4.40, fi g. 

4.13). This is called Yoda’s self-thinning 

rule. It is again a degressive allometric 

relationship with an allometric constant of 

-3/2. The relationship defi nes the self-thinning 

(auto-regulation) line for natural thinning of 

stands in optimal growth conditions. Tree 

increments respond to environmental factors 

called growth factors. The response can be 

described by a unimodal dose-response 

function (fi g. 4.16). The dose expresses the 

growth factor value which fl uctuates within 

ecological amplitude. It can be within an 

optimal, sub-optimal or pessimal range. The 

response expresses the relative increment 

value of an individual (0 to 1). A unimodal 
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function is a specifi c case of fuzzy function.

It can be modelled using e.g. the production 

function by Mitscherlich (equation 4.57), the 

function by Thomasius (equation 4.61) or 

function by Kahn (equation 4.62). Doses may 

fl uctuate over time. Appropriate functions (e.g. 

equations 4.63, 4.64 and 4.65) can be used 

for modelling trends, cyclic and random dose 

fl uctuations. Since increments of trees are 

infl uenced by various growth factors, which 

can be expressed by individual unimodal 

functions, the comprehensive response of a 

dose is modelled. The mutual response of 

several doses is combined using the limiting 

response called Liebig’s law of the minimum 

(equation 4.67), the compensating response 

(equation 4.68) or the combined response 

(equation 4.69). Growth factors infl uence the 

ecological site index. This is expressed by 

the character of the natural conditions. It is not 

necessary to know the nature and the actual 

status of the stand in order to determinate the 

ecological site index. On the basis of climatic, 

soil and other site characteristics, the level of 

ecological site index is determined, whilst 

its value may differ for various species. In 

a given site, species may actually exist or 

their value is only hypothetic. Ecological site 

classifi cation can be carried out directly using 

unimodal functions or indirectly using various 

environmental indicators. A site generator 

represents a specifi c combination of both 

methods, since it generates growth factors 

values for unimodal functions on the base of 

selected indicators. EICHHORN (1902) defi ned 

’basic Eichhorn’s Rule‘ which states that the 

volume of standing trees depends upon mean 

height of the stand (equation 4.70). GEHRHARDT 

(1909, 1923, 1930) extended this formula for 

total volume production (equation 4.71) which 

is known as common yield level. He later 

completed this formula by including stand site 

class (equation 4.74). The formula is known 

as special yield level. ASSMANN and FRANZ 

(1963) refi ned this formula by adding the yield 

level (equations 4.75 and 4.76), which is today 

known as sub-divided special yield level. 

The stated formulas still form the basis for 

the construction of yield tables. Stand site 

class expresses production intensity with 

regard to species composition, character 

and management status in a given site. It 

is determined on the basis of suitable stand 

characteristics. The mean or upper height 

at the actual age is most frequently used. 

Stand site class can be absolute or relative. 

The yield level is related to stand density 

which can differ even at the same site class 

and mean height. This expresses the level 

of stock when all other parameters are kept 

constant: age and mean stand characteristics 

including the stand site class. Assmann (1961) 

found the relationship between relative density 

of a basal area and relative stand increment 

(fi g. 4.24). He defi ned the optimum stand 

basal area which produces the maximum 

increment. The optimum basal area converges 

to the maximum basal area with stand age 

and decreasing stand class. In addition, he 

also determined the critical basal area which 

produces 95% of the maximum increment. 

Assmann’s theory of basal area is one of the 

most renowned and revolutionary theories in 

the modelling of forests and is still used today. 

However, this theory only applies to pure even-

aged stands.
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How can we look at forest modelling?

Let us start with a fi ctional story about three 

wise men. There were three wise men at the 

birth of forest modelling. The fi rst was called 

a biologist. He was seeking an answer to 

the question: ’Why do tree organs grow?‘ He 

gave the photosynthesis algorithm as a gift to 

the world. They used this gift in the following 

specialisations: plant physiology, bioclimatology 

and ecopedology. Process-based models were 

created. The second wise man was called a 

mathematician. He was seeking an answer to the 

question: ’How does a tree form itself in a space?‘ 

He gave the fractal as a gift to the world. They 

used this gift in the following specialisations: 

formal grammar, fractal geometry and computer 

graphics. Structural models were created. The 

third was called a forester. He was seeking an 

answer to the question: ’What is the yield from a 

forest and what is its signifi cance?‘ He gave the 

regression equation as a gift to the world. They 

used this gift in the following specialisations: 

biometry, forest mensuration and forest growth 

and yield science. Empirical models were 

created. The three wise men in our story are very 

different in their thinking but they have one thing 

in common. All three attempted to fi nd a way to 

simulate forest behaviour. Their efforts led to the 

creation of models. Creativity in forest modelling 

is related to the ability to simulate reality. As 

we can see from this example, simulation may 

be carried out using various methods which 

depend upon the angle from which it is viewed. 

The viewing angle is closely connected to the 

purpose, which is related to the question and 

to the answer sought: why? (biologist), how? 

(mathematician), how many? (forester). A 

model of photosynthesis for plant type C
3
 was 

successfully introduced in 1980 by Graham 

Douglas Farquhar and his colleagues (FARQUHAR 

et al. 1980). This model started an era of process-

based models. By 1968, Aristid Lindenmayer had 

already used L-systems for the fi rst time for the 

purposes of modelling the development of single 

cell organisms, which also started to be used later 

in plant modelling in the form of morphemes and 

graftals thanks to his colleague, Prusinkiewicz 

(PRUSINKIEWICZ and LINDENMAYER, 1990). Aristid 

Lindenmayer is therefore considered to be the 

founder of structural modelling of plants. From 

1963, an era of empirical modelling commenced 

thanks to Ernst Assmann who, together with his 

academic scholar, Friedrich Franz, constructed 

yield tables on a solid biometrical basis (ASSMANN 

and FRANZ 1963). Assmann established the 

traditional school of empirical modelling which is 

still used successfully today.

What will we learn in this chapter?

With the start of the third generation of 

yield tables in 1960, an era of forest modelling 

commenced, and has been furthered by the 

5.  Models of the dynamics and growth 

processes of a forest

’Who can mimic can also create‘

(Leonardo da Vinci)

Ernst 
Assmann 

Aristid 
Lindenmayer 

Graham 
Douglas 

 Farquhar 

Fig. 5.1 The founders of different directions in forest 
modelling. ERNST ASSMANN – founder of empirical 
modelling, ARISTID LINDENMAYER – founder of 
structural modelling, GRAHAM DOUGLAS FARQUHAR – 
founder of process-based modelling.
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use of computer technology since the 1970s. 

Since the beginning of the 1990s, a wide range 

of various types of forest growth models has 

existed (see fi gure 2 at the beginning of the 

book), whilst they exist exclusively in the form of 

computer programs. The term ‘growth simulator’ 

was created and it is slowly being applied not only 

in forestry science but also in forestry practice. 

In this chapter we shall therefore address the 

defi nition of forest ecosystem simulators. We 

will examine the terms which we have already 

mentioned in Chapter 2.2.3, such as system 

parameters, and exogenous, intermediary and 

state variables. These are an inseparable part 

of growth simulators. Model developers and 

users come into regular contact with them. They 

deserve special attention since these terms are 

very often used incorrectly or are interchanged. 

Finally, we shall address the classifi cation of 

models from various aspects. We shall attempt 

to clarify the typology of models. This has 

become more robust due to great developments 

in this area. We will look at the division of models 

from the viewpoint of modelling methods. We 

shall divide models from the viewpoint of time-

hierarchical level as well as from the viewpoint of 

hierarchical-spatial level.

5.1 Forest ecosystem simulators 

Defi nition 5.1

Simulation is a method of experimentation 

of a real system with a computer model with 

the aim to optimise management of the real 

system.

A simulator is a computer model of a real 

system and is used for computer aided fast 

forward calculation of system dynamics.

The simulation principle is shown in fi gure 5.2. 

The fi rst step is the construction of a simulation 

model using abstraction of the real world. The 

next step is to carry out experiments with the 

simulation model, based on which we achieve 

various results. These should be correctly 

interpreted and used to improve the real 

system. If we apply it to a forest, we attempt to 

experiment using different interventions in the 

forest (thinning, for example), we try to correctly 

interpret the results on forest production, its 

structure and yield, and select the optimum 

variant from the various prognoses. Due to 

the longevity of forests and the complexity of 

options, we use a computer model instead of 

the real world. We can implement the optimum 

variant in the real forest. Simulation is therefore 

an experimental method in which we experiment 

with a model of a real system using a computer. 

Simulation allows to ’replay‘ of system behaviour 

in advance after implementation of measures, 

to look into the future, and therefore to discover 

and eliminate possible problems in advance. The 

most important condition for simulation is the 

existence of a model of the real world. It is possible 

to use different methodological approaches 

for its construction. However, it usually results 

in a system of mathematical algorithms. The 

model itself, however, is not suffi cient if we 

want to perform simulation. Since the model is 

usually very complex, it is necessary to create a 

computer program, which allows using the model 

in real time. A computer program for simulation 

purposes is called a simulator. However, not 

every computer program which automates 

working with a system model is considered to 

be a simulator. A simulator should reproduce a 

real system as truthfully as possible. Therefore, it 

should meet the following requirements:

–  it should cover a wide palette of possible 

initial states,

–  it should be fl exible in terms of responding 

to the initial states and their direction during 

simulation, which means it should be fl exible 

in simulating interventions in the real system,

–  the range of output data should be similar to 

the set of data in the real system,

–  fi nally, it is recommended that it also 

contains stochastic features to include 

unknown or unconsidered factors in the 

simulation process.

Forest ecosystem simulators reproduce 

the behaviour of forest ecosystems in the form 

of a computer program. In terms of properties 

which make a regular computer model different 

from a simulator, a forest ecosystem simulator 

must allow the use of various types of forest in 

its input. Ideally, it should allow the use of several 

tree species which can be of different ages, even 

at the level of individuals, whilst stands may vary 

in terms of horizontal and vertical structures with 

varying densities. At the same time, it should react 

to varying local environmental conditions, varying 

concepts of management interventions as well as 
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varying economic and social environment, ideally 

with the possibility to vary them during simulation. 

Output data should not only be limited to one type 

of output (for example, only production) or even to 

one variable (for example, only stock). A simulator 

should also predict the development of forest’s 

structure, its biodiversity, biomass, costs, yield, 

etc. Of course, the implementation of stochastic 

properties intensifi es the character of the forest 

ecosystem simulator. The reasons why we 

cannot consider yield tables as simulators, even 

if they are transformed into a form of a computer 

program, are the following facts:

a)  yield tables are only constructed for one 

type of stand (even-aged pure stands with 

full stocking),

b)  reaction to the surrounding conditions is not 

fl exible and is only defi ned by the constant 

stand site class or yield level,

c)  they are valid only for one constant, precisely 

defi ned management regime, or in an ideal 

case, for a limited number of regimes,

d)  output data is limited to production 

parameters where growing stock and basal 

area play the most important role,

e)  yield tables are strictly deterministic.

All these facts limit the use of yield tables for 

simulation purposes, where the variability of 

development is one of the most important aspects. 

Since in practice yield tables are gradually being 

replaced by computer models which more or less 

meet the criteria for simulators, the term ‘growth 

simulator’ is used more and more often. Due to 

its massive use, we shall also use this term in the 

following text. Growth simulators are becoming 

important tools for supporting forest operation 

and are integrated into decision support systems 

(SODTKE et al. 2004, FABRIKA 2006, 2007). In 

Chapter 10, we shall address decision support at 

the level of defi nition, assessment and obtaining 

of knowledge in relation to a growth simulator.

5.1.1  Variables and parameters of growth 

simulators

Like every model, a growth simulator also 

needs inputs into the system in order to 

produce the required outputs. In Chapter 2.2.3, 

we addressed the construction of system 

diagrams in order to describe the structure and 

behaviour of growth models. Using various 

symbols in system diagrams, the model uses 

system parameters together with exogenous, 

intermediary and state variables. We are now 

going to describe them in more detail in relation 

to growth simulators. Later, when describing 

empirical, structural and process-based models 

(Chapters 6, 7 and 8), we shall examine them 

in even more detail in connection to a particular 

type of model. Figure 5.3 shows a scheme of a 

simulator. In the form of a computer program, a 

simulator reproduces system (forest) behaviour. 

The system (marked as a dashed rectangle) 

reacts to the environment (marked with a 

dash-and-dotted rectangle) and infl uences it 

in return. System behaviour is described by 

the model (marked as a fi lled rectangle). The 

model contains system parameters. System 

parameters are constant values which 

control the model. These are various equation 

coeffi cients or eco-physiological constants 

derived from empirical measurements or 

biological studies. They do not change during 

simulation and remain constant even if the 

object changes, for example, the forest stand. 

The current status of the system is described by 

state variables (thick arrows). State variables 

Fig. 5.2 Defi nition and cycle of simulation. We create 
a model by abstraction of a real system, which we 
will transform into the form of a simulator (computer 
program). We experiment with the simulator and 
observe the results. We attempt to correctly interpret 
the results so that we can use them in a real system. 
In return, monitoring the reactions of a real system 
may contribute towards improved abstraction and 
further improvement of the simulator. An improved 
simulator better reproduces the real system and 
allows better decision support.
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change during simulation and represent their 

own target variables of the system. They are 

input system variables where they describe 

its initial state and, at the same time, they are 

the output variables where they describe its 

development. For example, they defi ne tree 

dimensions or stand variables. A change of state 

variables is infl uenced by the model which is 

controlled by its system parameters. At the same 

time, the development of state variables also 

reacts to exogenous and intermediary variables. 

Exogenous and intermediary variables express 

the state of the system environment; for 

example, climate. Whilst exogenous variables 

are not infl uenced by the system, intermediary 

variables change depending upon system state. 

Exogenous variables are therefore related more 

to the macroclimate (temperature, precipitation) 

and intermediary variables are more related to 

the microclimate (light in the stand). Exogenous 

variables control the model (arrow with a solid line) 

and intermediary variables regulate the model 

(arrows with a dashed line). Inputs into the model 

are shown by the blue line and outputs by the red 

line. A simulator is therefore a unifi cation of the 

system environment and the system itself with its 

model. This is because in the computer program, 

we must not only address the model but also its 

links to the environment together with input and 

output variables. We can therefore state that the 

model reacts to the environment (exogenous 

and intermediary variables), changes the system 

state (state variables) or in return, it infl uences 

the environment (intermediary variables). The 

environment control the system dynamics via 

exogenous variables and regulate the system 

state via intermediary variables.

For closer clarifi cation, we will use an example 

of modelling the development of forest stand 

stock (V
j
) during individual years of simulation 

(j) based on modelling diameter (d
nj
) and height 

(h
nj
) of individual trees (n) from which we may 

derive tree volume (v
nj
). The model consists of 

a tree diameter increment function (i
d
) and a 

tree height increment (i
h
). Both increments are 

functions of tree age (t
n
), average temperature 

(T), precipitation (P) and light supply (CCL
n
). 

Light supply (see Chapter 6.6.2.8) depends 

upon the position of the surrounding trees, 

their diameters and heights. Tree position is 

measured with their coordinates (x
n
 and y

n
). 

We may then express the entire model with the 

following algorithm:
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SIMULATOR 

SURROUNDINGS 

SYSTEM 

MODEL 

exogenous variables 
(changing) 

system parameters 
(constant) 

state variables 
(changing) 

intermediary variables 
(changing) 

Fig. 5.3 A simulator, its variables and parameters. 
The model is controlled by system parameters. It 
reacts to the surrounding environment (exogenous 
and intermediary variables), changes the system 
state (state variables) or in return, it infl uences 
the environment (intermediary variables). The 
environment controls the system dynamics via 
exogenous variables and regulates the system state 
via intermediary variables. The blue arrows indicate 
the input into the model and the red arrow indicates 
the output from the model. The thin solid arrow 
represents the control of the model and the dashed 
arrows show the regulation of the model. The thick 
arrows direct the system state.
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The principle is that based upon dimensions 

and position of the surrounding trees, we deter-

mine the crown competition for light of each tree. 

Based upon tree age, temperature, precipitation 

and light supply, we determine the diameter and 

height increment of the tree. From actual tree di-

ameters and heights and the derived increments 

we determine the changes of diameter and height. 

The changed diameter and height of trees then en-

ters the calculation of individual tree volumes. By 

summing tree volumes, we obtain the fi nal stand 

stock in the given simulation period. In the stated 

algorithm we may, at the same time, see the coef-

fi cients of functions (a
k
, b

k
, c

l
), where k and l are 

sequential numbers of coeffi cients. Based upon 

the stated defi nitions, we can now clearly classify 

individual variables and constants of the model:

–  exogenous variables: T, P,

–  intermediary variables: CCL
n
,

–  state variables: x
n
, y

n
, t

n
, d

nj
, h

nj
, v

nj
, V

j
,

–  system parameters: a
0
, a

1
, ... a

5
, b

0
, b

1
, ... b

5
, 

c
0
, c

1
, c

2
.

5.2 Classifi cation of forest models

In fi gure 2 at the beginning of the book, we intro-

duced the time axis of model development. Mainly 

during the last twenty years, we have witnessed 

dynamic development which has also infl uenced 

the heterogeneity of models. For developers, but 

mainly for model users, it is necessary to know 

how to orientate in this heterogeneity. For exam-

ple, in fi gure 2, we mentioned yield tables, stand 

simulators, frequency models, individual tree 

models, successional models, process-based 

models, morphological models and biome mod-

els. Nowadays, it is really necessary to defi ne the 

classifi cation of models. Due to the diversity of 

opinions, there are several classifi cations. From 

these, we shall look at the most signifi cant and 

most used classifi cations in more detail.

5.2.1  Classifi cation of models depending 

upon modelling concepts

Classifi cation depending upon modelling con-

cepts is based on overall modelling approach. We 

consider it to be the principal classifi cation. From 

the viewpoint of the number of categories, it is 

also a basic and rough classifi cation which tells us 

about the approach we use when modelling a for-

est ecosystem. It is closely related to the opinions 

of the ’three wise men‘ in the example at the begin-

ning of the chapter. It is mainly important for model 

developers. Classifi cation can be illustrated using 

the triangle of models designed by KURTH (1994). 

The triangle of models is shown in fi gure 5.4. Em-

pirical models are situated in the top vertex of the 

triangle. In terms of the modelling level, empirical 

models are most aggregated. The smallest unit is a 

tree or a forest stand, which is modelled using em-

pirically derived equations, for example, via regres-

sion analysis. If we attempt to get deeper into the 

structural resolution of a tree, we use structural 

models. If we attempt to get deeper into the func-

tional resolution of a tree, we use process-based 

models. Whilst structural models concentrate 

upon forming a tree in the space at its morphologi-

cal level (forming a stem, branches or leaves and 

fruit), process-based models attempt to penetrate 

the foundations of eco-physiological processes at 

the level of individual tree organs (photosynthesis, 

respiration, carbon allocation, etc.). Triangle verti-

ces describe so called ’pure‘ approaches in forest 

modelling. The sides of the triangle describe va-

rious ’transfers‘ in forest modelling. We call these 

transfers hybrid models. This means that two 

different modelling approaches are suitably com-

bined and used. The prevailing approach is the one 

which is closer to a vertex of the triangle. Frequent 

cases of hybrid models include semi-empirical 

models which form a bridge between empirical and 

process models. Their nature is closer to empirical 

models. Another example is functional-structural 

models which combine process and structural 

modelling. Their nature is closer to structural mo-

dels. Let us now concentrate upon a more detailed 

description of models in the vertices of the triangle.

Defi nition 5.2

Empirical models are constructed using sta-
tistical equations derived from empirical meas-
urements. Since they are constructed based 
on sample data, they are valid only for a repre-
sentative population.

Process-based models orientate towards 
modelling causal relationships. They use al-
gorithms simulating physiological processes 
such as photosynthesis, respiration and allo-
cation. Their concept is more general.

Structural models focus upon modelling tree 
morphology based upon the topology of or-
gans and the architecture of the plant. They 
use growth grammars in the form of L-systems.
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Empirical models 

Empirical models (fi gure 5.5) are also called 

biometric models, statistical models or correlation 

models. They concentrate upon changes in 

biometrical variables as their state variables 

over time. They are based on empirically derived 

formulae, i.e. they are derived using statistical 

methods based on experimental measurements. 

These models therefore only apply to the 

population linked to the selected sample from 

which the relationships were derived. If we wish 

to use the model for another population, it must 

be calibrated. Calibration lies in correcting an 

error or in seeking new system parameters in 

the form of coeffi cients of statistical equations. 

Methods of empirical reparameterisation are 

suitable. The initial model output includes 

biometric state variables such as the diameter 

and height of trees or basal area and stand stock. 

Eventually, these models may also address 

biomass modelling or allocation of elements. 

However, these state variables are only derived 

secondarily based upon various allometric, 

regression or proportional relationships to 

initial model outputs. At the beginning of forest 

modelling we have the forest stand state. We 

model its changes using biometric equations. 

Modelling may be related to modelling the 

shape of tree stem and crown, modelling the 

diameter, height and spatial structure of a 

stand, modelling tree competition, modelling 

tree mortality and thinning, or modelling tree 

growth. Depending upon the model type, 

required groups of sub-models are selected. 

We shall address algorithms of sub-models 

in Chapter 6. The result of algorithms is a new 

forest stand state in the form of actual biometric 

values. Depending upon the nature of the model, 

we may then secondarily derive biomass or the 

content of chemical elements (carbon, nitrogen, 

etc.) Depending upon the modelling level, these 

models are then further divided into individual 

tree, frequency and stand models. In individual 

tree models, the state variables represent the 

variables of specimens such as diameter, height, 

crown parameters or tree volume. With regard to 

the fact whether tree coordinates are or are not 

necessary (mainly for the purposes of modelling 

competition), we distinguish between position 

dependent and position independent models. 

From the well-known position dependent tree 

models, we may mention the models FOREST 

(EK and MONSERUD 1974), SILVA (PRETZSCH 

1992), MOSES (HASENAUER 1994) and SIBYLA 

(FABRIKA 2005); from the known position 

independent tree models we may mention the 

models STAND PROGNOSIS MODEL (WYKOFF 

et al. 1982), PROGNAUS (STERBA 1995), BWIN 

(NAGEL 1996) and TreeGrOSS (NAGEL 2003). 

Frequency models focus upon the dynamics 

in the frequency of trees in regular age or 

diameter classes. The most famous models 

include LANDSIM (WILL-WOLF and ROBERTS 

1993), LANDIS (MLADENOFF et al. 1993) or 

models by SUZUKI (1971), SLOBODA (1976), KOUBA 

(1977), VON GADOW (1987), LISCHKE et al. (1998), 

KOHYAMA (1991) and others. In stand models, 

state variables are mean and per hectare stand 

characteristics such as mean diameter, mean 

height, number of trees, basal area, growing 

stock, etc. Stand models include all yield tables 

(e.g. ASSMANN and FRANZ 1963, HAMILTON and 

CHRISTIE 1973, VUOKILA 1966, SCHMIDT 1971, 

LEMBCKE et al. 1975, HALAJ et al. 1987, PETRÁŠ et 

al. 1990) as well as stand simulators STAOET 

(FRANZ 1968) and DFIT (BRUCE et al. 1977) or the 

stand simulator by CURTIS et al. (1981). A specifi c 

case of empirical models is their hybrid version 

known as semi-empirical models. In these 

models, empirical equations are derived in such a 

way that they also include causal circumstances 

or heuristic relationships which better refl ect 

actual biological processes. In fact, these are 

hybrid models which combine the empirical 

method of modelling with the process-based 

method. Since these models focus more strongly 

upon empirical relationships, they are very often 

ranked in the empirical model category. From 

the above mentioned examples, models SILVA 

(PRETZSCH 1992) and SIBYLA (FABRIKA 2005) are 

semi-empirical models. Their competition index 

is based on crown light competition (see Chapter 

6.6.2.8). The models calculate the competitive 

situation based on the position of trees in the 

stand and their dimensions, using which they 

defi ne the cone of the upper stand light for each 

tree. The competitive light cone represents 

an element which attempts to reproduce the 

biological processes of light absorption (see 

Chapter 8.1). It is not related to empirical 

formulae. However, the competition index is 

subsequently included in empirical formulae in 

the form of regression equations which control 

tree increment. At the same time, tree increment 

is controlled by the response to climatic and 
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soil variables in the form of dose and response 

functions (see Chapter 4.4). These are derived 

from eco-physiological studies, which is also a 

signifi cant step towards simulating biological 

processes. 

Structural models 

Structural models (fi g. 5.6) are also known 

as morphological models. They focus upon the 

development of the morphology of individual trees 

using the topology of organs and the architecture 

of the tree. Their aim is to derive tree structure 

at the level of stem and branch formation, and 

possibly also leaves and fruit. They use special 

mathematical apparatus for this purpose which is 

based on fractal geometry. The morphogenesis 

of the creation of tree organs is based on 

recursive replacement of strings. The method of 

replacement is described by growth grammars. 

Growth grammars are defi ned by morphemes 

and tree’s appearance by graftals. Morphemes 

are text records which generate the morphology 

of the plant. They use so called Lindenmayer 

systems (L-systems). Depending upon the 

nature of the model, they may be deterministic, 

stochastic, context-sensitive, parametric, etc. 

Graftals represent the morphology of the plant 

in the fi nal graphic form. Two dimensional ’turtle‘ 

graphics or three dimensional ’eagle‘ graphics 

are used. We shall address this issue and 

algorithms in more detail in chapter 7. The models 

produce true images of plants. The primary result 

of the model is tree morphology. Biometric state 

variables are derived secondarily and, if needed, 

the biomass and content of chemical elements 

may be tertiarily derived. Although the models 

a priori concentrate upon the development of 

individuals, they may also model population 

development using a group of independently 

developing trees. The competitive relationships 

between individuals directing tree development 

may be modelled using context grammars. In 

this case models are, of course, dependent 

upon the position of trees in the stand (distance 

dependent). Due to calculation diffi culties, 

these models are more suitable for modelling 

smaller groups of younger trees. Universal 

modelling tools similar to the development 

environment of program languages can be used 

for the production of tree structural models. 

In these environments, it is possible to write a 

source code containing growth grammars. The 

interpretation of the source code visualises the 

plant in individual steps (for example, years). The 

fi nal plant or the plant during its development can 

often be exported to a graphic format for CAD 

(Computer Aided Design) type systems or virtual 

reality systems (e.g. VRML - Virtual Reality 

Modelling Language). The most well-known tools 

for the structural modelling of plants include, 

for example, VIRTUAL Laboratory, L-studio, 

CPFG, GROGRA, GroIMP, L-Parser, LSysEdit, 

LSysMaker, Graphtal, LSYS, LSDraw, L-system 

or PFG 2D. Good results of tree modelling in 

GROGRA system may be found in the works 

of KURTH (1994) and tree modelling in GroIMP 

system in the works of KNIEMEYER (2008). Apart 

from universal tools for simulating L-systems, 

there are also specialised models for generating 

trees, which also include process-based model 

features. Processes such as photosynthesis, 

respiration and allocation modify the dimensions 

of organs when rewriting the strings. They are 

called functional-structural models. By their 

nature, they rank amongst hybrid models. Since 

in these models, the principle of structural 

modelling prevails, we often include them 

in structural models. From such models, we 

may mention, for example, LIGNUM models 

(PERTTUNEN et al. 1998, LO et al. 2001) and 

EMILION (BOSC 2000) models.

Process-based models

Process-based models (fi g. 5.7) are currently 

developing most dynamically and perhaps due 

to this they have many other equivalent names: 

eco-physiological models, biochemical models, 

bio-geochemical models, mechanistic models, 

causal models or ’fl ux‘ models. They concentrate 

upon modelling causal processes at tree 

physiology level. Empirical data is used more for 

understanding biological processes. Statistical 

formulae are used only rarely and if some 

are implemented in a model, this is because 

some processes are not yet well examined and 

described at an eco-physiological level. Since 

experimental data serves for understanding of 

cause-effect connections, these experiments 

are much more fi nancially demanding and much 

more scientifi cally detailed. They focus upon 

detailed climatic measurements, measurements 

of soil properties, water cycle (interception, 

evaporation, transpiration), measurement of the 

amount of solar radiation, physical-chemical 
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measurements of photosynthesis output, etc. 

Due to the nature of biological processes, 

biometric measurements are taken continuously 

throughout the year, for example, in the form of 

fi ne measurements of tree increments at hourly 

and shorter time intervals. Models focus upon 

modelling processes such as light absorption, 

interception, evapotranspiration, photosynthesis, 

respiration, allocation, senescence, etc. We 

will address the description of these modelling 

methods in Chapter 8. The result of models is the 

allocation of carbon in tree biomass, from which 

we can calculate the amount of produced biomass 

in the form of gross and net primary production. 

Biometric state variables (if necessary) such as 

the diameter and height of trees or basal area 

and stand stock will then be determined using 

various dendrometric or regression formulae. 

Thanks to their nature, process-based models 

are more generally valid, although we must state 

openly that they also use calibration, particularly 

if they are applied on different vegetation types 

or tree species. Calibration lies in seeking the 

correct system parameters, i.e. various eco-

physiological variables or constants. They require 

complicated measurements. In some cases, they 

are impossible to ascertain through conventional 

methods. Since calibration is carried out using 

reparameterisation and an empirical method 

is often of no use, Bayesian calibration is very 

suitable. Due to the fact that the development 

of models has been very dynamic, nowadays 

we already have a broad scale of models which 

are very diffi cult to rank into categories because 

models are often universally applicable at 

varying spatial levels and modelling approaches 

often overlap. For example, Forest-BGC model 

(RUNNING and GOWER 1991) is applicable at a 

population level (forest stand) and its Biome-

BGC version (THORNTON 1998) is generalised to 

a regional or global (biome) level and Tree-BGC 

version (KOROL 1993) is refi ned to an individual 

level (tree). Many eco-physiologically based 

models, such as models by RUNNING and COUGHLAN 

(1988), MCMURTRIE (1991), LIU et al. (1992), COMINS 

and MCMURTRIE (1993), KELLOMÄKI et al. (1993), 

ECKERSTEN (1994), ARP and OJA (1997), LANDSBERG 

and WARING (1997), THORNTON (1998) and CROPPER 

(2000) provide biomass development based upon 

area. However, they do not provide conclusive 

results of the development of forest structure or 

stem dimensions in order to optimise silviculture 

and forest management. In order to be able 

to describe light absorption and the uptake of 

nutrients from the soil in a way resembling reality, it 

is necessary to have an idea about the structure of 

crown and root space. Here, the explicit position of 

wood biomass is less signifi cant. Since its shading 

effect in the crown area is only small, it is generally 

understood to be part of the ecosystem without 

fi xed spatial position. The simplest understanding 

of the structure of assimilation biomass or root 

biomass is its even distribution in the area with a 

particular volume, the so called ’big leaf‘ principle 

(THORNLEY 1991, RUNNING and COUGHLAN 1988, ARP 

and OJA 1997). Some of these models also add a 

non-structural layer of soil vegetation to the tree 

layer (FRIEND et al. 1997, VERTESSY et al. 1996). 

Homogeneity of these parts does not exclude the 

fact that the biomass of needles or leaves could 

be processed separately for several age classes 

(ECKERSTEN 1994). In order to better estimate the 

absorption of solar radiation which, mainly in more 

structured stands, may differ signifi cantly from a 

homogenous structure, models often divide the 

crown area into two (HOFFMAN, 1995), four (MENG 

and ARP 1994) or into a varying number of layers 

(BOSSEL and SCHÄFER 1989, AMTHOR et al. 1994, ABER 

et al. 1996) which contain a different proportion of 

biomass or leaf area. Additionally, some models 

may even take into account the uneven horizontal 

distribution of assimilation organs using changing 

light permeability (MOHREN et al. 1993), or divide 

each horizontal layer into so called cohorts which 

may be assigned to various tree species or tree 

classes (KELLOMÄKI and VÄISÄNEN 1995). These 

possibilities are also basically valid for the soil 

empirical 
models 

structural 
models 

process-based 
models 

Fig. 5.4 Classifi cation of forest models based on 
modelling methods in accordance with the model 
triangle designed by KURTH (1994).
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space (see TIMLIN and PACHEPSKY, 1997). We can 

even get closer to the real macrostructure of a 

stand by modelling each tree with its individual 

position and dimensions of shoots and roots. This 

requires a three-dimensional visualisation of the 

stand which, due to its diffi culty to calculate, is 

only used in some physiologically based growth 

models (e.g. SLOBODA and PFREUNDT 1989, HAUHS 

et al. 1995).

5.2.2  Classifi cation of models depending 

upon time-hierarchical level

Another suitable classifi cation is to sorting 

models based upon time and hierarchy viewpoint, 

designed by PRETZSCH (2001). Classifi cation is 

practical for all model users. In Chapter 1.1.3 

we explained the hierarchy of forest’s life. We 

have said that processes in a forest take place 

at individual hierarchy levels from cells, through 

to fi bres, organs, organ systems to individuals, 

populations, communities, and ending with the 

ecosystem and the whole biosphere (fi g. 1.5). 

We also know that hierarchical levels of forest life 

are not only expressed spatially but also defi ned 

within their timeframe. On-going changes 

at various levels are time-dependent upon 

the hierarchical level which, from cells to the 

biosphere, last seconds to millennia. Further, in 

Chapter 2.1.5. we said that the dominating levels 

infl uence sub-levels via control parameters 

and sub-levels infl uence the dominating levels 

via signals. There is a feedback between the 

levels of hierarchy which ensures their stability. 

It is therefore valid that knowledge of partial 

processes with high spatial and time resolution 

cannot in any way replace investigation at higher 

integration levels since these are not merely the 

sum of hierarchically subordinate processes, but 

follow cybernetic feedback principles. Thanks 

to this, the created models are specifi cally 

developed for the particular hierarchical level. 

Fig. 5.5 Principle of empirical models. Empirical 
models use empirically parameterised equations 
for modelling biometric state variables.

Fig. 5.7 Principle of process-based models. 
Process-based models use a mathematical 
description of eco-physiological processes for 
modelling the allocation of carbon, and other 
processes.

Fig. 5.6 Principle of structural models. Structural 
models use growth grammars for modelling tree 
morphology.
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Figure 5.8 shows a scheme which attempts to 

classify models in terms of time and in relation to 

the hierarchy of modelling.

Eco-physiological models model growth 

changes at organ level using eco-physiological 

causal processes (photosynthesis, respiration, 

allocation). Process relationships are at the 

centre of attention. Statistical relationships are 

minimised or are not used whatsoever. It is not 

unusual that when modelling, they reproduce 

processes at daily intervals. This is the most 

numerous and diverse group of models which 

is also proven by the length of the list of 

products: SPRUCE (BOSSEL 1986), SLOBODA and 

PFREUNDT (1989) model, BIOMASS (MCMURTIE 

1991), Forest-BGC (RUNNING and GOWER 1991), 

SPRUCOM (BOSSEL et al. 1991), TREGROW 

(WEINSTEIN et al. 1991), PnET group models 

(ABER and FEDERER 1992, ABER et al. 2005), 

CASA (POTTER et al. 1993), FINNFOR (KELLOMÄKI 

et al. 1993), FORGRO (MOHREN et al. 1993), 

TEM (MELILLO et al. 1993), Tree-BGC (KOROL 

1993), DEMETER (FOLEY 1994), FBM (LÜDECKE 

et al. 1994), TREEDYN3 (BOSSEL 1994), FAGUS 

(HOFFMANN 1995), TRAGIC (HAUHS et al. 1995), 

FORDYN (LUAN et al. 1996), 3-PG (LANDSBERG 

and WARING 1997), FORSANA (GROTE et al. 1997), 

HYBRID (FRIEND et al. 1997), GOTILWA (GRACIA 

et al. 1999), BALANCE (GROTE and PRETZSCH 

2002) and EFIMOD (KOMAROV et al. 2003).

When modelling, individual tree models 

divide the stand like a mosaic into its specimens 

and, using a computer, they simulate their co-

existence as a spatial-time system. The core is 

usually a statistically derived system of equations 

that control the growth behaviour of individual 

trees depending upon their growth constellation. 

In terms of time, the shortest modelled interval 

is one year. Typical examples are models by 

FOREST (EK and MONSERUD 1974), STAND 

PROGNOSIS MODEL (WYKOFF et al. 1982), 

STAND (PUKKALA 1987), SILVA (PRETZSCH 1992), 

MOSES (HASENAUER 1994), PROGNAUS (STERBA 

1995), BWIN (NAGEL 1996) and SIBYLA (FABRIKA 

2005).

By their nature, stand models are the oldest 

models and they model the development of stands 

based on summary and mean stand variables. 

They fundamentally include all types of yield 

tables. However, genuine models are considered 

to be those which have well formulated biometric 

principles in the form of a system of mathematical 

equations. A suitable example is STAOET model 

(FRANZ 1968), DFIT model (BRUCE et al. 1977) 

and the model by CURTIS et al. (1981). Specifi c 

cases which create a bridge between tree and 

stand models are the models which state the 

frequency of the number of stems (for example, 

in diameter classes). These are addressed 

based on differential equations (CLUTTER 1963, 

MOSER 1972 and 1974), regression models of 

rewriting frequency distributions (CLUTTER and 

BENNETT 1965, von GADOW 1987) or stochastic 

evolution models (SUZUKI 1971, SLOBODA 1976, 

KOUBA 1977). Some frequency models also exist 

in the form of computer programs, for example 

LANDSIM (WILL-WOLF and ROBERTS 1993) and 

LANDIS (MLADENOFF et al. 1993). The modelling 

unit of frequency models is a group of trees of 

the same category (for example, diameter or age 

class). Since stand models calculate changes of 

the entire population (stand) or a change in the 

frequency distributions, the relevant modelled 

period is ten years (one decade) or fi ve years. 

Successional models model the growth 

dynamic of large area systems which are built 

from mosaic, partial areas. The modelled unit 

is a community of trees. Models usually lead 

to predictions of long-term succession of an 

unmanaged forest stand and of the effect of 

changed growth conditions upon the production 

of biomass, for example, by the infl uence 

of global climate change. In terms of time, 

changes which are related to centuries are most 

interesting for these models. Representatives of 

these models include so called ’gap‘ or ’patch‘ 

models. From empirically orientated models, 

they are for example, JABOWA (BOTKIN et al. 

1972), FORET (SHUGART and WEST 1977, SHUGART 

1984) and PICUS (LEXER and HOENNINGER 2001), 

and from process orientated models, FORSKA 

(LEEMANS and PRENTICE 1989), ForClim (BUGMANN 

1996a) and 4C (BUGMANN et al. 1997).

Biome models are similarly focused as 

successional models but, by their nature, they 

concentrate upon whole countries or continents 

and in terms of time, they may also focus upon 

changes at greater time intervals. They may 

last millennia. The most well-known models 

include the Holdridge model (HOLDRIDGE 1947), 

BIOME (PRENTICE et al. 1992), TVM (LEMANS 

and VAN-DEN BORN 1994), DOLY (WOODWARD and 

SMITH 1994, WOODWARD et al. 1995), MAPSS 

(NEILSON 1995), BIOME2 (HAXELTINE et al. 1996), 

BIOME3 (HAXELTINE and PRENTICE 1996), but also 

the already mentioned process-based model, 
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Biome-BGC (THORNTON 1998). These models 

are often connected to the modelling tools of 

biogeography and to geographic information 

systems.

Defi nition 5.3

Upscale is a process of changing the scale 

from larger to smaller detail which means 

that we shift to a higher hierarchical level by 

gradually joining the lower hierarchical levels.

Downscale is a process of changing the scale 

from smaller to larger detail which means that 

we shift to a lower hierarchical level by gradu-

ally dividing the higher hierarchical levels.

We can see that the range of models is 

extensive. Therefore, we must state the target 

of the modelling before they are used. When 

implementing models, it is always good to 

evaluate the necessary spatial level, the 

necessary time interval of modelling as well as 

the level of detail in existing input data and the 

level of detail in the required output data. For 

the needs of modelling, a model suitable for 

the given hierarchical level should be used. If 

no models at the given hierarchical level exist, 

we can also use another hierarchical level. 

A shift from more general to more detailed 

level is called downscale (top-down concept) 

and the opposite is called upscale (bottom-

up concept). Upscale is simpler since this 

method has fewer methodological problems. 

Process-based models are especially suitable 

for these purposes. The opposite concept is 

less recommended since if we do not have 

any information about the distribution of 

states and processes at more detailed levels, 

this method is very complicated and often 

inaccurate. Nevertheless, upscale is not as 

methodologically simple as it appears at fi rst 

sight. This is because the state at a higher 

hierarchical level is not only the simple sum of 

lower level states, mainly if we are interested in 

system dynamics for longer time periods. This is 

because hierarchical levels control lower levels 

based upon control parameters (see the yellow 

arrows in fi gure 5.9). Sub-levels infl uence 

superior levels via signals and superior levels 

change their condition, and infl uence the lower 

levels in return. For example, a decrease in 

stand density infl uenced by thinning will cause 

an increase in tree increment. If we did not know 

about the decrease in density at stand level 

then based on the original tree increments we 

would incur a systemic error. There are many 

methodological methods for changing the scale 

of hierarchical modelling level. We recommend 

the works of, for example, KING (1991), RASTETTER 

second day year decade century millennium 
cell 

organ 

organism 

population 

community 

biome hierarchical level 

time level 

Fig. 5.8 Classifi cation of models depending upon time-hierarchical level (PRETZSCH, 2001).



204

FOREST ECOSYSTEM ANALYSIS AND MODELLING

et al. (1992), BUGMANN et al. (2000), DIECKMANN et 

al. (2000), AUGER and LETT (2003), URBAN (2005), 

LISCHKE et al. (2006).

5.2.3  Classifi cation of models depending 

upon hierarchical-spatial level with 

model examples

In her work, LISCHKE (2001) introduced a 

complex and detailed classifi cation of forest 

models which we have partially modifi ed and 

amended for the purposes of this publication. 

She linked the hierarchical level of modelling 

with the spatial level. That is how she created a 

classifi cation system which is mainly suitable for 

the needs of scientists. Currently models are 

mainly used for scientifi c purposes to simulate 

the behaviour of forest ecosystems, for example, 

under the infl uence of changing conditions (global 

climate changes) or after various natural and 

artifi cial disturbances (natural and anthropogenic 

disturbances). Using models, scientists seek 

suitable variants of forest management in 

relation to maintaining the sustainability of forest 

production and fulfi lling forest functions unrelated 

to production. Scientists are people who, based 

on their research, also positively infl uence 

practical steps at policy and management level. 

This is also related to modern terms such as 

’multipurpose (multi-use) sustainable forest 

management‘ or ’adaptive forest management‘ 

which are being more and more strongly 

enforced in the European Union forestry policy. 

The mentioned classifi cation speaks not only 

about a hierarchical level of forest modelling 

and spatial implementation of models, but also 

about the nature and type of models in terms of 

their practical use. Considering the purpose of 

use, it is necessary to be aware of which model 

is suitable, for example, for predicting changes 

in vegetation types at a global scale, predicting 

climate changes and their infl uence upon forests 

at a regional scale, predicting forest succession 

after natural disturbances at a local scale or for 

optimising forest management at a stand scale. 

Lischke divided hierarchical levels into eight 

categories. They are shown in table 5.1. These 

are the following levels: organ, tree, age class, 

size class, population or species, functional type, 

tree bio group (patch or gap), and community or 

ecosystem, or biome. The table gives examples 

of hierarchical levels, state variables, processes 

at hierarchical level and processes linking 

several units of each level. In this meaning, units 

mean particular occurrences of an object within 

the given hierarchical level. For example, if we 

focus upon individual tree level, units could be 

tree 312, tree 313 and tree 314. Lischke divided 

spatial levels into fi ve categories. These are the 

three dimensional position, two dimensional 

position, bio group, stand or region. The three 

dimensional position means that information 

about the location of the particular unit of the 

hierarchical level is required in 3D area (x, y and 

z coordinates), in the two dimensional position 

we only need information about the horizontal 

location (x, y coordinates) and at other levels, it 

is suffi cient to identify the inclusion of a unit in a 

particular group, stand or region. Lischke derived 

her model classifi cation by combining hierarchical 

Fig. 5.9 Organisation of 
nested hierarchies for 
scaling a photosynthesis 
estimate from the level of 
chloroplasts to landscape 
level. The groups of three 
green arrows indicate 
upscale. The bent yellow 
arrows illustrate the 
reverse infl uence on 
sub-levels via control 
parameters (LISCHKE et al. 
2006).
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and spatial levels. We have slightly modifi ed 

the classifi cation and defi ned 13 categories of 

models (fi gure 5.10): static vegetation models 

(biome models), eco-physiological tree models, 

functional-structural plant models, empirical 

distance dependent individual tree models, 

empirical distance independent individual tree 

models, tree patch or gap models, frequency 

patch or gap models, frequency population 

models, population and species models, models 

of functional types, models of the dynamic of 

patch or gap groups, ’big leaf‘ eco-physiological 

models, and eco-physiological models of the 

mean tree. For better clarifi cation, we adapted the 

classifi cation in the form of a chessboard, which 

we called a ’chessboard of models‘. It is a table 

of hierarchical and spatial levels. It is shown in 

fi gure 5.10. Model categories are placed in the 

appropriate position within the ’chessboard of 

models‘. The stated position represents the most 

common (standard) variant. Due to a combination 

of several approaches, in some cases there may 

also be a position which is not shown on the 

chessboard. These are mainly model derivatives 

which is also typical for the mentioned BGC model 

type (Biome-BGC, Forest-BGC and Tree-BGC). 

Although in all cases models are of ’big leaf‘ type 

(category 12), only Biome-BGC has the standard 

position ’A5‘, while Forest-BGC model could 

appear in position ’A4‘ and Tree-BGC model in 

position ’A2). In the ’chessboard of models‘, 

we may notice that some types of models have 

several standard positions. This depends upon 

the nature of use. For example, biome models 

(category 1) may commonly appear in positions 

’H5‘, ’F5‘ and ’E5‘. This is because they can use 

the level of population, species, functional type, 

community or ecosystem. However, they are 

always tied to a region. In the text below, we 

shall focus upon a more detailed description of 

individual categories. For each category, we will 

mention synonym name, will comment on the 

standard position in the ’chessboard of models‘, 

will clarify their basic nature, will name particular 

products and will introduce one or more of them. 

We shall focus upon products which are currently 

classical representatives of the given category 

or are favoured in Slovakia, the Czech Republic, 

Germany or Austria.

5.2.3.1  Static vegetation models 

(biome models)

Other equivalents: static equilibrium models, 

static distribution models.

Position on the ‘chessboard of models’: 

models address the hierarchical level of a 

Tab. 5.1 Hierarchical forest modelling according to LISCHKE (2001).

hierarchical  
level 

examples of 
hierarchical level 

examples of 
state variable 

process at 
hierarchical level 

processes linking several 
units of this level 

organ leaf, root, stem, flower biomass, nutrient 
content 

photosynthesis, 
respiration 

allocation 

individual tree 312 height, diameter, 
biomass, age 

allocation, 
establishment, 
growth, death 

seed transport, 
competition 

size class height class 5-10 m, 
diameter class 10-15 cm 

number, 
biomass, age 

establishment, 
growth, death 

growth, competition 

age class 0-10 years number, 
occurrence (%) 

interspecies 
competition, age 
structuring, death 

competition, age 
structuring 

population, 
species 

birch, oak, beech number, total 
biomass 

interspecies 
competition, net 

population growth 

interspecies competition 

functional  
type 

pioneer species, 
climax species 

number, total 
biomass 

competition between 
individuals of 

functional type, net 
population growth 

competition between 
functional types 

tree bio group 
(patch, gap) 

trees height, maturity competition, growth, 
death 

regeneration 

community, 
ecosystem, 

biome 

temperate forests biomass, nutrient 
content 

production, 
respiration 

global production 
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population, species, functional type, community 

or ecosystem whilst at a spatial level, they 

exclusively address region; the standard position 

is ’E1‘, ’F1‘ or ’H1‘.

Products: correlation models: Holdridge 

model; mechanistic models: BIOME, BIOME2, 

BIOME3, DOLY, MAPSS, TVM.

Nature of models: Static vegetation models 

(see preview by GUISAN and ZIMMERMANN, 2000) are 

based on the simple relationship between abiotic 

variables and vegetation composition. Vegetation 

is expressed by species composition or by biome 

type in a balanced state (equilibrium). A balanced 

state describes a potential climax community. 

The approach assumes that the response of 

vegetation to the changes of abiotic variables 

is immediate and the relationships remain the 

same even during changed conditions. Models 

therefore omit temporary communities which 

occur during the dynamics of forest succession. 

This simplifi cation only predetermines models 

for global simulations within wide areas (regions, 

continents, and world). Therefore, these models 

are very often linked to biogeographic modelling 

tools to be used for geographic information 

systems. From the description, it is clear 

that the models do not deal with the growth 

processes of a forest ecosystem. They only 

concentrate upon the changes in the occurrence 

of vegetation in relation to external factors. One 

of the oldest models of this type is based upon 

the classifi cation of the Earth’s biomes based 

on temperature and precipitation according 

to HOLDRIDGE (1947). He only used correlation 

relationships as a base. Modern global bio-

geographical models, for example, BIOME 

(PRENTICE et al. 1992), TVM (LEEMANS and VAN-DEN 

BORN 1994), DOLY (WOODWARD and SMITH 1994), 

MAPSS (NEILSON 1995), BIOME2 (HAXELTINE 

et al. 1996) and BIOME 3 (HAXELTINE and 

PRENTICE 1996) are also combined with dynamic 

models simulating nutrient cycles. In static 

vegetation models, vegetation is considered 

to be in the form of species, functional plant 

Fig. 5.10 Classifi cation of models depending upon their hierarchical-spatial level (LISCHKE 2001) modifi ed 
into a ’chessboard of models‘. The chessboard describes the type of hierarchical and spatial level in the 
form of standard placement of individual model types. (1) static vegetation models (biome models), (2) 
eco-physiological tree models, (3) functional-structural plant models, (4) empirical distance-dependent 
individual tree models, (5) empirical distance-independent individual tree models, (6) tree patch or gap 
models, (7) frequency patch or gap models, (8) frequency population models, (9) population and species 
models, (10) models of functional types, (11) models of the dynamic of patch or gap groups, (12) ’big leaf‘ 
eco-physiological models and (13) eco-physiological models of the mean tree. Some models can have 
various standard positions depending upon the nature of their application.
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types, vegetation complexes or biomes. The 

potential vegetation composition is determined 

empirically (from correlation) or partially causally 

(mechanistically). Correlation models are based 

on ecological limitations such as the annual 

sum of daily temperatures, and on a dominance 

table. Mechanistic models assume maximum 

net production of the ecosystem or maximum 

index of leaf area which can be achieved under 

given humidity and nutritional conditions. The 

fi rst step in comprehending vegetation dynamics 

(succession) for shifting models towards dynamic 

models was attempted by a collective of authors 

BELOTELOV et al. (1996) who used an empirically 

defi ned delay of the transition between types of 

biomes. As an example of a static vegetation 

model, we selected correlation model by 

Holdridge which was fi rst, and is nowadays 

a classical representative of this category of 

models. For illustration, we shall compare this 

model with the mechanistic models DOLY, 

BIOME2 and MAPSS using a particular example 

of vegetation distribution in the United States of 

America in the works of YATES et al. (2000).

The model approach by Holdridge

The model defi nes a global bioclimatic scheme 

for classifying land in ecological climate zones 

which are called ’life zones‘. The system was 

fi rst published by LESLIE HOLDRIDGE in 1947 and 

amended in 1967. It is a relatively simple system 

which attempts to objectively map an area 

based upon a small set of empirical data. The 

fundamental basis of the system is that soil and 

climax vegetation may be mapped if we know 

the climate. This model classifi es vegetation 

into 38 categories (table 5.2) based upon two 

key climatic variables, annual precipitation 

and biotemperature. Annual precipitation is 

calculated as the average of the total annual 

sum of precipitation. Biotemperature expresses 

the annual temperature calculated from monthly 

average temperatures whilst all temperatures 

below 0°C are considered as zero in calculations. 

The reason for this method lies in the fact that at 

this temperature plants are in a dormant (sleeping) 

state, when all biological processes are halted or 

minimised. The model also uses a third variable 

which is the ratio between annual potential 

evapotranspiration and precipitation (potential 

evapotranspiration ratio). However, this variable 

is a function of precipitation and biotemperature 

and therefore it is not explicitly necessary. Each 

zone is specifi ed by a hexagon. Hexagons are 

identifi ed by the intersection of the values of 

three variables (precipitation, biotemperature 

and the potential evapotranspiration ratio) in 

a triangular coordinate system. All three axes 

(sides of the triangle) in the coordinate system 

are logarithmic (see fi gure 5.11). Horizontal green 

number name

1 polar desert

2 sub polar dry tundra

3 sub polar moist tundra

4 sub polar wet tundra

5 sub polar rain tundra

6 boreal desert

7 boreal dry scrub

8 boreal moist forest

9 boreal wet forest

10 boreal rain forest

11 cool temperate desert

12 cool temperate desert scrub 

13 cool temperate steppe

14 cool temperate moist forest

15 cool temperate wet forest

16 cool temperate rain forest

17 warm temperate desert

18 warm temperate desert scrub

19 warm temperate thorn steppe

20 warm temperate dry forest

21 warm temperate moist forest

22 warm temperate wet forest

23 warm temperate rain forest

24 subtropical desert

25 subtropical desert scrub

26 subtropical thorn woodland

27 subtropical dry forest

28 subtropical moist forest

29 subtropical wet forest

30 subtropical rain forest

31 tropical desert 

32 tropical desert scrub

33 tropical thorn woodland

34 tropical very dry forest

35 tropical dry forest

36 tropical moist forest

37 tropical wet forest

38 tropical rain forest

Tab. 5.2 Life zones by HOLDRIDGE (1947).



208

FOREST ECOSYSTEM ANALYSIS AND MODELLING

lines separate specifi c areas within latitudinal 

regions and specifi c altitudinal belts. These are 

defi ned by the biotemperature threshold values. 

Holdridge defi ned seven geographical latitudinal 

regions: polar, subpolar, boreal, cool temperate, 

warm temperate, subtropical and tropical. At the 

same time, he created six altitudinal belts: alvar, 

alpine, subalpine, montane, lower montane, and 

premontane. With their intervals, the annual 

precipitation on the right side of the triangle and 

the potential evapotranspiration ratio on the left 

side of the triangle form eight humidity provinces 

which are shown on the base of the triangle: 

superarid, perarid, arid, semiarid, subhumid, 

humid, perhumid and superhumid.

YATES et al. (2000) compared correlation 

model by Holdridge with the tree mechanistically 

orientated models BIOME2, DOLY and MAPSS. 

They applied these models for the area of the 

United States of America for actual climate 

state and for climate change scenarios. Before 

the classifi cation of vegetation regions, they 

carried out the grouping of 38 life zones into 13 

simpler and 17 fi ner vegetation types compatible 

with mechanistic model classifi cations. They 

visualised the potential classification of 

vegetation in the USA derived from all four 

models using a geographical information system 

and they compared the results. Figure 5.12 

shows an example of the 17 vegetation types 

modelled using all models for the actual climate 

and the climatic scenario.

5.2.3.2 Eco-physiological tree models

Other equivalents: eco-physiological indi-

vidual based models.

Position on the ‘chessboard of models’: 

models address the hierarchical level of tree 

organs, for which their position is determined 

in 3D or 2D space; the standard position is ’A1‘ 

or ’A2‘ .

Products: ’A1‘ BALANCE, TRAGIC; ’A2‘: 

EFIMOD , SPRUCOM.

Nature of the models: Tree eco-physiological 

models formulate physiological processes 

depending upon environmental factors in organs 

Fig. 5.11 HOLDRIDGE’s (1947) classifi cation of vegetation into a system of life zones. Input into the 
classifi cation system are biotemperature, annual precipitation, and the potential evapotranspiration 
ratio. Variables are placed into a triangular logarithmic coordinate system. The output of the model is the 
classifi cation into life zones, which are identifi ed using hexagons at the intersection of input variables. At 
the same time, the system determines seven geographical latitudinal regions, six altitudinal belts and eight 
humidity provinces. The fi gure is obtained from Wikimedia Commons.
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or parts of individual trees. Three dimensional 

models consider the variability of structure at a 

very detailed level since they work with different 

heights and positions of individuals, or also take 

into account differences between the organs of 

individuals (3D position). SORRENSEN-COTHERN et 

al. (1993), HAUHS et al. (1995) and WILLIAMS (1996) 

in their models, describe the growth of individual 

trees based upon their position and distribution 

in a three dimensional space. TRAGIC model 

from HAUHS et al. (1995) also models the genetic 

infl uence upon population dynamics. Of newer 

models in this category, we may mention, for 

example BALANCE model (GROTE and PRETZSCH 

2002). The mentioned models, together with the 

following category of tree functional-structural 

models, belong to most detailed models and, at 

the same time, they are most demanding in terms 

of development. However, they have a great 

future. Some simpler models require only explicit 

information about the horizontal position of trees 

in the stand (only 2D position). They belong to 

the category of two-dimensional models. These 

include, for example, SPRUCOM model (BOSSEL 

et al. 1991) and from the new models, EFIMOD 

model (KOMAROV et al. 2003). As an example of a 

tree eco-physiological model, we shall mention 

the BALANCE product which is one of the three-

dimensional models.

BALANCE

BALANCE models the infl uence of competition, 

stand structure, tree species composition and 

management interventions upon the growth of 

individual trees (GROTE and PRETZSCH 2002). This 

is implemented thanks to the feedback, where 

tree development is infl uenced by environmental 

conditions and environmental conditions are 

infl uenced by tree growth in return. Three-

dimensional development of trees in a stand is 

modelled at annual intervals based upon wood 

biomass which accumulated during the previous 

year. The simulation of the related carbon, water 

and nutrients cycles at tree level represents 

the process core of the model and is currently 

parameterised for beech, oak, spruce and pine. 

Each tree in a forest stand is divided into crown 

and root layers which are subsequently divided 

into eight crown and root sectors. Microclimatic 

conditions are calculated for each layer and 

sector. Whilst microclimatic conditions are 

calculated at daily intervals, physiological 

processes of assimilation, respiration, nutrients 

Fig. 5.12 A comparison of the results of vegetation classifi cation using Holdridge, BIOME2, DOLY and 
MAPSS models for actual climate and climatic scenario for the United States of America (YATES et al. 2000).

Current climate Climate scenario 

DOLY DOLY 

BIOME2 BIOME2 

MAPSS MAPSS 

HOLDRIDGE HOLDRIDGE 

Tundra 
Boreal coniferous forests 
Temperate oceanic coniferous forests 
Temperate continental coniferous forests 
Cool temperate deciduous forests 
Warm temp. and subtropical mixed forests 
Temperate deciduous forests 
Tropical deciduous forests 
Tropical evergreen forests 
Temp. mixed and conif. xerophylic forests 
Tropical thorn forests 
Temperate deciduous and mixed savannahs 
Temperate arid shrublands 
Tropical deciduous savannahs 
C3 grasslands 
C4 grasslands 
Subtropical arid shrublands 
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uptake, growth, senescence and allocation 

are calculated at monthly or ten-day intervals. 

Aggregation of microclimatic conditions is 

used. This approach provides high sensitivity 

of physiological processes of individual trees to 

weather conditions, the concentration of carbon 

dioxide, water and accessibility to nutrients 

as well as atmospheric pollution, without a 

high demand for calculation time. BALANCE 

uses various methods for the quantifi cation of 

processes. The Penman-Monteith formula is 

used for calculating the water balance (see the 

chapter on modelling evapotranspiration). The 

model of stomata closure links water balance to 

the photosynthesis model. The photosynthesis 

model is based on the approach by HAXELTINE 

and PRENTICE (1996). Allocation of carbon and 

nitrogen in the roots, branches and stems of 

trees is addressed based on the functional 

balance and a ’pipe‘ model (see the chapter 

on modelling allocation). In order to mimic the 

relationship between environmental infl uence 

and growth, the model considers seasonal 

development of assimilation organs, since 

accessibility to light and radiation absorption 

changes with the area of assimilation organs 

and changes of their distribution. BALANCE 

models the bud-bursting of assimilation organs 

using the temperature sum model (RÖTZER et al. 

2004), whilst the falling of assimilation organs is 

modelled based on the respiration sum. Since 

tree development is described on an individual 

basis, it is possible to use the model for 

estimating environmental infl uence upon stand 

development independently from the mixture of 

tree species and stand structure. Data can be 

produced coupling with structure generator. To 

initiate the simulation, the model requires tree 

positions as well as tree heights and diameters. 

It also requires a rough description of soil (water 

capacity, wilting point, nutrient conditions, rooting 

depth). Daily meteorological data is used for 

controlling the simulation (temperature, radiation, 

wind speed, humidity and precipitation). In 

addition, data about the pollution loadings can 

be used. Model outputs are produced in a 10-

day to an annual interval at the level of individual 

parts of trees (crown and root layers, and sectors 

plus stem) to the level of the whole stand. Apart 

from the biometric values of trees and stands, 

we may also obtain values describing the stand 

microclimate and water regime. Figure 5.13 

shows an example of the outputs from BALANCE 

model in the form of the visualisation of a forest 

stand using TREEVIEW tool (SEIFERT 1998). The 

fi gure illustrates different parts of a tree using a 

colour scale. The scale describes the density of 

the biomass of assimilation organs and roots.

5.2.3.3 Functional-structural plant models

Other name: functional-structural tree models.

Position on the ‘chessboard of models’: 

models address the hierarchical level of tree 

organs, which are determined exclusively in 3D 

space; the standard position is ’A1‘.

Products: GROGRA, GroIMP, EMILION, 

LIGNUM.

Nature of the models: Functional-structural 

plant models appeared in the mid-1990s (see 

SILVA FENNICA 31(3), 1997). Models unify the 

description of tree physiological processes, 

with a description of their architecture as one 

compact modelling framework. They represent 

a link of process-based models, describing the 

uptake of resources and their distribution in the 

plant, with structural models which describe the 

structural dynamics of trees (fi gure 5.14). The 

basic elements of functional-structural plant 

models are given in more detail in the works of 

SIEVÄNEN et al. (2000) and PRUSINKIEWICZ (2004). 

The latest developments can be found in the 

works of PRUSINKIEWICZ et al. (2007). Models 

usually give a detailed description of (at least) the 

Fig. 5.13 Outputs from BALANCE model. Outputs 
are visualised using TREEVIEW tool (SEIFERT 1998). 
Attributes of different parts of a tree are illustrated 
using a colour scale. In this case, the biomass 
of assimilation organs and roots is distinguished 
using colours (PRETZSCH et al. 2007).
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aboveground tree biomass, represented by the 

topology and geometry of individual tree organs 

such as shoots or internodes, leaves, fl owers 

and buds. Models also describe the interaction 

of organs with the surrounding environment and 

their metabolic processes. For example, in the 

most detailed cases a light model may be used 

for calculating the radiation fl ow obtained by 

each individual organ (CHELLE and ANDRIEU 2007). 

Photosynthesis, transpiration or other processes 

in tree crowns are analogically modelled. 

Resources produced in a tree are allocated to its 

various parts and provide for further processes 

such as growth, respiration, reproduction, 

protection, etc. It is important that the structure 

of trees has an implicit feedback for the future 

acquisition and distribution of resources. Models 

therefore focus upon the development of the 

morphology of tree organs in a three dimensional 

space. From a technological viewpoint, they use 

growth grammars and Lindenmayer systems 

(L-systems). Tree morphology is supplemented 

by physiological processes in the form of 

photosynthesis, assimilation, respiration and 

allocation, which infl uence the formation of 

the plant in the space. Processes are included 

in growth grammars using suitable methods. 

There exist various open tools, using which 

structural models can be created. These 

have already been mentioned in Chapter 

5.2.1. However, not all are able to properly 

implement process relationships in growth 

grammars since they often require instructions 

which are not compatible with the classical 

syntax of L-systems. Therefore, L-systems are 

often extended by a super-structural group of 

commands or supplemented by possibilities to 

implement procedural or object programming 

languages. An example of the fi rst group could 

be GROGRA tool, using which it was possible 

to model the development of spruce taking tree 

competition into account under the infl uence of 

solar radiation (KURTH 1999). An example of the 

second group is GroIMP tool which integrates 

options of object programming in JAVA into 

growth grammars. This allows implementation 

of any algorithms into the development, for 

example, in the form of differential equations. The 

result is the possibility to fully implement process 

relationships in growth grammars. Examples 

can be found in the work of KNIEMEYER (2008). A 

problem with versatile tools is complications in 

defi ning growth grammar and process segment 

codes. Therefore, specialised models have also 

been created containing pre-defi ned growth 

grammars and process algorithms directly in the 

software product. However, their disadvantage 

is that they represent a closed system. These 

models only require the formulation of the initial 

state and environmental conditions. The entire 

process then runs automatically. These products 

include the models LIGNUM (PERTTUNEN et al. 

1998, LO et al. 2001) and EMILION (BOSC 2000). 

We shall use LIGNUM product as an example of 

a functional-structural plant model.

LIGNUM

It is a tree model which creates a link between 

traditional process-based modelling and three-

dimensional tree architecture. It allows to 

model uptake of resources and allocation in a 

dynamically growing tree using process principles 

(ALLEN et al. 2005). It addresses modelling of the 

metabolism, the creation of organs, primary and 

secondary growth of organs, the senescence of 

plant structural elements, the development of 

tree architecture and the radiation regime. The 

model is applicable for coniferous (PERTTUNEN 

et al. 1996, LO et al. 2001) and deciduous trees 

Fig. 5.14 Schematic illustration of a functional-
structural plant model using a system diagram. 
The solid lines show the fl ow of nutrients and the 
dashed lines show the fl ow of information. Valves 
(shown by two connected triangles) regulate the 
processes and the rectangles express exogenous, 
intermediary and state variables. Processed in 
accordance with PERTTUNEN (2008)

External enviroment: 
atmosphere, light, temperature 

Stock resource: 
carbon 

Biomass and dimensions 
of organs: leaves, wood, 
buds, flowers, fruits, 
roots Tree architecture 

Photosynthesis 

Respiration 

Growth 

Acclimatization 

Allocation 
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(PERTTUNEN et al. 2001, LU 2006) and also for 

the clones of dwarf scrub forms (PERTTUNEN and 

SIEVÄNEN 2005). LIGNUM represents the three 

dimensional architecture of a crown using the 

structural elements: tree segments, buds and 

branching points. Sequences of these structural 

elements create tree axes. Branching points are 

places where one or several segments connect 

whilst the segments represent the wooden 

material between two branching points (fi gure 

5.15). A tree is described using the topology of 

organs which defi nes the sequence of individual 

elements along the main axis of the tree. Tree 

architecture is defi ned by the morphological 

type of a tree. It is written using growth grammar 

(L-systems). In LIGNUM environment, solar 

radiation is described using a model of the sky in 

the hemispherical form. The upper hemisphere 

is divided into a discrete number of sectors and 

incident radiation is created by accumulation 

of radiation from the centres of all sectors. The 

amount of absorbed radiation in tree crowns 

is addressed using the tree architecture and 

the topology of individual structural parts of 

the tree crown. With their shading effect, they 

cause reduction of incoming solar radiation. 

Photosynthesis output is directly dependent 

upon the amount of absorbed light throughout 

the year or vegetation period. LIGNUM models 

maintenance respiration. This is calculated 

based on a reduction coeffi cient. The coeffi cient 

is applied to the weight of living tissues in each 

segment of the plant, including the aggregated 

root system. Allocation in the model is based 

on a balance between photosynthesis and plant 

respiration. First, we calculate net production 

as a difference between photosynthesis and 

respiration. If net production is negative, the 

tree is dying. Positive net production is divided 

into individual structural elements of the model. 

Allocation provides the production of new 

structural elements, primary growth (lengthwise) 

and secondary growth (diameter wise). The 

number of new segments depends upon the 

conditions of the parent segment. It is based on 

a ’pipe‘ model (SHINOZAKI et al. 1964). Sapwood 

at the end of new segments must be adapted 

to sapwood along the lower segments and new 

assimilation apparatus (leaves and needles) 

also requires new roots. The length-growth of 

segments is ensured by the elongation rate. The 

coeffi cient depends upon the balance between 

new segments, existing segments and the 

amount of assimilation organs. Thickening of 

segments is addressed on the basis of a ’pipe‘ 

model (SHINOZAKI et al. 1964) which assumes 

that leaf and needle biomass is proportional 

to sapwood in a segment cross-section under 

the place where the creation of assimilation 

organs starts (see chapter 8.6.8). Apart from 

this, diameter growth is also infl uenced by 

senescence, i.e. senescence of part of the 

sapwood which becomes heartwood and by the 

mortality of assimilation organs in the segments. 

Based on these assumptions, the fi nal width 

increase rate of individual segments is modelled. 

Figure 5.16 shows an example of the effect of 

different light conditions on fi ve individuals 

a) b) 

c) 

leaf 
bud 

branching point 

heartwood 
sapwood 
bark 

tree segment: 

Fig. 5.15 Schematic illustration of structural elements of coniferous (a) and deciduous (b) trees in LIGNUM 
model. It also shows the structure of a tree segment (c). Illustrated in accordance with PERTTUNEN (2008).
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of sugar maple in fi ve openings of the crown 

canopy.

5.2.3.4  Empirical distance dependent 

individual tree models 

Other equivalents: empirically based position 

dependent individual tree models, pure empirical 

distance dependent individual tree models, 

semi-empirical distance dependent individual 

tree models.

Position on the ‘chessboard of models’: 

models address the hierarchical level of 

individuals, which position is determined in 2D 

space; the standard position is ’B2‘.

Products: pure empirical: FOREST, 

FORMOSAIC, MOSES; semi-empirical: 

SIBYLA, SILVA, SORTIE.

Nature of the models: Empirical distance 

dependent individual tree models simulate the 

growth and mortality of individual trees whilst 

the position of trees in the stand determines the 

level of competitive pressure and also, therefore, 

the size of tree increment. Pure empirical 

models use formulae derived from experimental 

data. They are linked to the basic population for 

which they were constructed (EK and MONSERUD 

1974, HASENAUER 1994, LIU and ASHTON 1998). 

This means that their parameters are ’fi tted‘ to 

the experimental data of specifi c stands and 

its application is limited to these stands or to 

stands with similar conditions. More versatile 

are semi-empirical models which include 

causal and heuristic relationships in order to 

become closer to the real character of biological 

processes. They mainly focus upon defi ning the 

relationships between environmental factors 

and tree increment in the form of ecological site 

classifi cation and upon defi ning competition 

indices which better express the natural 

processes of light absorption by tree crowns 

(ARNEY 1974, LIN 1974, BUSING 1991, PRETZSCH 

1992, PACALA et al. 1993, PACALA and DEUTSCHMAN 

1995, ERNI and LEMM 1995, PICARD et al. 2001, 

FABRIKA 2005). However, these causal and 

heuristic relationships are linked to experimental 

data in the form of regression relationships. 

Nevertheless, these models are more fl exible, 

mainly in terms of a wider spectrum of input data 

(climatic, soil and other site data). Empirically 

based position dependent models are very 

fl exibly able to respond to the needs of forestry 

management. This is due to low fi nancial demand 

when compared to the previous two groups and 

maintaining the tree character. A limitation to 

particular regions is not an obstacle in their use. 

Their application in other regions can be achieved 

using a suitable calibration method (correction of 

errors or empirical reparameterisation). Models 

also often contain a wide scale of tools for 

defi ning management treatments (cleaning and 

thinning). The distance dependent tree character 

of the model also allows implementing such 

management interventions that are linked to the 

distance between trees, their bio-sociological 

Fig. 5.16 An example of the effect of different light conditions upon fi ve individuals of sugar maple in fi ve 
crown canopy openings in LIGNUM model (PERTTUNEN, 2008).
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position and competitive pressure. The fact 

that these models primarily concentrate upon 

tree state variables (diameter, height, volume, 

quality) means that these models are also very 

often used as effi cient forestry management 

tools. Due to their practical use, they are suitable 

for regular users and for the needs of optimising 

forest management. However, the models are 

less applicable in ecological modelling since 

they address the issues of ecological cycles and 

the accumulation of biomass only secondarily by 

linking them to primary biometric state variables. 

As an example of empirically based position 

dependent models, we shall mention the pure 

empirical model, FOREST (EK and MONSERUD 

1974, MONSERUD 1975) together with the derived 

MOSES model (HASENAUER 1994) and the semi-

empirical model SILVA (PRETZSCH 1992, PRETZSCH 

et al. 2002) together with the related model 

SIBYLA (FABRIKA 2005, FABRIKA and ĎURSKÝ 2006).

FOREST and MOSES

FOREST growth model was constructed be 

EK and MONSERUD at the beginning of the 1970s. 

The model was initially designed to describe the 

growth of mixed stands in Wisconsin. Since then, 

the model has been developed for other regions. 

MOSES growth model was developed in Austria 

by HASENAUER et al. based on the FOREST 

model principle. The model was designed for 

even-aged and uneven-aged spruce, beech and 

pine-larch forests, as well as for uneven-aged 

mixtures of spruce, pine and beech. Both models 

belong to the group of distance dependent 

models with a pure empirical approach. Due to 

their same principles, we shall describe them 

together. Input values of models represent tree 

information. Apart from the information about 

trees, it is also necessary to know the site index 

(stand site class) for an increment model. At a 

tree level, we need data on tree species, position 

coordinates, tree diameter and height, and the 

height to the base of the living crown. A tree 

increment depends upon the distances between 

trees and is independent from the tree age. It is 

based on the reduction of increment potential. 

Its foundation is a non-linear regression model 

between the potential height and age of the tree. 

The potential height curve is based on the site 

index (stand site class). The potential diameter of 

a tree is derived using empirical allometry from 

trees grown in an open area (solitary trees). It 

is expressed by an allometric equation based 

upon tree height. Allometry also expresses the 

relationship between the potential diameter 

of tree crown and tree height. Transfer from a 

time dependent formula to a time independent 

formula is carried out using the following method:

a)  the modelled age of a tree is estimated from 

the site class height function based on the 

actual tree height,

b)  the length of the simulation period (5 years) 

is added to the modelled age,

c)  from the site class curve, the new value of 

tree height is assigned to this age,

d)  the difference between the new and the 

original tree height expresses its potential 

height increment,

e)  the initial and fi nal potential tree diameter will 

be determined from the allometric formula 

for the original and new tree height,

f)  the difference between them represents the 

diameter increment potential.

Increment potentials derived in this way are 

then modifi ed using reduction coeffi cients. 

Reduction coeffi cients are calculated from the 

non-linear regression formula with the input of 

the crown ratio, competition index after thinning 

and the change in the competition index caused 

by thinning. The crown ratio expresses the ratio 

between the length of the crown and the height 

of the tree. It is determined based on the new 

height to base of the living crown from the non-

linear regression formula using tree diameter, 

tree height, the previous crown ratio and the 

competition index after thinning. The competition 

index depends upon the distances between 

trees. Its principle is the evaluation of the overlap 

of a potential crown of an evaluated tree by the 

potential crowns of competitors following BELL’s 

algorithm (1971). The competition index will be 

introduced in Chapter 6.6.2.1. A mortality model 

is based on modelling the probability of a tree 

death during the next fi ve year period using 

logistic regression. The model includes tree 

diameter, crown ratio and competition index after 

thinning. The model is of a stochastic nature. 

The probability of tree mortality is compared 

with a randomly generated number, and if the 

probability is greater, the tree will die. The model 

outputs are then updated tree values including 

production data calculated per stand area or per 

hectare. Figure 5.17 gives the visualisation of a 

stand area during the simulation using MOSES 

model.
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SILVA and SIBYLA

SILVA model was developed by PRETZSCH et 

al. for German conditions. It is constructed for 

coniferous tree species: spruce, fi r, pine, larch, 

Douglas fi r, and for deciduous tree species: 

beech, oak, maple and alder. SIBYLA model 

was developed in Slovakia by FABRIKA. It is very 

similar to SILVA model. It is parameterised for 

spruce, fi r, pine, beech and oak. The models 

allow modelling of even-aged and uneven-

aged stands, pure as well as mixed stands with 

variable stand structure. Both models are in the 

group of distance dependent models with a semi-

empirical approach. Due to their same principles, 

we shall describe them together.

The models require input data at the level of 

individual trees. These are diameters, heights 

and coordinates, together with crown parameters 

(height of crown base and the widest crown 

diameter). The growth models also allow the 

use of stand data using an effective structure 

generator (PRETZSCH 1993, FABRIKA 2005). 

As a minimum set of input values they need 

information about the mean diameter, mean 

height and basal area, or stock for individual 

tree species. Such input is, of course, to the 

detriment of simulation accuracy, but it is suitable 

for operational practice.

An increment model of simulators is based 

on ecological site classifi cation (KAHN, 1994) 

which is based directly upon the climatic and 

soil characteristics of the site: the content of CO
2
 

and NO
x
 in the atmosphere, supply of nutrients 

in the soil, length of vegetation period, average 

temperature during the vegetation period, annual 

temperature amplitude, total precipitation during 

the vegetation period, relative soil humidity and 

aridity index. These factors enter the dose and 

response functions. They are constructed based 

on ecological studies. The results of the functions 

are reduction factors which are aggregated into a 

nutritional, thermal and humidity indices.  Indices 

reduce the height growth potential of individual 

tree species using interpolation inside the range 

of the minimum and maximum height curve of the 

tree. At the same time, height increment model is 

not age dependent. The same principle is used 

as in FOREST and MOSES models. Based on 

the actual tree height, the modelled tree age is 

determined from the ecological site classifi cation 

curve, time step of the simulation process is 

added and the new tree height is determined. 

The difference between heights represents 

the potential increment. This increment is then 

reduced based on the tree vitality factor and the 

reduction factor of the tree competition pressure. 

Tree vitality is measured with regard to the size 

of the crown surface and competition pressure 

is measured using the tree competition index 

before thinning as well as after its reduction after 

thinning. At the same time, the competition factor 

also takes into account the infl uence of uneven 

(asymmetric) competition pressure of the tree 

surroundings and the mixture of competing 

tree species (deciduous with coniferous). Tree 

diameter increment is derived from the potential 

increment curve representing maximum diameter 

increment depending upon tree diameter 

observed in research plots. This increment is 

then modifi ed using the site reduction factor, the 

tree vitality factor and tree competition pressure 

Fig. 5.17 An example of the visualisation of a simulation plot using MOSES growth model.
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factor. The site reduction factor is aggregated 

from the dose and response functions of site 

variables and the tree vitality factor and tree 

competition pressure are derived in the same 

way as for height increment.

The models contain a very complex tree crown 

model, which not only models the height to crown 

base and crown diameter, but also its shape. It 

uses various shapes separately for the shaded 

and sunlit parts of the crown, which also differ 

between tree species. For the shaded part of the 

crown of the majority of tree species, the model 

uses an inverted truncated cone. For example, for 

the sunlit spruce crown, it uses a cone, for fi r and 

pine a quadratic paraboloid is used and for beech 

and oak a cubic paraboloid is used. Crown shapes 

were derived from the crown profi le studies in 

research plots. Tree height and diameter is used 

for modelling all crown parameters.

A competition model is based on the calculation 

of a three dimensional competition index by 

Pretzsch (PRETZSCH 1995, BACHMANN 1998). The 

index is distance dependent and quantifi es 

competition pressure under the infl uence of 

the crowns of neighbouring trees. Competitive 

trees are considered to be those which enter 

the light competition cone of the evaluated tree. 

Determination of the crown competition light 

index shall be explained in Chapter 6.6.2.8.

A mortality model of simulators consists of two 

components. The fi rst sub-model predicts the 

probability of tree death using logistic regression 

(ĎURSKÝ 1997). The probability depends upon 

tree diameter, the relative increment of tree 

basal area, tree slenderness coeffi cient and 

the absolute site class. Absolute site class 

expresses potential tree height at the age of 

50 years and is derived from an ecological site 

classifi cation curve. The fi nal verdict of whether 

the given tree will die within a 5 year period is 

made after generating a random number. If the 

probability of death is greater than the random 

number, the tree is removed from the stand. The 

second sub-model is based on additive method. 

It arises from modelling the maximum basal area 

of a stand which depends upon the top height of 

tree species in the stand. The basal area which 

exceeds the maximum threshold is removed 

from the stand.

The output of the models is new tree data as 

well as aggregated production data for the entire 

stand. The models also calculate various indices 

of horizontal and vertical structure, including 

differentiation of forest structure, and also deal 

with calculating the economic outputs in the form 

of yield and costs of forest production. Figure 

5.18 shows an example of visualisations of stand 

structure using SILVA and SIBYLA models.

b) 

a) 

Fig. 5.18 An example of 
visualisation of stand structure 
using models: a) SILVA, 
b) SIBYLA.
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5.2.3.5.  Empirical distance independent 

individual tree models

Other equivalents: empirically based position 

independent individual tree models.

Position on the ‘chessboard of models’: 

models address the hierarchical level of 

individuals, which are determined in a space by 

their inclusion in a stand; the standard position 

is ’B4‘.

Products: BWIN, PROGNAUS, STAND 

PROGNOSIS MODEL, TreeGrOSS.

Nature of the models: Empirical distance 

independent individual tree models are very 

similar to the previous category. The difference 

is that the models do not use information about 

tree coordinates. This generalisation results in 

the fact that the models do not allow modelling 

of the infl uence of the horizontal forest structure 

upon its growth and production. This limits their 

manoeuvring space. This also limits the options 

to use some thinning regimes which are linked 

to tree distances. Competition indices in these 

models are either connected to stand density 

(competition in the area is homogenous) or are 

determined based on tree dimensions and tree 

position within stand variability. An empirical 

approach is used exclusively in modelling. 

Due to the nature of the models, it is pointless 

to implement causal or heuristic relationships. 

Model outputs are tree biometric values which are 

aggregated at stand area. From this viewpoint, 

they are very suitable for forest management 

purposes and less suitable for the purposes of 

ecological research. One of the fi rst models of 

this type was the STAND PROGNOSIS MODEL 

from WYKOFF et al. (1982) which was developed 

for medium term and long term forestry 

planning in the states of Idaho, Washington and 

Montana. In Austria, this model inspired the 

simulator PROGNAUS (STERBA 1995, STERBA 

et al. 1995). Other models from this category 

are, for example, the German simulators BWIN 

(NAGEL 1996) and TreeGrOSS (NAGEL 2003). As 

an example of the models, we shall look at the 

Austrian PROGNAUS and German BWIN.

PROGNAUS

The tree growth model PROGNAUS was 

developed by STERBA et al. in Austria. It is 

designed for even-aged as well as uneven-aged 

stands of spruce, fi r, pine, larch, beech and oak, 

which may occur not only in homogeneous but 

also in mixed stand types. The model requires 

the following minimum input data about individual 

trees: tree species, tree diameter, tree height and 

stem quality. Information about the positional 

coordinates of trees is not required since the 

model is distance independent.

The increment model of PROGNAUS 

simulator is based on regression-multiplication 

methods. It calculates the increment of a tree 

basal area (MONSERUD and STERBA, 1996) and the 

increment of tree height (HASENAUER, 1999). The 

increment of tree basal area is directly regression 

dependent upon tree diameter, the ratio between 

crown length and tree height (crown ratio), the 

percentile of tree basal area, crown competition 

factor, altitude above sea level, slope, aspect, 

width of humus horizons, soil depth, category 

of the soil relief, soil moisture, vegetation type, 

soil type and growth region. Such a derived 

increment can be additionally reduced by a 

multiplier determined by a user which includes 

the infl uence of favourable or unfavourable 

factors upon tree growth (e.g. fertilisation or 

damage). Tree height increment depends upon 

its diameter, height, diameter increment, and 

crown ratio, altitude above sea level, slope, and 

aspect. The tree crown model (HASENAUER and 

MONSERUD 1996) is based on the calculation 

of the tree crown ratio from tree diameter, tree 

height, the percentile of tree basal area, crown 

competition factor, altitude above sea level, 

slope and aspect. The competition model has 

an important position in the model. It consists of 

the calculation of the crown competition factor 

and the percentile of the basal area (WYKOFF et 

al. 1982). The crown competition factor is based 

on the potential projection of tree crowns (STERBA 

1987). It will be described in Chapter 6.6.2.6. 

The potential crown of each tree is determined 

with a regression formula using tree diameter. 

Another competition factor is the basal area 

percentile. Prior to its determination, a curve 

of the relative cumulative frequency of basal 

area is created. Afterwards, the percentile for 

the particular tree is taken from the curve. This 

characteristic expresses what percentage of 

trees has a smaller basal area and therefore it 

indirectly determines its sociobiology position in 

the stand (see Chapter 6.8.1). A mortality model 

(MONSERUD and STERBA 1999) is based on logistic 

regression which describes the probability of 

tree death depending upon its diameter, crown 

ratio and percentile of basal area. Apart from the 
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standard output data such as tree characteristics, 

PROGNAUS simulator also produces stand 

characteristics in the form of yield tables (fi gure 

5.19) and economic results.

BWIN

The tree growth model BWIN was developed 

by NAGEL et al. in Germany. It is constructed for 

coniferous tree species of spruce, pine, larch, 

Douglas fi r and for deciduous tree species of 

beech and oak. The model is only applicable for 

even-aged stands which could be in the form of 

a mixed or pure forest. This model requires input 

data at the level of individual trees, i.e. data about 

tree species, age, diameter, height, widest crown 

diameter and height to crown base. Information 

about the position of trees is not necessary and 

it only serves for visualisation purposes (fi gure 

5.20). Apart from tree data, information about 

tree species site index is also required. The 

model also allows the use of common stand data 

instead of tree data. This is since it uses a very 

effi cient structure generator very similar to SILVA 

and SIBYLA models.

An increment model of BWIN simulator is 

based on the reduction of growth potential. 

Based on tree age and curve, determined by 

the site index, the potential increment of the 

top height of the stand is determined. This is 

then reduced based on the ratio between the 

actual tree height and stand top height. It is then 

further modifi ed using competition index and 

the reduction of competition due to thinning. 

The increment of tree basal area is determined 

using a regression equation based on tree age, 

crown surface, competition index and changes in 

competition after thinning.

The crown model is also regression. The 

height to crown base is calculated using tree 

height and diameter and the widest crown 

diameter using tree diameter. The increment 

model also requires the information on crown 

surface; hence its shape is also modelled. The 

same shape is used for every tree in the form of 

a quadratic paraboloid.

A competition model is based on the 

calculation of the index by WENSEL et al. (1987). 

The index uses the horizontal cross section of a 

stand at a particular height and the sum of crown 

Fig. 5.19 An example of output data about a forest stand from PROGNAUS model.
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projections of the surrounding trees at that height. 

The height is individual for each evaluated tree 

and is defi ned as 66% of the distance of the tree 

crown from its top. The competition index will be 

described in Chapter 6.6.2.5.

A mortality model applies the principle of a 

critical crown canopy. The model calculates the 

maximum number of trees of a given species 

at the given mean diameter using REINEKE’s 

method (1933). For the given mean diameter the 

maximum crown projection if the tree grew in 

an open area is calculated from the regression 

equation. The maximum crown projection at 

a given mean diameter is calculated based on 

the projection of a tree crown and the maximum 

number of trees. Crown projection is expressed 

as a ratio to the area of the stand which gives 

us the relative maximum crown canopy. This is 

then compared to the tree competition index. If 

the index is greater than the maximum canopy 

the tree is removed from the stand. The process 

is carried out repeatedly until all trees with their 

competition index exceeding the critical state 

are removed. At output, BWIN contains all 

the necessary quantitative information about 

individual trees, including data on biomass. 

Aggregated data about the stand as well as 

tables similar to the classical yield tables are also 

available. Output information also includes stand 

structural indices.

5.2.3.6 Tree patch or gap models

Other equivalents: individual based path 

(gap) models.

Position on the ‘chessboard of models’: 

models address the hierarchical level of 

individuals, which are determined in an area 

by their inclusion in a bio-group; the standard 

position is ’B3‘.

Products: FORECE, FORENA, FORET, 

FORMIND, FORSKA, FORSKA-2, JABOWA, 

LINKAGES, NEWCOP, PICUS, SIMA, ZELIG.

Nature of the models: Models are based 

on modern, theoretical ecology which says that 

large area systems mainly consist of mosaic 

self-sustaining units. The system may be studied 

Fig. 5.20 An example of stand visualisation in BWIN program based upon input or generated tree 
coordinates. The model is independent of tree positions. Coordinates only serve for the purposes of area 
visualisation.
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based on the analysis of these units. These 

methods were included in the investigation and 

modelling of growth dynamics of pure and mixed 

stands mainly by WATT (1925 and 1947), BRAY 

(1956), CURTIS (1959), BORMAN and LIKENS (1979a, 

b) and SHUGART (1984). This is how they formed 

the basis of the concept of small-scale models, 

also called patch or gap models, or successional 

models. In this meaning, a forest stand consists 

of small areas called ’patches‘ which are 

infl uenced by shading of dominant trees. Later, 

after they die or are harvested, stand openings 

called ‘gaps’ are created, which they infl uence 

further development of trees in the small areas. 

Hence, a modelling unit itself consists of the 

group of trees in the bio-group. We shall obtain 

stand development by aggregating all bio-groups 

that form the stand. The basic assumptions 

which are characteristic for patch (gap) models 

can be summarised in the following points:

1.  A forest stand is generalised into a set of 

small areas, from which each may be of a 

different age and successional stage. The 

size of the area is selected in such a way 

that it captures the area infl uenced by an 

old, dominant individual. They may be of a 

size from 100 to 1,000 m².

2.  Areas are horizontally homogenous which 

means that tree positions in small areas 

are not taken into consideration. The 

consequence of this assumption is the fact 

that the crowns of all trees are spread over 

the entire area.

3.  Leaves of all the trees are localised in an 

undetermined, thin layer (disk) at the top of 

each stem.

4.  The successional process may be described 

in each of these areas separately, which 

means that there is no interaction between 

areas and the forest is a mosaic of these 

independent areas.

Models assume that the development of the 

forest in a small area follows the cycle shown 

in fi gure 5.21. The small area is created by 

harvesting or death of an old tree from the upper 

layer of the stand. This improves the growing 

conditions of trees in the lower layers. This also 

improves the conditions for natural regeneration. 

Growing trees gradually close the gap and a 

new upper layer is created by their self-thinning 

process. Further loss of trees from the upper layer 

will cause the cycle to repeat. Growth models 

based upon these principles are mainly used 

for investigating competition and successional 

events in forest stands close to natural ones. 

Since these models simulate the growth 

dynamics in a small area and orientate towards 

individual trees, they can also be used to obtain 

information about the development of biometric 

tree values. In their inputs and outputs, however, 

they are less oriented towards information for and 

the needs of practical forest management. They 

are more oriented towards predicting the long-

term succession of non-managed forest stands. 

These models currently form a large group. It is 

a transitional type between the exact position 

of a tree and the entire stand. The models use 

stochastic establishment and death of trees 

in the space of bio-groups. They focus upon 

individual trees. The trees, however, do not have 

exact positions. Vertical variability is defi ned by 

different tree heights. Horizontal variability, on 

the other hand, is defi ned by the differences 

between areas (LÖFFLER and LISCHKE 2001). For 

modelling, they use empirical, semi-empirical or 

process-based formulae. A very important part 

of the models are algorithms for simulating tree 

regeneration processes (generative or vegetative 

natural regeneration). These are models of 

production, dispersal and germination of seeds, 

survival and growth of seedlings, or vegetative 

regeneration models. A very good overview of 

regeneration processes in gap models may be 

found in the works of PRICE et al. (2001). Another 

important part of models are algorithms for 

tree mortality. Various types are modelled, for 

example, natural mortality, growth dependent 

mortality, exogenous (disturbance) mortality, 

etc. An overview of approaches can be found in 

the works of KEANE et al. (2001).  SHUGART and 

SMITH (1996), BUGMANN et al. (1996) and BUGMANN 

(2001) gave an overview of these types of 

models and compared them. An example could 

be JABOWA models (BOTKIN et al. 1970, 1972), 

FORET (SHUGART and WEST 1977, SHUGART 1984), 

FORENA (SOLOMON 1986), LINKAGES (PASTOR 

and POST 1985, 1986), FORECE (KIENAST 1987), 

FORSKA (LEEMANS and PRENTICE 1989), SIMA 

(KELLOMÄKI et al. 1992), FORSKA-2 (PRENTICE et 

al. 1993), HYBRID (FRIEND et al. 1993, 1997), 

model FISCHLIN et al. (1995), NEWCOP (YAN and 

ZHAO 1995), FORMIND (KÖHLER and HUTH 1998) 

and PICUS (LEXER and HOENNINGER 2001). These 

models have already been applied in many fi elds:

a)  forest dynamics (SMITH and URBAN 1988, 

URBAN et al. 1991),
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b)  impact of climate changes upon forests 

(SOLOMAN et al. 1981, PASTOR and POST 1986, 

SOLOMON 1986, LEEMANSE and PRENTICE 

1989, URBAN and SHUGART 1989, KIENAST and 

KRÄUCHI 1991, KELLOMÄKI et al. 1993, KRÄUCHI 

and KIENAST 1993, BUGMANN and SOLOMON 

1995, BURTON and CUMMING 1995, TALKKARI 

and HYPEN 1996, BUGMANN and FISCHLIN 1996, 

BUGMANN 1997, MIŇĎÁŠ a ŠKVARENINA 2002)

c)  vegetation dynamics in the past (SOLOMON 

and THARP 1985, SOLOMON and BARTLEIN 

1992, LOTTER and KIENAST 1992, CAMPBELL 

and MCANDREWS 1993, LISCHKE 1998),

d)  management strategies (KUERPICK et al. 

1997).

  In the following text, we shall focus upon 

examples of two classical models - 

JABOWA and FORET - which are linked via 

their development and form the beginning of 

successional models.

JABOWA and FORET

In 1972, BOTKIN, JANAK and WALLIS developed 

the computer supported model JABOWA for 

analysing the growth dynamics of pure and 

mixed stands in the North East of the USA. The 

model was based on the data from more than 

200 small areas of a size of 100 m² established 

in mixed forest stands. The data was collected by 

Hubbard Brook within the study of ecosystems. 

The information about forest growth was 

combined with the information about soil and 

physiological and climatic data. In this way, 

production parameters as well as the properties 

necessary for deriving causal relationships 

were obtained. SHUGART and WEST (1977) and 

later SHUGART (1984) developed JABOWA 

model further until they created FORET model, 

which represents a versatile tool for the study 

of ecosystems and succession in larger forest 

areas. For model extension, they used all the 

fundamental program parts from JABOWA 

model for modelling the growth of individual 

trees. Therefore, we shall describe both models 

together.

Models control the growth of individual trees 

in small areas (bio-groups) depending upon 

average light, climatic and soil conditions, linked 

to the supply of water. The basic variable for 

defi ning tree development is their diameter 

at breast height. All other tree variables, for 

example, height and leaf areas of trees, are 

determined based on the diameter of trees. A 

prognosis of the development of tree diameters 

was derived by BOTKIN et al. (1972) and SHUGART 

(1984) in their models, based upon the following 

steps. It is based on the initial diameters of all 

trees in the stand bio-groups. Firstly, the diameter 

increment for the given period is determined 

for every tree based on the reduction of the 

potential diameter increments of the trees. The 

potential tree diameter increments are calculated 

using the following method. First, the area of 

assimilation organs is determined based on 

tree diameter using regression formulae derived 

separately for individual tree species. Next, the 

potential tree volume increment is calculated, 

and is proportional to the area of assimilation 

organs, and is subsequently reduced based on 

the ratio between the actual and maximum tree 

volume. The ratio expresses the assumption that 

with growing dimensions, a tree needs more 

and more assimilation organs for maintaining 

its life functions. The ratio is calculated as a 

complement of the proportion between the 

actual and maximum tree volume up to value 

of 1. The actual volume depends upon the 

actual tree diameter and height. Maximum tree 

Fig. 5.21 Patch or gap models follow this 
characteristic cycle: death or felling of an old, 
dominant tree improves the growing condition 
in the bio-group area; growing-up of young 
generation closes the gap created in the bio-
group canopy, and via self-thinning the number of 
dominant trees gradually decreases and the circle 
is closed. This cycle is refl ected in the age curve of 
biomass stock (SHUGART 1984).
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volume is determined by the maximum values of 

tree diameters and heights. These are defi ned 

separately for individual tree species. Finally, 

the potential diameter increment of the tree is 

calculated from a formula fi tted by regression 

which includes tree diameter and the same 

ratio between the actual and maximum tree 

dimensions as it is used in the calculation of 

volume increment. Potential increments which 

may be expected under optimum growing 

conditions are further modifi ed based on the 

effects of light, climate, soil properties and water 

supply. For this reduction factors with values from 

0 to 1 (1 = no reduction, 0.5 = 50% reduction, 

0 = no increment) are used as multipliers, that 

reduce the potential value.

Botkin et al. calculated the effect of light based 

on the shaded leaf areas at individual heights of 

the bio-group using the Lambert-Beer law (see 

the chapter on modelling light absorption). They 

assume the same height and light profi le for the 

whole area of the bio-group. Various methods 

are proposed for deriving climate, soil and water 

factors depending upon the available database. 

For example, climatic effects are controlled by 

the set of meteorological data. The effects of 

soil are controlled by the information from site 

mapping. The infl uence of water is derived from 

the data on precipitation, evapotranspiration, 

from the data about soil characteristics and 

from the relationship between the actual and 

potential density of stocking as an indicator for 

root competition. Tree heights are determined 

from the new diameters and volumes of the 

trees. At the beginning of each annual step of 

the prognosis, stochastic functions of natural 

regeneration, which are species specifi c, are 

activated. This creates natural regeneration in 

tree bio-groups. Trees whose diameter increment 

in the previous year dropped below the threshold 

value die. The threshold is defi ned for individual 

tree species. This method provides the dynamics 

of tree development in bio-groups.

5.2.3.7  Frequency based patch or gap 

models

Other equivalents: frequency based path 

(gap) models, cohort path (gap) models.

Position on the ‘chessboard of models’: 

models address the hierarchical level of size 

classes, which are determined in an area by their 

inclusion in a bio-group; the standard position is 

’D3‘.

Products: 4C, FLAM, ForClim, FORMIX.

Nature of the models: This group of models 

was created by simplifying the previous group of 

models. BUGMANN (1994) proved that trees which 

are similar at the beginning of the simulation 

shall remain similar throughout their whole 

lives. If we remove random variance of young 

individuals, trees of the same species created in 

the same year will remain identical throughout 

the entire simulation since the growth of trees is 

deterministic. In relation to this, BUGMANN (1996a) 

introduced the so called cohort approach in his 

ForClim model. This means that all trees of a 

given species created in the same year will be 

ranked into a group called a cohort. The same 

development is maintained in this cohort. This 

means that it is only suffi cient to maintain the 

number of individuals in cohorts (frequency) and 

model the development simplifi ed to cohorts. 

This conceptual change signifi cantly reduced 

simulation time without greatly infl uencing the 

results of simulation. A similar cohort-based 

approach was applied in the 4C model (BUGMANN 

et al. 1997). Another approach that also shortens 

the simulation time is the division of the canopy 

into several height classes (fi gure 5.22) and 

performing simulations in these classes. This 

approach was introduced in FLAM model 

(FULTON, 1991) and later also implemented in 

FORMIX Model (BOSSEL and KRIEGER, 1994, 

HUTH et al. 1998) for simulating the dynamics of 

tropical rain forests.

Fig. 5.22 Dividing canopy into several height 
classes in which simulation takes place 
signifi cantly shortens the calculation time in gap 
models. The biomass of trees which are in the 
given class is illustrated in the same colour with the 
intensity corresponding to the biomass amount.
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5.2.3.8 Frequency based population models

Other eqivalents: age class models, struc-

tured population models.

Position on the ‘chessboard of models’: 

models address the hierarchical level of age 

or size classes which, for age classes, are 

determined by inclusion in 2D space and, for 

size classes, by inclusion in a stand; the standard 

position is ’C2‘ or ’D4‘.

Products: LANDIS, LANDSIM.

Nature of the models: In tree models 

dependent upon tree positions, spatial 

variability (horizontal and vertical) was shown 

based on the differences between individual 

trees. However, due to high calculation 

demands, this approach is ineffi cient, mainly 

for large areas. In order to take spatial variability 

into account using simpler approaches, METZ 

and DIEKMANN (1986) designed frequency 

(structured) population models. The models 

consist of a change in the population density 

of species in discrete classes of continuous 

variables such as age, size or spatial position. 

Usually only one internal state variable is 

given, for example, the size class, whilst 

the variability of other values, for example, 

spatial position, is excluded from the model. 

Models: LANDSIM (WILL-WOLF and ROBERTS 

1993, ROBERTS 1996) and LANDIS (MLADENOFF 

et al. 1993, MLADENOFF 2004) simulate the 

dynamics of tree species in age classes 

based on semi-empirical algorithms (position 

’C2”). The distribution of trees in size classes 

(for example diameter and height) and ratios 

between classes have been used for a long 

time as a supplement to yield tables. This 

led to the construction of empirical models 

working with frequencies in discrete classes 

or along the continuous variable (position 

’D4”). The models are addressed based 

on differential equations (CLUTTER 1963, 

MOSER 1972 and 1974), regression models of 

rewriting frequency distributions (CLUTTER and 

BENNETT 1965, VON GADOW 1987) or stochastic 

evolutionary models (SUZUKI 1971, SLOBODA 

1976, KOUBA 1977). We shall address this issue 

in the chapter on modelling the dynamics of 

diameter structures. From others, we may 

mention models by: KOHYAMA and HARA (1989), 

KOHYAMA (1991), KRAEV (1998), LISCHKE et al. 

(1998), SALDANA and KIRKILONIS (1999), LÖFFLER 

and LISCHKE (2001). We shall describe LANDIS 

model as an example of this group.

LANDIS

The aim of the model is to simulate the 

development of forest landscape (hundreds to 

thousands of km²) including succession as well 

as wind throws and fi res. Work on the model 

commenced in 1991, and the fi rst prototype was 

used to produce results by 1993 (MLADENOFF et 

al. 1993). The concept of the model is based on 

repeating a cycle of processes which operate on 

initial raster maps in a geographical information 

system environment with a defi ned time step. At 

the beginning of the cycle, the establishment of 

species in individual raster cells (pixels) with the 

length of sides from 10 m to 1 km is modelled. 

The species are fi ltered based on their ability 

to exist in individual pixels, depending upon 

dispersal of seeds, the ability to regenerate 

and the type of landscape (soil, slope and other 

physiological characteristics). The coeffi cient 

for the species establishment is derived using 

LINKAGES gap model (PASTOR and POST 1986). 

The coeffi cient groups tree species into relative 

classes of species in relation to the type of site. 

The type of site is defi ned by humidity and the 

dynamics of nutrients. Succession in individual 

raster pixels subsequently occurs. Succession is 

controlled by phylogenetic properties of species 

such as shade tolerance, longevity and natural 

mortality. Another component of the model is 

the loss of trees infl uenced by disturbances or 

management treatments. It models the amount 

of dead biomass under the infl uence of wind-

throw or fi re, or the amount of removed stock 

due to management treatments. A model of 

management interventions was implemented 

later (mid-1990s) and is based on a raster oriented 

simulator (LI et al. 1993, WALIN et al. 1994) and 

also partially on HARVEST model (GUSTAFSON 

and CROW 1994). It allows the inclusion of 

various management regimes with regard to 

tree species as well as varying spatial and time 

levels. It uses several types of treatments. The 

amount of dead or removed biomass is modelled 

at the level of individual pixels or a group of 

pixels. The model works on the basis of a raster 

geographic information system (we shall address 

this technology in more detail in the tenth chapter 

about geo-database and geographic analysis). 

Various inputs may be used such as climatic, 

soil and topographical raster maps which defi ne 

the type of landscape. Implemented processes 

such as felling and natural disturbances may 
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also be expressed in the form of raster maps. 

Outputs are produced in the form of raster maps 

or tables. For example, this could be a map of 

biomass. A technical implementation scheme 

is shown in fi gure 5.23. The model structure, 

its behaviour and validation are described in 

the work of MLADENOFF and HE (1999). Specifi c 

modules are given in more detail in some further 

works: a model of object orientated design and 

species representation (HE et al. 1999), the 

seed dispersal effect on spreading of species 

in the landscape (HE and MLADENOFF 1999a), a 

fi re module and long term landscape dynamics 

(HE and MLADENOFF 1999b) and a felling module 

(GUSTAFSON et al. 2000).

5.2.3.9 Population and species models

Other equivalents: population models, 

species models, yield models, yield tables.

Position on the ‘chessboard of models’: 

models address the hierarchical level of 

populations or species, which are determined 

by their spatial inclusion in a stand; the standard 

position is ’E4‘.

Products: DFIT, STAOET and yield tables.

Nature of the models: These are classical 

population dynamics models which take into 

consideration the population density of the 

entire stand or species without further division 

into sub-classes. They model area-related stand 

characteristics or mean-stem characteristics 

depending upon site quality or a pre-determined 

set of silvicultural regimes. Their typical feature 

is that inputs are very simple (for example, 

age, site class, yield level) and they only apply 

to given types of forest stands (for example, 

even-aged pure stands with full stocking). 

By their nature, they are amongst the oldest 

forestry models and are still used today in the 

form of yield tables (e.g. ASSMANN and FRANZ 

1963, HAMILTON and CHRISTIE 1973, VUOKILA 1966, 

SCHMIDT 1971, LEMBCKE et al. 1975, HALAJ et al. 

1987 PETRÁŠ et al. 1990). Another example is 

matrix (Markov) models which are based on 

empirically determined probabilities that a tree 

of one species is replaced by a tree of the same 

species or another species after one generation 

of trees (HORN 1975). Unlike frequency dependent 

population models, these models work with an 

entire population, meaning that a tree of a given 

species represents a homogenous stand area. 

Their result is aggregated information related 

to the entire population. Genuine models are 

considered to be those with well formulated 

biometrical principles in the form of a system of 

mathematical equations and are implementable 

model inputs model simulations processes 

climatic zones 
soil map 

terrain model 

input 
maps of species 

and age 
composition 

map of  
species 

species 
classification disturbances 

age 
distribution 

FIRE 

WIND 

FELLING 

TYPE OF LANDSCAPE 

probability, size, inflame, spread, 
intensity 
 
 

probability, size, occurrence, spread, 
intensity 
 
 
stands, management units 
 
 
intervals of fire occurrence, coefficient 
of species establishment, accumula- 
tion of fuel 
 
cell objects = site information, history 
of disturbances, succession, regene- 
ration, interaction with disturbances 

year 0 
year n 

model 
outputs: 

Fig. 5.23 A scheme of technical implementation of LANDIS model in a geographic information system 
environment (MLADENOFF, 2004).
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using a computer. A suitable example is STAOET 

model (FRANZ 1968), DFIT model (BRUCE et al. 

1977) and the model by CURTIS et al. (1981). We 

present the group of models on STAOET models.

STAOET

In the mid-1960s, FRANZ developed the 

STAOET stand simulator which is now a 

classical example of population models. The 

name is an acronym of ’STAndOrt-ErtragsTafel‘ 

which means site yield tables. Compared to 

classical yield tables, STAOET is much more 

fl exible. Based on a relatively small set of data 

obtained about forest stands, it is possible to 

simulate stand development for a given site 

and a wide spectrum of silvicultural regimes. 

Simulation outputs correspond to those from 

classical yield tables. These include tabular 

overviews of all important stand characteristics. 

The model is based on the functions describing 

the development of top and mean heights, mean 

diameter and the number of stems which can 

be expected at full stocking. Height variance is 

expressed by a system of three growth curves 

(fi gure 5.24a). Each of these three site classes 

(L = lower, M = medium, U = upper) are modelled 

using the same function shape whilst they are 

interconnected via a system of coeffi cients. The 

difference between the top and mean height (h
95%

 

- h
s
) is expressed as an exponential function with 

the top height and number of trees per hectare 

(h
s
) as independent variables. The modelled 

differences h are illustrated in fi gure 5.24b. A 

model of differences serves to determine mean 

height based on the top height (h
s
 = h

95%
 – 

h
). 

The upper envelope curve in the graph (fi g. 

5.24b), defi ned by regression function N = f(h
95%

) 

expresses the control curve of the development 

of the number of trees at full stocking (fi g. 

5.24c). Further, the tree slenderness coeffi cient 

is defi ned (h
s
/d

s
) which is modelled using the 

regression formula based on mean height and 

stand density (number of trees). A formula is 

created for all three site classes (fi g. 5.24d). This 

formula is used to determine the mean stand 

diameter based on the mean height and the 

number of trees. All formulae are fi rst created 

for maximum density (stocking) used for the 

creation of basic yield tables. The link between 

the basic formulae and the number of stems 

also allows the creation of site tables for any 

other stand density. A thinning program, i.e. the 

type, intensity and sequence of interventions, 

follows the developmental curves of the number 

of removed trees, i.e. N
P
 = f(age), or is based 

on the top height, i.e. N
P
 = f(h

95%
). Based on the 

predicted development of the mean height (h
s
), 

mean density (d
s
) and the number of trees in 

the remaining stand (N
H
 = N – N

P
) and using the 

volume equation v = f(d,h), we can determine all 

important production characteristics of a stand 

(for example, stock and stand basal area).

5.2.3.10 Functional type models

Position on the ‘chessboard of models’: 

models address the hierarchical level of 

functional types, which are determined in an area 

by their inclusion in a 2D position or bio-group; 

the standard position is ’F2‘ or ’F3‘.

Products: FORMIND, FORMIX, HYBRID.

Nature of the models: Some types of forest 

which contain a large number of tree species 

due to great biodiversity would be very diffi cult to 

simulate using models. The problem lies in the 

fact that it is very demanding in terms of time and 

fi nances to parameterise all of the species. On 

the other hand, related species often have similar 

behaviour including similar growth processes. 

A typical example is a tropical rain forest. In 

Fig. 5.24 Basic formulae of STAOET growth 
simulator (FRANZ 1968): a) site class curves for low, 
medium and upper production levels (L, M, U), 
b) differences between the top and mean height 
as a function of the top height and the number of 
stems, c) the relationship between the top height 
and the number of stems, d) the relationship 
between the slenderness coeffi cient value and the 
top height.
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functional type models, species with similar 

behaviour are fused (fi gure 5.25) which reduces 

the number of system parameters. Examples 

from the gap model group (position ’F3‘) are 

models by BOSSEL and KRIEGER (1994), BUGMANN 

(1996b), FRIEND et al. (1993, 1997) and KÖHLER and 

HUTH (1998). An example of a tree based position 

dependent model (position ’F2‘) is the model by 

SMITH and HUSTON (1989). We shall present the 

group of models on the base of FORMIX model 

developed for the needs of tropical forests. This 

model also belongs to frequency gap models.

FORMIX

The model describes the dynamics of tropical 

forests throughout several generations. It 

includes the multi-layered canopy structure of 

natural tropical forests, the basic successional 

processes of gap groups and the interaction of 

bio-groups with the loss of trees and dispersal of 

seeds. It uses several functionally differentiated 

groups of species (established trees, trees in the 

main canopy, pioneer trees, shrubs, and ground 

cover plants). We call them functional types. The 

model uses a balance of photosynthesis and 

respiration and the increment of various canopy 

layers in gap groups of the forest mosaic is 

calculated. In FORMIX model, trees are divided 

into several functional types and layers of the 

canopy. Biomass growth is calculated based 

upon assimilation from photosynthesis, whilst it 

balances losses from respiration, losses from 

the transfer of trees from upper layers to lower 

layers and losses caused by mortality. Model 

inputs consist of parameters of the vertical 

structure (dividing the canopy into individual 

layers), parameters of the horizontal structure 

(the size of gap elements), functional type 

parameters (wood density, stem element, ratio 

between crown length and stem, maximum 

photo period, etc.), light conditions (average 

daily solar radiation and solar absorption factor), 

tree mortality (specifi c mortality ratio, specifi c 

transfer ratio), seed scenario (number of seeds 

per annum, percentage of surviving seeds, 

specifi c ratio of germinating capacity, etc.). The 

model produces data on the number of trees, 

diameter distribution, basal area and stock. It 

also provides a dynamic view of the forest stand 

profi le and the spatial development of the stand. 

It contains various functions of felling methods 

and silvicultural treatments. Graphic outputs 

may be produced in several forms: distribution 

of the number of stems in diameter classes, a 

map of the forest mosaic illustrating the dominant 

canopy layer in each gap group, a map of the 

forest mosaic illustrating the vertical layer 

structure of the canopy in each gap group and a 

simulated forest profi le with a realistic display of 

individual trees.

5.2.3.11  Model of the dynamics of patch or 

gap groups

Position on the ‘chessboard of models’: 

models address the hierarchical level of a group 

of trees, which are determined in an area by their 

inclusion in a stand; the standard position is ’G4‘.

Products: DisCForM, MOSAIC, ROPE.

Nature of the models: The models describe 

a statistical mechanism of forest community 

dynamics. ACEVEDO et al. (1995) adapted semi-

Markov models to average outputs of ZELIG 

gap model. Markov’s model addressed the 

probability of transfer between various vegetation 

states simulated using ZELIG gap model and it 

also modelled the time needed for maintaining 

vegetation in given states. It resulted in MOSAIC 

model. The model was used to evaluate the 

behaviour of a gap model in space which was 

not possible to investigate using ZELIG model. It 

covered around 200,000 plots, each with a size 

Fig. 5.25 Schematic fusion of related species into 
functional types using an example of a tropical rain 
forest.
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of 900 m². Therefore, MOSAIC model performed 

as a meta-model. A similar approach was also 

used in ROPE model from the authors SHAO et 

al. (1995). A disadvantage of such an approach 

lies in the fact that a meta-model is derived from 

the behaviour of gap models and not from their 

structure. This means that it is necessary to 

perform the required amount of simulations in 

advance using gap simulators. The properties of 

the meta-model then depend upon the selected 

gap product. The precision and accuracy of the 

meta-model also depends upon the selected gap 

model. This type of approach was described in 

detail in the work of URBAN et al. (1999). Another 

approach includes attempts to predict forest 

behaviour using differential equations derived 

from the structure and parameters of gap models. 

An example could be DisCForM model from 

LISCHKE et al. (1998) or the model from authors 

HURTT et al. (1998). The attractiveness of these 

approaches is that they do not require knowledge 

of gap model behaviour. Therefore, they are quite 

effi cient tools for examining ecosystem behaviour 

under the infl uence of a wide range of conditions. 

On the other hand, their disadvantage is that for 

their derivation a large number of simplifying 

bases (see LÖFFLER and LISCHKE 2001) is required. 

Due to the approximation based on differential 

equations, their behaviour may differ signifi cantly 

from the original behaviour of gap models. Despite 

all the above-mentioned disadvantages, the 

signifi cance of these models lies in the possibility 

to analyse the behaviour of gap simulators, not 

only in relation to their system parameters but 

also in relation to exogenous variables such as 

climate. Based on a similar approach, KOHYAMA 

(1993, 1994) and KOHYAMA and SHIGESADA 

(1995) developed models based directly on 

the dynamics of size structures leading to the 

interpretation of the mechanism at population 

and community levels. They derived models only 

on the base of theoretical assumptions, without 

any support by mathematical algorithms of gap 

models.

5.2.3.12 Eco-physiological ‘big-leaf’ models

Other equivalents: eco physiological ‘two-

leaf’ models.

Position on the ‘chessboard of models’: 

models address the hierarchical level of tree 

organs (a leaf) and their nature determines 

them for modelling at regional or stand level, the 

standard position is ’A5‘ (or ’A4‘).

Products: 3-PG, Biome-BGC, CASA, 

DEMETER, FBM, Forest-BGC, FORSANA, 

PnET, TEM, Tree-BGC.

Nature of the models: The previous 

categories of eco-physiological models worked 

at the level of individual tree organs, defi ned by 

their three dimensional or horizontal positions, 

or modelled the development of trees based 

on the distribution of the canopy into several 

layers or cohorts. Such a classifi cation might 

better describe the natural variance of absorbed 

solar radiation and subsequent processes, on 

the other hand, it is very demanding in terms 

of constructing the model and calculation time. 

Therefore, these models were simplifi ed into 

’big leaf‘ form. The big leaf approach maps the 

properties of the whole canopy into one leaf, 

using which the fl ows of nutrients and energy, and 

processes arising from them, are calculated. In 

the previous group of eco-physiological models, 

it was possible to use parameters measured at 

the level of real leaves. This is not possible in big 

leaf models since the parameters represent an 

abstract object (fi gure 5.26). It is based on the 

following philosophy. How would an individual 

look like with only one leaf and the other organs 

of such a size that would ensure processes 

resulting in fl ows of nutrients and production 

identical to the selected spatial area of a real 

ecosystem (for example, 1m²)? This creates an 

abstract tree whose production replaces the 

production of a real canopy in the selected spatial 

unit. The canopy is represented by just one tree 

leaf. That is where the name ’big leaf‘ comes 

from. It is assumed that canopy is homogenous 

in the entire area. State variables and fl ows of 

nutrients are set so that they correspond with 

such a defi ned object. The abstract individual is 

further divided into smaller units: leaf, stem, thick 

and fi ne roots. The same principle also applies to 

underground biomass. Its size, together with soil 

processes, represents the selected spatial unit.

WANG and LEUNING (1998) developed a slightly 

more complex approach which they named ’two 

leaf‘. They divided the canopy into sunlit and 

shaded parts, and for each part they created 

another group of parameters which resulted in 

the creation of two big leaves (sunlit and shaded). 

For subsequent modelling of processes, they 

used the radiation model of GOUDRIAAN and VAN 

LAAR (1994). We obtain the same result if during 

abstraction, we divide one leaf into two parts 

(sunlit and shaded) as shown in fi gure 5.26 and 



228

FOREST ECOSYSTEM ANALYSIS AND MODELLING

as is also implemented in Biome-BGC model 

(THORNTON 1998).

Big leaf models found wide application mainly 

in modelling the infl uence of climate upon 

the development of the landscape vegetation 

surface (SELLERS et al. 1996, BONAN 1996, 

DICKINSON et al. 1998, DAI et al. 2003). Therefore, 

these models are regionally oriented. However, 

by refi ning, we can even achieve a stand or a 

tree level. Models require fewer parameters and 

they are less time consuming, than individual 

tree models, layer models or cohorts models. 

This is due to approximation, which replaces 

one canopy by one leaf with an energy, water 

and nutrient balance identical to the represented 

spatial unit. From the wide choice of models, we 

may mention Forest-BGC (RUNNING and GOWER 

1991), PnET (ABER and FEDERER 1992, ABER et al. 

2005), CASA (POTTER et al. 1993), TEM (MELILLO 

et al. 1993), Tree-BGC (KOROL 1993), DEMETER 

(FOLEY 1994), FBM (LÜDECKE et al. 1994), 3-PG 

(LANDSBERG and WARING 1997), Biome-BGC 

(THORNTON 1998) or FORSANA (GROTE et al. 

1997). Since the modelled processes are related 

to a defi ned spatial unit and work regionally, 

some models may also be integrated into a 

raster oriented geographic information system. 

A suitable example is a ’family‘ of PnET models 

(ABER and FEDERER 1992, ABER et al. 2005). We 

shall now present a group of models using an 

example of Biome-BGC model.

Biome-BGC

The model simulates the main biochemical 

cycles and hydrological processes in 

ecosystems. It was developed at the University 

in Montana in the United States of America. It 

is based on its predecessor, Forest-BGC model, 

which could only simulate forest ecosystem 

processes. Biome-BGC is able to model seven 

forest and non-forest vegetation types: deciduous 

broadleaved forests, deciduous needle-

leaved forests, evergreen broadleaved forests 

(subtropical and tropical), coniferous forests, 

C
3
 grasses, C

4
 grasses and evergreen shrubs. 

Biome-BGC models the cycle of carbon, nitrogen, 

water and energy in an ecosystem based on the 

interaction between the atmosphere, plants and 

soil. Modelled processes include interception, 

evaporation, transpiration, water outflow, 

radiation absorption, photosynthesis, respiration, 

uptake and loss of nitrogen in the soil, growth, 

mortality, senescence (falling of organs) and the 

decomposition of organic material.

Gross primary production expresses the total 

production of carbon in the photosynthesis 

process. Photosynthesis is calculated based 

on Farquhar’s algorithm (FARQUHAR et al. 1980). 

The basic factors controlling photosynthesis 

are the ability of the canopy to absorb CO
2
, leaf 

maintenance respiration and daily meteorological 

data (atmospheric pressure, air temperature 

and solar radiation). The total respiration of 

the system is calculated using carbon losses 

from autotrophic and heterotrophic respiration. 

Autotrophic respiration consists of the 

maintenance and growth respiration (see RYAN 

1991). Maintenance respiration is calculated 

from the average daily temperature and the given 

stock of carbon in leaves, roots and sapwood 

using a function which exponentially grows 

with temperature (KIMBALL et al. 1997). Growth 

respiration represents constant 30% of the daily 

carbon allocation. Heterotrophic respiration 

Fig. 5.25 A schematic illustration of the big leaf 
principle. The model replaces one canopy by one 
leaf with an energy, water and nutrient balance 
identical to the represented spatial unit (1 m²). 
Processed in accordance with MERGANIČOVÁ (2004).
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models the activity of soil micro-organisms. It is 

estimated proportionally to dead organic material 

and depends upon soil temperature and soil 

water potential. Net primary carbon production 

is obtained by subtracting carbon losses from 

respiration from the gross primary production. 

Production is dynamically redistributed between 

individual parts of plants depending upon the 

nitrogen content in the soil. The model allows the 

use of nitrogen from atmospheric deposition and 

from fi xation and decomposition fl ows of nitrogen. 

Plant demand for nitrogen is determined by the 

value of net primary production. The demand 

of heterotrophic micro-organisms for nitrogen 

depends upon the amount of decomposable 

material and the decomposition ratio. The ratio 

between the decomposition of above ground 

and underground organic material is regulated 

using the ratio of C:N in above ground litter, 

soil temperature (LLOYD and TAYLOR 1994) and 

its moisture (ANDREN and PAUSTIAN 1987). Lying 

wood can be decomposed only physically 

and its decomposition is also infl uenced by 

temperature and soil moisture. Decomposed 

lying wood becomes part of above ground litter. 

If the content of accessible mineral nitrogen is 

lower than the demands of plants and micro-

organisms, the competition for nitrogen is based 

on proportionality.

Water enters the model only in the form of 

precipitation. Based upon air temperature, 

precipitation is divided into rain and snow. 

The threshold temperature is 0°C. Part of 

precipitation is caught in tree crowns based 

on a pre-defi ned interception coeffi cient. The 

coeffi cient is based on leaf area. The area 

depends upon the leaf area index (LAI). All 

snow and remaining precipitation falls to the 

soil surface. Evapotranspiration is calculated as 

the sum of transpiration and evaporation from 

plants and soil. Processes are calculated based 

on the Penman-Monteith formula (RUNNING and 

HUNT 1993). A one-dimensional bucket model 

defi nes the water capacity of soil. If the capacity 

is exceeded water outfl ow occurs. The water 

capacity of soil is a function of the soil type and 

the depth of the rooting zone.

Biome-BGC accounts for natural mortality 

related to competition and ageing. It also takes 

into account fi res as a source of disturbance 

mortality. Both sources of mortality are 

determined and quantifi ed in the list of eco-

physiological parameters. The spatial unit of 

Biome-BGC model is 1 m². The model works with 

a daily step. Biome-BGC model may produce 

approximately 500 different output variables of 

the actual state of a simulated ecosystem. They 

consist of variables describing the meteorological 

conditions of the site, the ecosystem water 

state, the state and cycle of carbon, the state 

and cycle of nitrogen, ecosystem phenology, 

eco-physiological parameters of plants and 

photosynthesis as well as summary data 

on gross and net primary production and its 

distribution in individual parts of the ecosystem 

(vegetation, litter, soil).

5.2.3.13  Eco-physiological the mean tree 

models

Position on the ‘chessboard of models’: 

models address the hierarchical level of tree 

organs (a leaf) and they are defi ned in the area 

by their inclusion in a stand; the standard position 

is ’A4‘.

Products: GOTILWA, SPRUCE, TREEDYN3.

Nature of the models: These models 

integrate all trees of all heights and species into 

an entire stand without considering horizontal 

and vertical variability and the composition 

of species. They describe the physiological 

processes of a mean tree of a homogenous 

even-aged stand depending upon density, which 

is considered to be constant. An example of the 

mentioned approach could be models SPRUCE 

(BOSSEL 1987) and TREEDYN3 (BOSSEL et al. 

1991, BOSSEL 1994). GRACIA et al. (1999) in their 

GOTILWA model, improved the mentioned 

approach by dividing the stand into diameter 

classes and for each class, they use its own mean 

tree. In this way they better describe diameter 

and height variance. However, the principle of 

how the model functions remains the same. We 

will demonstrate a group using an example of the 

classical model TREEDYN3.

TREEDYN3

The model calculates dynamic changes of 

14 state variables representing main elements 

of typical trees in homogenous and even-aged 

stands and in the soil with which they interact. 

These are tree height, tree diameter, number of 

trees, leaf biomass, biomass of fi ne roots, fruit 

biomass, content of assimilates, carbon in litter, 

carbon in soil organic components, nitrogen 

in litter, nitrogen in soil organic components, 
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accessible nitrogen in soil for plants, standing 

wood biomass and nitrogen in wood. The model 

represents daily and seasonal dynamics. State 

variables are interlinked into a system of non-

linear equations describing the development of 

the ecosystem depending upon environmental 

and economic conditions. It uses 14 differential 

equations linked to state variable and other 

algebraic formulae describing different processes 

linked to variables. For control purposes, the 

model produces two more state variables which 

are net accumulation of carbon and nitrogen. 

The simulation requires specifi cation of initial 

conditions: initial state variables, geometry of 

a mean tree, parameters of photosynthesis, 

respiration and mortality, climatic values, soil 

values, decomposition parameters, descriptive 

parameters of the economic concept and 

pollution values. The output of the model consists 

of 14 (+2) state variables and 15 variables 

describing the system development in relation 

to time. These variables include information 

interesting for forestry planning, such as the 

number of trees, mean height, basal area, stock 

(of main, compound and secondary) and the 

increment. The model determines the fl ow and 

accumulation of carbon and nitrogen in various 

parts of ecosystem (wood, leaves, fi ne roots, 

fruit, litter, humus). Photosynthesis fi xes carbon 

in the form of carbohydrates. Photosynthesis 

production depends upon solar radiation, 

which is a function of geographical latitude, 

vegetation and daily time and, of course, upon 

temperature, the state of nutrients and pollution 

damage. Carbohydrates are allocated to leaves, 

fi ne roots, fruit and wood increment. Depending 

upon competition pressure, photosynthates 

are allocated into diameter and height changes 

of the mean stem. The ratio between both 

increments, refl ected in the slenderness 

coeffi cient (h/d), depends upon the level of 

competition. Competition also infl uences tree 

mortality. Ecosystem components lose carbon 

via respiration. The fall of assimilation organs is 

also modelled and the removal of timber by felling 

is also permitted. Litter disintegrates and partially 

penetrates the humus via modelling humifi cation. 

Nitrogen is obtained from the soil through fi ne 

roots. The amount depends upon the biomass 

of fi ne roots, demand for nitrogen for creating 

tissues and accessible mineral nitrogen. The 

amount is allocated to individual parts of the tree 

depending upon the growth of biomass in tree 

organs and their specifi c demand for nitrogen. 

The stated proportion of nitrogen returns to soil 

via litter. The stated cycles are modelled with 

daily and seasonal intervals. Solar radiation is 

calculated by numeric integration of the radiation 

during daytime. This depends upon the path 

of the sun in the sky. The path depends upon 

geographical latitude and the calendar day. It is 

approximated using a sinusoidal function. It uses 

an exponential model of decrease in radiation 

when passing through tree crowns by MONSI and 

SAEKI (1953). Processes are also infl uenced by 

air and soil temperature. Their daily development 

is also modelled based on a sinusoidal curve. 

They infl uence photosynthesis, maintaining 

respiration, decomposition of litter and humus. 

Photosynthesis is a motor of various subsequent 

processes. In TREEDYN3 model, the priority of 

processes is addressed in the following order:

a)  fi rstly, the demands for maintenance 

respiration are satisfi ed,

b)  this is followed by the creation of new leaves 

and roots,

c)  further comes investment in the growth of 

leaves and roots,

d)  this is followed by the creation and growth of 

fruit,

e)  only the remaining part of assimilates 

contribute to the wood biomass increment.

The model assumes the maximum leaf area 

index (LAI). Leaf biomass per mean tree is then 

limited by this index and the actual diameter 

of the crown. Budding and falling of leaves 

together with the growth of fi ne roots are a 

function of seasonal temperature. The wood 

biomass increment comes from the allocation 

of assimilates. It is invested in the growth of 

tree height or diameter or into both at the same 

time. This depends upon the actual competition 

for light in the canopy. Competition exists if the 

space for the creation of an mean tree crown is 

smaller than required. This takes into account the 

actual tree diameter and the ratio between crown 

diameter and tree diameter. If competition exists, 

mortality increases and investment is made into 

tree height increment until reaching the stated 

maximum slenderness coeffi cient (h/d)
max

. If 

the state is above the maximum slenderness 

threshold, height growth ceases and investment 

is made into tree diameter growth. If no 

competition exists, the increment is assigned to 

the tree diameter until the minimum slenderness 

coeffi cient (h/d)
min

 is reached. If the state is below 
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the minimum slenderness threshold, diameter 

growth ceases and the increment moves to 

tree height. After exceeding the upper or lower 

thresholds, when the increment goes only to 

one value, the growth of the second value is 

also activated if the stated standard ratio h/d is 

achieved. This is followed by the creation of both 

increments in accordance with the defi ned ratio. 

Competition also regulates tree mortality. If there 

is competition, stand density is reduced to such 

an extent that the mean tree crown has suffi cient 

space.

Summary

Simulation is experimentation with a 

computer model of a real system in order to 

optimise system management (fi g. 5.2). A 

computerised model used for simulations 

is known as a simulator. Forest ecosystem 

simulators reproduce forest behaviour. We 

also call them growth simulators. The basic 

properties of a growth simulator include: a) the 

possibility to simulate various stands (even-

aged and uneven-aged, pure or mixed, with 

different horizontal and vertical structure), b) 

the possibility to react to various environmental 

conditions (climate, soil, management 

concepts, economic environment, etc.), c) 

output data cover a wide range (production, 

ecological aspects, economic aspects), d) 

stochastic features are welcomed. Growth 

simulators cannot exist without models. 

Models are controlled by system parameters. 

They react to the environment (exogenous 

and intermediary variables), they change 

system status (status variables) and vice 

versa, they infl uence system environment 

(intermediary variables). The environment 

controls the system dynamics via exogenous 

variables and regulates the system status via 

intermediary variables (fi g. 5.3). Models of 

forest dynamics and growth processes can 

be classifi ed according to many aspects. 

On the base of the modelling concept, we 

know empirical, structural and process-

based models (fi g. 5.4). Empirical models 

use statistical relationships derived from 

empirical data (fi g. 5.5). Structural models 

simulate tree morphology using growth 

grammar in L-systems (fi g. 5.6). Process-

based models focus upon casual relations 

in the form of physiological processes such 

as photosynthesis, respiration, allocation, 

etc. (fi g. 5.7). Hybrid models are created by 

combining the mentioned approaches. Models 

can hierarchy (space) also be classifi ed in 

terms of time and area (fi g. 5.8). We recognise 

eco-physiological, individual tree, stand, 

successional, and biome models. Models 

are arranged from a large spatial and time 

detail (organ and day) to a small detail 

(country and millennium). Downscale is 

the process of changing scale from more 

general to more detailed level (fi g. 5.9), while 

upwnscale is the process in reverse. Models 

can also be classifi ed in terms of hierarchical 

and spatial level. The classifi cation can be 

displayed using ‘chessboard of models’ (fi g. 

5.10). A chessboard classifi es models in terms 

of the hierarchical level (organ, individual, 

age class, size class, population or species, 

functional type, group of trees, community or 

ecosystem) in combination with the spatial 

level (3D position, 2D position, biogroup, 

stand, region). We recognise the following 

types of models: static vegetation models, 

eco-physiological tree models, functional-

structural plant models, empirical distance 

dependent individual tree models, empirical 

distance independent individual tree models, 

tree patch or gap models, frequency patch or 

gap models, frequency population models, 

population and species models, models of 

functional types, models of the dynamics of 

patch or gap groups, ecophysiological ‘big 

leaf’ models and ecophysiological models of 

the mean tree. Static vegetation models 

simulate the changes in stand types (biomes) 

at regional level using static relationships 

between environmental conditions and 

climax communities (fig. 5.11). Eco-

physiological tree models simulate tree 

organ growth based on their position in a two- 

or three-dimensional space using process 

relationships. Functional-structural plant 

models simulate tree morphology based on 
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the topology of organs and tree architecture 

using growth grammar and process 

relationships (fi g. 5.14). Empirical distance 

dependent individual tree models simulate 

the growth of specimens using statistical 

relationships whilst competitive properties 

depend upon the horizontal structure of the 

stand. Empirical distance independent 

individual tree models have a similar nature 

but competitive relationships are addressed 

regardless of the spatial distribution of trees. 

Tree patch or gap models focus upon the 

development of individual trees in groups 

over small areas, mainly with the aim to study 

the succession of the ecosystems (fi g. 5.21). 

Frequency patch or gap models simplify 

the previous group of models by dividing 

trees into layers or cohorts, which shortens 

the calculation time of the system (fi g. 5.22). 

Frequency population models study the 

dynamics of a population in homogenous 

age or size classes. Population and species 

models focus upon the development of an 

entire population or species using statistical 

relationships without their further division into 

smaler elements. Functional type models 

classify categories of species with similar 

properties (fi g. 5.25) and thus recover the large 

biodiversity of the original ecosystems (for 

example, of tropical rainforests). Models of 

the dynamics of patch or gap groups focus 

upon changes in bio-groups of trees over 

large areas. Eco-physiological ‘big leaf’ 

models simulate physiological processes in 

leaves of an abstract tree that represent the 

processes in the given spatial unit (fi g. 5.26). 

Eco-physiological models of the mean 

tree focus upon physiological processes in 

individuals of an average size, which represent 

a homogenous, even-aged, pure stand.
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What role do experiments and experience 

play in forest modelling?

We shall start with the following example. 

Let us imagine that we decide to reduce the 

water consumption in our household. We want 

to fi nd out the water consumption for one full 

bath. The easiest method of fi nding this out is 

to carry out a simple experiment. Before taking 

a bath, we read the water meter for cold and 

hot water. We fi ll the bath and, after bathing, we 

take new readings from the water meter. The 

difference represents the water consumption. 

We may repeat this experiment several times. 

The arithmetic average of the differences 

between the values before and after bathing 

then represents an even better and more 

accurate estimate of the consumption of hot and 

cold water per bath. The mentioned method is 

based on the experience experimenters obtain 

via experiments. We call this an empirical 

approach. Another approach which could also 

lead to the results sought is to use common 

sense to derive consumption even without 

carrying out an experiment. We fi nd out the 

volume of a full bath and the water temperature 

from a cold and hot tap. We then fi nd out the 

temperature of the water we use for bathing. 

Based on the volume of the bath and the 

necessary ratio of cold and hot water to obtain 

the required temperature, we estimate water 

consumption for one fi lling of the bath. This 

method is called an analytical approach. It 

based on the rational nature of things. It provides 

a qualifi ed estimate of required values. However, 

there is a risk that we may not correctly capture 

some processes or we overlook them because 

we do not know them. For example, a problem 

occurs if we also take a shower after bathing. It 

is very diffi cult to estimate such an amount of 

consumed water. In an empirical approach, this 

amount is automatically included in the results. 

In an analytical approach, this could lead to 

under-estimation of the results. Therefore, in 

practical research an analytical approach is 

very often supplemented by verifying a result 

based on an empirical approach. This is called 

validation based on experiment. Thanks to 

Ernst Assmann, in forestry research has been 

using empirical research since the beginning 

of the 1960s and it is still used today. At the 

beginning, it was considered as the only credible 

approach for obtaining a correct estimate of the 

development of tree and stand values and their 

relationships. This created a suitable base for 

forest modelling. However, this approach is very 

demanding in terms of establishing forestry 

experiments and their regular repetition, which 

is also costly. Although the applied statistical 

approach provides good generalisation 

of results, it represents only the statistical 

population from which the sample comes. This 

means that it is only valid for trees and stands 

which grow in similar conditions as trees and 

stands evaluated in the experiment. Due to this 

disadvantage, process models are currently 

being encouraged. They are based on an 

analytical approach which has greater potential 

for generalisation. However, problems arise 

from insuffi cient knowledge of all processes, 

which often leads to systematic errors in forest 

modelling. Therefore, the empirical approach 

in forest modelling is still considered as the 

most important and most credible, mainly 

in the community of forestry scientists and 

practitioners. Thanks to this, empirical approach 

also has the longest tradition. Therefore, we will 

address it in this Chapter in more detail.

6.  Methods of empirical modelling 

of forest ecosystems

’At the beginning of each cognition stands an experiment, a question asked to nature.‘

(M. Preuss)

’Scientifi c cognition is determined by the eternal antithesis between the two inseparable 

components of our knowledge - the empirical and the rational.‘

(A. Einstein)
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What will we learn in this chapter?

In the following text we shall address the basic 

methods in empirical modelling. We will talk 

about methods of measuring and modelling stem 

shape based on composite taper curves, taper 

sections or using direct or indirect smoothing of 

tree’s taper curve. In relation to stem shape, we 

will explain methods for determining its volume. 

We will address methods for the measurement, 

analysis and modelling of tree’s crown shape. We 

will illustrate methods for stating the taper curve 

of a crown including modelling the symmetrical 

and asymmetrical shape of a crown. We will show 

methods for deriving the biometric parameters of 

a crown such as the diameter and height to crown, 

and the surface or volume of a crown. We will 

address modelling diameter and height structure 

of a stand. We will give an overview of used 

frequency diameter functions including modelling 

the dynamics of diameter structure. We will name 

individual types of height curves in a stand and we 

will present their suitable mathematical shapes. A 

large part of the Chapter will deal with evaluating 

and modelling the spatial structure of a stand. We 

will focus upon the horizontal distribution of trees, 

stand density, differentiation, diversity and the 

mixing of trees. Finally, we will suggest universal 

methods for generating the spatial structure of a 

stand. Another important part of the Chapter will 

be devoted to the methods for modelling tree 

competition. We will go through the wide range 

of varying competition indices and we shall also 

mention the correction of edge effects in their 

calculation. We will subsequently introduce 

accessible methods for modelling the natural 

mortality of trees and tree mortality infl uenced by 

disturbance elements which lead to disturbance 

mortality. We will summarise accessible methods 

for modelling thinning and felling activities, and 

we will describe algorithms for individual types 

of treatments. Finally, we will explain methods for 

modelling the growth of trees and stands using 

regression models, multiplication models or 

models for the reduction of growth potential. We 

shall end the Chapter by describing the variables 

and parameters used in empirical models.

6.1 Modelling a tree stem

A frequent part of empirical models is the 

approximation of a tree stem shape using a 

suitable solid. The shape of the body is defi ned 

by its taper curve. Methods for measuring its 

shape are related to modelling a stem, and serve 

for obtaining empirical material. Based on this 

material, we then derive suitable algorithms for 

describing a taper curve. The shape of the stem 

is very important, for example, for deriving its 

volume and biomass as well as for determining 

the assortment in terms of wood quality. This is 

related to its use in the wood processing industry. 

Stem volume may also be obtained without 

determining a taper curve. In that case, we use 

volume equations, which use dendrometric 

values of a tree as input variables. Equations are 

derived from empirical data. 

6.1.1 Methods of measuring stem shape

It is possible to use destructive and non-

destructive methods to capture stem shape. 

Destructive methods include stem analyses. 

We described stem analysis in Chapter 2.1.1. 

From a lying stem, we take 2 - 5 cm thick 

crosssections on the foot, at breast height and 

at other pre-defi ned positions (Fig. 2.13). It is 

recommended to divide the stem into equal 

absolute or relative lengths and to take the 

crosssections from the middle of these sections. 

Sampling places are therefore identical with 

the places of measurement for calculating 

cubic metres of the given section. The series 

of tree diameters at individual heights on a 

stem may be captured using stem analysis. 

The disadvantages of this method are high 

costs and its destructiveness. This is since an 

analysed tree is removed from the stand, which 

changes the population state. Non-destructive 

methods maintain the original population state. 

They investigate the shape of a tree stem using 

contact-free methods, such as geodetic methods, 

photogrammetric methods or fi eld laser scanning 

methods. Geodetic methods use devices which 

record the horizontal distance from a tree axis 

together with the horizontal and vertical angles 

of the sight line at the edge points of a tree stem. 

Distances may be measured, for example, using 

suitable laser range fi nders (fi gure 6.1) and 

angles may be measured using theodolites or 

electronic compasses (fi gure 6.2). The basis for 

correct measurement using this method is that a 

tree axis is placed vertically. When measuring, 

we attempt to capture a suffi cient number 

of points on the edge of the stem in order to 
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achieve the best possible lengthwise profi le of 

the stem. We record both opposite points of a 

tree stem (perpendicular to the measurer) at 

selected heights. Since we determined angles 

and distances from these points, we may state 

the diameters of stems at individual distances 

from the stem foot using mathematical functions. 

Nowadays, modern sets for computer aided 

data collection may also be used for taking 

measurements. A suitable example is Field-Map 

(ČERNÝ and BUKŠA 2005) shown in fi gure 6.3, 

which is able to draw and reconstruct a lengthwise 

profi le of a stem on the monitor of a portable fi eld 

computer directly in the fi eld. We will address 

this issue in Chapter 10.1.1. Photogrammetric 

methods are based on using photographic 

images of trees. These could be classical 

(single image) or stereoscopic (double image). 

In classical images, a tree is photographed 

from a given distance and a suitable gauge is 

placed by the tree parallel to the tree axis (fi gure 

6.4). The gauge has graduated lengths on the 

scale. The length scale and measured distance 

from the tree allow recalculation of relative 

distances of selected points on the image into 

absolute distances. A suitable example is the 

method of terrestrial photogrammetry proposed 

by Gaffrey (GAFFREY et al. 2001, GAFFREY and 

FABRIKA 2001) or Tauber’s method called a 

DendroScanner (KLEMMT and TAUBER 2008). In 

stereoscopic imaging, a tree is photographed 

using two cameras which are placed parallel 

to each other. This creates two images which 

are photographed from two slightly shifted 

angles. This is how we reconstruct a three-

dimensional image of a tree stem. The principle 

of stereoscopy will be described in Chapter 

9.6.2. A sophisticated replacement of the 

previous methods for determining stem shape 

is terrestrial laser scanning. An advantage 

is that vertical and horizontal angles of sight 

lines change continuously while continuous, 

automatic measurement of the distance to 

obstacles in the given direction takes place. In 

this method it is necessary to fi lter the tree stem 

from the cloud of points. It is recorded in three 

dimensional space. We shall obtain a full three 

dimensional image if we apply a laser scanner 

from a minimum of two opposing sides of the 

tree. We may reconstruct its profi le based on 

the three dimensional model of the stem. We 

will address this method in Chapter 10.1.2.

Buschnell YardagePro 
laser rangefinder 

Hypsometer 
Vertex III 

Impulse 
laser rangefinder 

Leica LaserLocator MDL LaserAce 300 Optic Logic 
laser hypsometer 

Fig. 6.1 Examples of modern laser range fi nders (images are extracted from the websites of producers or 
distributors).
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6.1.2  From measurements to a stem shape 

model

Defi nition 6.1

A stem profi le describes the shape of a 

stem using a series of points. The points 

are defi ned by the distance from the foot of 

the tree and the diameter of the stem at this 

height.

The taper curve of a stem expresses stem 

shape using a continuous function. It is created 

by smoothing of the stem profi le or using 

interpolation techniques (for example, spline 

functions).

Form quotients express the ratio between 

stem diameter at a selected height and stem 

diameter at the compared height. If we select 

a relative height as the compared height, for 

example 10% of the stem height from its foot, 

it is the relative form quotient (true quotient). If 

we select an absolute height of 1.3 m (breast 

height), it is an absolute form quotient (artifi cial 

quotient).

Form series consist of a series of form 

quotients at regular heights on the stem (e.g. 

5% or 10%) starting from the foot of the stem 

to its peak.

theodolite electronic 
compass 

Fig. 6.2 An example of a theodolite and electronic 
compass (images are extracted from the websites 
of producers or distributors).

Fig. 6.4 Application of single image terrestrial 
photogrammetry for obtaining the stem shape from 
a standing tree. The tree is captured on a camera 
which has its own coordinate system (rotated and 
non-rotated). An aluminium range pole is placed 
next to the tree (defi ned by points 1.PP, 2.PP, 
3.PP), which represents the scale for deriving the 
dimensions of objects in a real coordinate system. 
In order to derive the absolute dimensions of a 
stem, it is also necessary to measure the horizontal 
distance from the tree D

h
 (GAFFREY et al. 2001).

Fig. 6.3 A Field-Map device for computer aided 
data collection also suitable for measuring stem 
shape (the image is extracted from the website of 
http://www.fi eldmap.cz/).
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The result of measuring the stem shape is a stem 

profi le matrix. The matrix contains two columns. 

The fi rst column contains the measurement height 

which means the distance from the foot of the 

tree. The second column comprises tree diameter 

at the given height. The following example shows 

a matrix from measuring stem shape of fi r from 

the primeval forest Dobročský prales (GAFFREY 

and FABRIKA 2001):

  

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

=

053.53
78.046.30
85.053.25
89.028.19
96.028.15
96.023.11
97.065.7
99.088.5
04.178.3
14.131.2
25.133.1
34.199.0
57.158.0
89.101.0

profile  (6.1)

The values in the matrix were measured using 

a geodetic method with a theodolite and are 

given in metres. The graph in fi gure 6.5 shows 

the measured points of the stem profi le (shown 

as red crosses). From the points of the stem 

profi le we may derive the taper curve of the 

stem. The taper curve expresses the continuous 

development of the stem shape. Interpolation 

methods may be used advantageously for its 

derivation. The natural cubic spline method 

was shown to be very suitable. Its algorithm is as 

follows (ZWILLINGER 2003):

Algorithm:

INPUT:  n, {x
0
, x

1
 , … , x

n
},

a
0
 = f(x

0
), a

1
 = f(x

1
), … , a

n
 = f(x

n
).

OUTPUT:  {a
j
, b

j
, c

j
, d

j
} for j = (0, 1, ... , n – 1),

spline curve: S
j
(x) = a

j
 + b

j
.(x – x

j
) +

+ c
j
.(x – x

j
)2 + d

j
.(x – x

j
)3.

METHOD:

1. For i = 0, 1, ... , n – 1, calculate h
i
 = x

i+1
 – x

i
.

2.  For i = 1, 2, ... , n – 1, calculate a
i
=3/h

i
.(a

i+1
 

– a
i
) – 3/h

i-1
.(a

i
 – a

i-1
).

3. Assign l
0
 = 1, m

0
 = 0, z

0
 = 0.

4. For  i = 1, 2, ... , n – 1,

calculate l
i
 = 2.(x

i+1
 – x

i-1
) – h

i-1
. m

i-1
;

calculate m
i
 = h

i
/l

i
;

calculate z
i
 = (

i
 – h

i-1
.z

i-1
)/l

i
.

5. Assign l
n
 = 1, z

n
 = 0, c

n
 = 0.

6. For  j = n – 1, n – 2, ... , 0,

calculate c
j
 = z

j
 – m

j
.c

j+1
;

calculate b
j
 = (a

j+1
 – a

j
)/h

j
 – h

j
.(c

j+1
 + 2.c

j
)/3;

calculate d
j
 = (c

j+1
 – c

j
)/(3.h

j
).

7. OUTPUT: {a
j
, b

j
, c

j
, d

j
} for j = (0, 1, ... , n - 1).

The taper curve of a stem derived using the 

stated algorithm is shown in fi gure 6.5 with a 

blue, dashed line. Subsequently, we will select 

regular relative distances on the stem for 

modelling stem shape, for example 5% (0%, 5%, 

10%, ..., 100%). We will number the distances, 

for example k = (0, 1, 2, ..., 20). We derive 

diameters d
k
 for each distance k from the spline 

curve. We derive diameter d
1.3

 using the same 

method. Then we calculate form quotients. If 

required, we may select absolute or relative form 

quotients. Relative form quotients are calculated 

in accordance with the formula:

  

%10d
dq k

k =  (6.2)

Absolute form quotients are derived using the 

formula:

  

3.1d
dq k

k   (6.3)

A quotient series ranked in accordance with k 

creates an absolute or relative form series.

Fig. 6.5 The points of a stem profi le (red cross) 
and the development of the taper curve of a stem 
derived using spline interpolation (blue dashed 
line). The example comes from the matrix of a stem 
profi le (matrix 6.1) obtained from measuring fi r (No. 
4) in the primeval forest Dobročský prales using a 
theodolite (GAFFREY and FABRIKA 2001).

0 

1 

2 

0 10 20 30 40 50 60 
height on stem 

tree 
diameter 



240

FOREST ECOSYSTEM ANALYSIS AND MODELLING

6.1.3 Modelling stem taper curve

The taper curve of a stem is expressed by the 

function:

    hhhfd iii ;0    where,   (6.4)

Several methods may be used for its 

modelling. The method selection depends upon 

its purpose and the nature of input data. We 

can consider using the composite taper curve 

method, the taper section method, the method 

of direct smoothing of a taper curve, the method 

of indirect smoothing of a taper curve and a linear 

model of a taper curve. We shall now describe 

the methods in more detail.

6.1.3.1 The composite taper curves method

We may divide the stem into three 

characteristic parts (fi gure 6.6). The ground part 

of the stem has a concave shape and can be 

replaced by a solid with the shape of a truncated 

neiloid or a truncated asteroid, or another solid. 

The central part of the stem has almost linear 

development. It is very often replaced with a 

truncated cone. The upper part of the stem is a 

convex, pointed solid. It is most often modelled 

using a pointed paraboloid, is simplifi ed into 

a cone or another suitable solid is used. The 

principle of the method is that we divide the 

stem into the mentioned parts and we select a 

suitable taper curve for each part. At the same 

time, curves must interlock continuously. We say 

that they are continuous, which means that the 

diameter of the stem at the end of the previous 

curve must be identical to the diameter of the 

stem at the beginning of the following curve. 

It is recommended that connections between 

curves are smooth, which means that the nature 

of curvature of the previous and the following 

curves must not cause a noticeable breakage 

in the joint. It is possible to use any suitable 

mathematical shape of the function. However, 

it is recommended to use a uniform function, in 

which only its parameters are changed in the 

individual parts of the stem. It is suitable to use 

the following versatile function of a taper curve:

  
r

x xpy .2   (6.5)

The function expresses a change in diameter of 

the cross-section of a stem (y
x
) depending upon 

the distance of the cross-section from the stem top 

(x). The principle is shown in fi gure 6.7. The function 

contains two parameters. Parameter p describes 

the ratio of y to x. Form exponent r determines the 

shape of the solid. If it equals 0 it is a cylinder, if it 

equals 1 it is a paraboloid, if it equals 2 it is a cone 

and if it equals 3 it is a neiloid. By rotating the curve 

around the x axis, we will obtain a spatial rotating 

solid which approximates the shape of the stem 

well (see fi gure 6.8). The composite taper curves 

method requires information about stem height, 

stem diameter at breast height and two distances 

on the stem where the nature of the taper curve 

changes together with the diameters of the stem at 

these distances.

ground part 
of the stem 
(truncated neiloid, 
truncated asteroid, ...) 

central part 
of the stem 
(truncated cone) 

upper part 
of the stem 
(pointed paraboloid, 
cone, ...) 

Fig. 6.6 Typical parts of a tree stem different in the 
shape: ground, central, top.

Fig. 6.7 Universal taper curve of a stem.
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6.1.3.2 Taper section method

This method is suitable if the shape of the tree 

is described by a stem profi le with a suffi cient 

number of sections, which could be regular or 

irregular. The method is also suitable if we have 

form series. Individual sections are replaced 

with truncated cones which are interlinked. Their 

starting and ending basal areas have diameters 

identical to the diameters at the appropriate 

distances of the stem profi le or form series. The 

principle of the method is shown in fi gure 6.9.

6.1.3.3  Method of direct smoothing 

of a taper curve

This method is preferred since, unlike the 

previous methods, it is not necessary to know 

stem profi les, form series or diameters at the 

joints of individual parts of a stem. The model 

only uses stem diameter (d
1.3

) and stem height (h). 

The taper curve is modelled by a single function 

which describes the change in stem diameter 

in absolute units in relation to the distance from 

its foot. The function is constructed empirically 

based on smoothing the series of data from stem 

profi les. We shall demonstrate this method using 

an example of a model by PETRÁŠ (1986, 1989, 

1990). Petráš used the following function for 

coniferous tree species:

    321
21 .. bhbhbhd p

i
p

iii   (6.6)

Coeffi cients of the function are calculated as 

follows:
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For deciduous tree species he used the 

function:

      321 .. 321
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i

p
iii hbhbbhd   (6.8)

Coeffi cients of the function are calculated in 

accordance with the formulae:
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 (6.9)

Fig. 6.8 By changing parameter r of function 6.5 
and rotating the curve around the vertical axis, we 
obtain the required shape of the particular part of 
the stem.

Fig. 6.9 The principle of the taper sections method for modelling stem shape. Sections are 
replaced with truncated cones. The bases of cones are identical to the appropriate diameters on 
the stem profi les or form series.
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Table 6.1 gives a list of coeffi cients for Norway 

spruce, Silver fi r, Scotch pine, European beech 

and Sessile/Pedunculate oak. Figure 6.10 

shows an example of a taper curve of a stem 

with parameters d
1.3

 = 30 cm and h = 25 m for 

Norway spruce, Silver fi r, Scotch pine, European 

larch, European beech, Sessile/Pedunculate oak, 

hornbeam and Silver birch.

6.1.3.4  Method of indirect smoothing of a 

taper curve

This method is very similar to the previous one. 

The difference is that on the side of the dependent 

variable an absolute form quotient (d
i
/d

1.3
) is used 

instead of a diameter, and on the independent 

variable side, a relative distance from the top of 

the stem is used. This modifi cation means that 

it is not necessary to insert stem diameter and 

height into the equation. The following function, 

for example, may be used to express a relativated 

taper curve:

  

ir
i

i
i

h
hha

d
d

⎟
⎠

⎞
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⎝

⎛
−
−
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⎛
3.1

.
2

3.1

 (6.10)

spruce fir pine beech oak 

p1 1/3 1/3 1/3 3 3 

p2 10/3 10/3 10/3 1/4 1/4 

p3 0 0 0 4/3 4/3 

a1 1.092157 4.289603 2.035644 -1.432546 -1.174196 

a2 1.158656 0.6497333 1.010487 0.07705835 0.08839293 

a3 -0.1494501 -0.1556151 -0.1502673 -0.08507654 -0.09184731 

a4 1.134348 1.261015 1.137608 0 -0.0004139997 

Tab. 6.1 Coeffi cients of the taper curve of a stem for coniferous tree species (blue part of the table, 
formulae 6.6 and 6.7) and for deciduous tree species (yellow part of the table, formulae 6.8 and 6.9). In 
accordance with PETRÁŠ (1986, 1989, 1990).

Fig. 6.10 An example of the taper curve of a stem with parameters d
1.3

 = 30 cm and h = 25 m for Norway 
spruce, Silver fi r, Scotch pine, European larch, European beech, Sessile/Pedunculate oak, hornbeam and 
Silver birch (PETRÁŠ 1986, 1989, 1990).
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Coeffi cient a
i
 and exponent r

i
 is the function 

of relative distance from the top of a stem. This 

method was originally applied by STERBA (1983) 

for spruce in Austria.

6.1.3.5 Linear model of a taper curve

SLOBODA (1984) designed a unique method for 

empirical smoothing of the taper curve of a stem. 

The method is displayed in fi gure 6.11. Construction 

of the model includes stem profi les of the tree 

sample (fi g. 6.11a). The height of stems is relativised 

in accordance with the formula (fi g. 6.11b):

  
h
hh i

rel   (6.11)

The relative value of stem height from 0 to 1 is 

transformed onto a rotated scale from 0 to 20 in 

accordance with the formula (fi g. 6.11c):

  ( ) 20.1 relhk −=  (6.12)

We select relative values k with a regular step 

of 1 or 2. Figure 6.11c shows an example of 

selected value k = 8. A regression relationship 

between the diameter at the appropriate relative 

height (d
k
) and stem diameter (d

1.3
) is expressed 

using the linear function (fi g. 6.11d):

    3.13.1 .; dbadkfd kkk   (6.13)

This is how we obtain a series of coeffi cients 

a
k
 and b

k
. We smooth this series depending upon 

the k value using polynomials (fi g. 6.11e, f):

    



m

i

i
ik kkfa

1
.  (6.14)

    



m

i

i
ik kkfb

1
.  (6.15)

A maximum of a 6 degree polynomial (m = 6) is 

usually suffi cient for smoothing. A taper curve is then 

defi ned by linear function 6.13 whilst its coeffi cients 

are expressed by formulae 6.14 and 6.15.

6.1.4 Modelling stem volume

The majority of practically oriented forest 

models address the production of stand stock. 

Therefore, a necessary base is an approach 

for calculating stem volume (v) if we use a tree 

model. Since stem volume is not only important 

for calculating stand stock but also, for example, 

for indirect derivation of biomass (SEIFERT et al. 
2006), or for derivation of the content of elements 

in the biomass, we shall now address methods 

for its determination in more detail. Stem volume 

may be derived directly from the taper curve, or 

Fig. 6.11 The method for constructing a linear model of a stem taper curve according to SLOBODA (1984): 
a) a series of original stem profi les, b) relativised value of stem height, c) rescaling stem height into a 
rotated scale from 0 to 20, d) expressing stem diameter at the rescaled height depending upon the 
breast height diameter of the stem using a linear function, e) smoothing the absolute coeffi cient of a linear 
function depending upon the rescaled height, f) smoothing the regression coeffi cient of a linear function 
depending upon the rescaled height.
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based on the cubic metres of each section of a 

stem, or using empirical volume equations.

6.1.4.1  Deriving stem volume from a taper 

curve

If we have a mathematically defi ned stem 

taper curve, stem volume can be derived by 

rotating the curve around the stem axis. The 

principle is shown in fi gure 6.12. The stem taper 

curve defi nes stem diameter (d
i
) at any height 

(h
i
). Empirical curves derived by direct or indirect 

smoothing or the linear model by SLOBODA (1984) 

are particularly suitable. If we divide the curve by 

two, we will obtain a change of stem radius (r
i
) with 

the distance from the stem foot (h
i
). If we rotate 

the radius curve around the vertical axis of the 

stem by 360°, we will obtain a solid whose volume 

expresses the estimated stem volume. It can be 

expressed mathematically using the following 

function:

( ) ( )∫∫ =⎟
⎠
⎞

⎜
⎝
⎛=

h

ii

h

i
i dhhfdhhfv

0

2

0

2

42
ππ  (6.16)

An advantage of this method is that it is general 

and has a good mathematical background. 

However, a disadvantage is the complexity of 

the calculation itself. We can derive the integral 

of the function analytically using, for example, 

substitution, decomposition or transformation, or 

integration by parts (per partes). If we insert tree 

height (h) into the derived function, we will obtain its 

volume (v). Volume of a tree part (section) can be 

calculated in such a way that we insert the height 

where the section fi nishes and the height where 

it begins into the derived function and subtract 

the values. However, analytical calculation of 

the integral is not always simple and very often it 

cannot be performed. In such a case, we can use 

numerical calculation based on iteration methods. 

The result is an approximation of the stem volume. 

We may use, for example, the Monte Carlo method 

which was described in Chapter 3.5.1. However, 

this method is very demanding for calculation 

time. Therefore, although the taper curve method 

is the most accurate from a logical viewpoint, it 

is replaced by other simpler methods: sections 

method or method of volume equations.

6.1.4.2  Deriving stem volume from partial 

sections

This method is suitable if the stem shape is 

defi ned via a stem profi le or form series. The 

stem is therefore divided into a certain number 

of regular or irregular sections. Stem profi les 

or form series may also be derived in reverse 

from the mathematical model of a taper curve. 

Stem volume is calculated from the volumes of 

individual sections. Sections are simplifi ed in the 

form of simple stereometric solids. It is always 

necessary to know the lengths of individual 

sections (l) and the appropriate basal areas: in 

the centre of sections (d
1/2

), at the start (d
0
) and 

at the end (d
n
) of sections, at one quarter (d

1/4
), 

at one third (d
1/3

), at one fi fth (d
1/5

) or at four fi fths 

(d
4/5

) from the wider end of the section. Necessary 

basal areas depend upon the formula used:

a) Huber:

lgdv ..
4 2/1
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 (6.17)

b) Smaljan:
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c) Newton:

lgggldddv nn .
6

.4.
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.4.
4

2/10
22

2/1
2

0 






 (6.19)

d) Tjurin:

0 

h 

ri = di/2 
= f(hi)/2 

x 

y 

rotation of curve around the axis x 

Fig. 6.12 The principle of deriving stem volume 
based on the rotation of a taper curve around the 
vertical axis of the stem (the calculation is based 
on defi nite integral 6.16).
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e) Hossfeld:
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f) Gauss:
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 (6.22)

Basal areas may be derived from the taper 

curve or using interpolation from stem profi les or 

form series. Stem volume is then calculated as 

the sum of volumes of individual sections.

6.1.4.3  Deriving stem volume using volume 

equations

This method is most common in forestry 

practice as well as in modelling tree volumes. 

Its advantage is that for determining volume, it is 

not necessary to know the mathematical shape 

of the stem taper curve, nor stem profi les or form 

series of the stem as in the previous methods. It 

is based on empirically derived volume equations 

into which the dendrometric characteristics of a 

tree are inserted. Of course, this simplifi cation 

affects model accuracy. Depending upon how 

many variables are contained in the volume 

equation, we distinguish between one, two or 

three-parameter models. The accuracy of the 

model increases with the number of variables. 

A one parameter volume equation expresses 

tree volume just based on its diameter (d
1.3

).

   3.1dfv   (6.26)

A two-parameter volume equation is most 

commonly used and expresses stem volume 

depending upon its diameter (d
1.3

) and height 

(h):

   hdfv ,3.1  (6.27)
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 NÄSLUND (for spruce)

NÄSLUND (for pine)

Explanation: d – diameter d
1.3

, h – height, d
i
 – diameter at height ’i‘ on the stem (d

0,5
, d

0,3
, d

7
), 

h
c
 – height to crown base, K – double width of bark

Tab. 6.2 Examples of regression functions suitable for deriving stem volume (v) using empirical volume 
equations based on one to four measured input variables (ŠMELKO 2007).
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Three-parameter volume equations attempt 

to better capture the shape or volume of a stem 

and therefore they introduce another value (X) 

for more accuracy:

   Xhdfv ,,3.1  (6.28)

This is most often the diameter at various 

heights of the stem or the crown base height or 

the width of bark. Table 6.2 shows internationally 

recognised regression functions suitable for 

expressing empirical volume equations. They 

are presented with the number and type of input 

variables as well as with the names of their 

authors. The table was prepared on the base 

of the textbook of forest mensuration (ŠMELKO 

2007).

Tables 6.3 and 6.4 show the Slovak model 

of volume equations published by PETRÁŠ and 

PAJTÍK (1991) for Norway spruce, Silver fi r, Scotch 

pine, European beech and Sessile/Pedunculate 

oak including the coeffi cients of the equations. 

The volume is derived for merchantable wood 

under bark (HBK). However, the mentioned 

authors also constructed models for other tree 

Tree species regression equation

Norway spruce     6532 .1..1. 41
aaaa hdahdav 

Silver fi r     6532 .1..1. 41
aaaa hdahdav 

Scotch pine       76432 .1..1. 5
1log.
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d
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coeffi cient

tree species

Norway 

spruce
Silver fi r Scotch pine European beech

Sessile/Peduncu-

late oak

a
1

0.000031989 0.000034922 0.000022575 0.542013 0.45272

a
2

1.8465 1.8665 2.1153 -3.1183 2.15534

a
3

1.1474 1.122 0.0127 44.3274 9.104877

a
4

0.0082905 0.026746 0.9796 -235.97 -12.05424

a
5

-1.0204 1.3016 0.06426 -0.00107177 0.1805909

a
6

0.8961 0.7399 -2.12448 -0.0000186004 -0.00401143

a
7

- - 1.37259 -0.0000008806277 -6.825297

a
8

- - - -0.00000000599567 9.437956

a
9

- - - - -0.0244461

a
10

- - - - 33.69218

a
11

- - - - -9.099938

a
12

- - - - -2.157726

Tab. 6.3 Slovak model of volume equations by PETRÁŠ and PAJTÍK (1991). The calculated volume represents 
the volume of the merchantable wood without bark (HBK).

Tab. 6.4 Coeffi cients of the Slovak model of volume equations by PETRÁŠ and PAJTÍK (1991).
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species (European larch, hornbeam, European 

ash, Black alder, Silver birch, Grey poplar) and 

for volumes in other units (merchantable wood 

over bark, stem over bark, stem under bark, tree 

over bark).

6.2 Modelling a tree crown

Defi nition 6.2

Crown projection expresses the projection 

of the crown in the horizontal plane.

Crown profi le expresses the projection of 

the crown in the vertical plane in a selected 

direction.

The morphological curve of a crown 

expresses crown shape using a continuous 

function. It is created by smoothing the crown 

profi le.

Crown surface expresses the size of the 

surface of a simplifi ed solid which closely 

envelopes the crown of the tree.

Crown volume expresses the volume of a 

simplifi ed solid which closely envelopes the 

crown of the tree.

Crown diameter expresses the diameter of 

the crown derived from the crown projection 

as the average value from several directions 

(for example, the cardinal points).

Height to crown base expresses the height 

on the tree where a healthy crown starts, i.e. 

the position of the lowest living branch.

Whilst the stem may be more or less described 

by its regular shape which does not change from 

one tree species to another, this does not apply 

to tree crowns. Individual tree species create 

different morphological forms of crowns which 

may also genetically change within one tree 

species. Figure 6.13 shows various examples 

of tree crown morphological forms: pyramidal, 

round, wide-branched, oval, drooping, columnar, 

vase-shaped, layered, bushy. A tree crown 

may be simulated using a simplifi ed solid, for 

example, a sphere, ellipsoid, cone, sinusoid, etc. 

Within the tree crown, we may usually distinguish 

sunlit and shaded sides. The sides are 

separated by the boundary situated at maximum 

circumference of the crown. In the direction from 

the top of the stem to this boundary the crown 

Tab. 6.13 Various morphological forms of tree 
crowns.

Fig. 6.14 An approximation of a tree crown using 
simplifi ed solids. In trees, the sunlit and shaded 
sides of the crown, separated by the maximum 
diameter of the crown, are modelled separately. 
The fi gure shows an example of coniferous and 
deciduous tree species. The sunlit and shaded 
sides of a tree crown are distinguished by different 
shades of green.
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diameter increases, and in the direction from this 

boundary to the base of the crown, its diameter 

decreases or remains unchanged (fi gure 6.14). 

Therefore, a tree crown is often modelled based 

on two solids describing the sunlit and shaded 

sides separately (for example, the crown model 

by PRETZSCH 2001, page 204). Solids such as a 

cone, a truncated sphere, a truncated ellipsoid, 

a paraboloid, etc. are used for the sunlit side of 

the crown. For the shaded side of the crown, the 

use of an inverted truncated cone, an inverted 

cone, a cylinder, a truncated sphere, a neiloid, 

an asteroid, a paraboloid, a hyperboloid, etc. 

can be used. For expressing the crown shape 

(crown projection, crown profi le) we can use two 

dimensional planar formations, curves (crown 

morphological curve), three dimensional solids 

(crown surface, crown volume) and biometric 

characteristics (for example, crown diameter, 

height to crown base). We will address modelling 

of these characteristics in the following text.

6.2.1  Methods of measuring and analysing 

the structure of crowns

Destructive and non-destructive methods are 

used to record the crown shape. Destructive 

methods are based on tree felling and a 

detailed analysis of a tree crown. Within crown 

analysis, it is possible to measure the length of 

shoots and branching angles, to analyse branch 

increment, to analyse crown biomass as well as 

to analyse cross sections through the stem of 

the felled tree (fi gures 6.15 and 6.18). Depending 

upon how detailed the required information is, 

branch analysis is performed on each branch, 

on one average branch per whorl or on the 

longest and shortest branches in a whorl. All 

branches are numbered consecutively during 

such measurements. This will help systematic 

capturing of the heights of branches bases, 

branch diameters (measured at a distance of 

5 cm from the stem), the length of branches, 

the length of dry parts of branches, and the 

horizontal direction of the base and the angle of 

branches. In order to monitor the development of 

the shape of branches, the annual increment of 

shoot lengths on the stem axis and on branches 

is measured (fi gure 6.15). For the majority of 

coniferous species, such a measurement of 

the length of shoots can be carried out up to 

the foot of the stem; for deciduous species, the 

possibility for such measurement is limited. If 

length increments on stems S
n
, S

n-1
, S

n-2
, etc., 

are ascertained simultaneously with length 

increments on branches A1
n
, A2

n
, A2

n-1
, A3

n
, A3

n-1
,

A3
n-2

 etc., it provides a check of the correctness 

at the same time, i.e. no shoots can be missed 

out or lammas shoots cannot be recorded as real 

shoots. Control cut sections from the stem and 

branches (disks) taken to determine age may 

further ensure the accuracy of the reconstruction 

of crown development. The measurement of the 

length of shoots starts at the top of the crown 

in year n and captures the length of parts of 

the tree in years n-1 and n-2, etc. To ensure 

plausibility, the number of shoots at a particular 

stem height may be compared with the number 

of growth rings on a stem cross section as well 

as with the number of annual branch shoots of 

the corresponding whorl. In order to measure 

the natural angle of branches, removed sections 

of a tree are placed in a vertical position (fi gure 

6.16b). The measurement of angles and lengths 

of branches is carried out either selectively or 

on each branch. The development of branches 

is documented using the measurement of 

several angles and distances (fi gure 6.16a, b). 

Representative branches are selected from 

various parts of the crown for analysing branch 

increment (depending upon their diameter and 

tree top 

etc. 

S – stem 
A – branch 

Fig. 6.15 
Measurement 
of the annual 
increment 
of shoots on 
a stem and 
branches.
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length). Ten cross sections are taken from these 

branches, as shown in fi gure 6.17. To check 

the analysis of annual rings on a branch, it is 

recommended to take a cross section of the stem 

immediately above the whorl, since this allows us 

to capture allometric relationships between the 

development of a stem and branches, as well 

as sapwood areas on the stem and branches. 

In order to analyse the biomass (the volume 

of branches and needles, the weight of 100 

needles, fl owers, fruit, seeds), we take samples 

from the consecutively numbered branches from 

the crown base up to the top, depending upon 

the requirements. A possible selection scheme 

is shown in fi gure 6.18 (PRETZSCH, 1985b). Tree 

branches for each third of a crown were selected 

for biomass analysis in this example (U1 to U3, 

M1 to M3, O1 to O3). Apart from that, in order 

to reconstruct stem development, cross sections 

were taken at the foot of the stem, and at heights 

of 1.3 m and 2 m, and then at two metre intervals 

up to the crown base, in the lower two thirds of 

the crown at one metre intervals and in the upper 

third of the crown at half metre intervals. Similarly 

as for the stem, non-destructive methods use 

geodetic methods, photogrammetry methods or 

fi eld laser scanning. Geodetic methods are most 

frequently used due to the complexity of a tree 

crown. This is because the evaluation of crown 

shape and particularly of its edges has to be 

carried out in the fi eld since it is sometimes not 

possible to correctly evaluate individual cases on 

photographic images or in the clouds of points 

from laser measurement. These situations 

mainly occur in stands with high density and 

of rich structure. Crown projection is measured 

using the method already described in Chapter 

3.3.1. The method is shown in fi gure 3.8. The 

measurement uses suitable tools, for example, 

Fig. 6.16 Ascertaining the characteristics of branches on a felled tree (a) and on a standing cut section 
(b): a) on the felled stem, we measure the length of a branch, the diameter of the branch where it comes 
out of the stem (point 1), the diameter at the boundary between dry and leafy (with needles) part of the 
branch (point 2), b) sections taken from the tree are placed in a vertical position in order to determine the 
linear lengths of branches as well as the linear and real angles of branches.

Fig. 6.17 Sampling of stem and branch cross-
sections (disks) in the vicinity of the whorls in order 
to reconstruct the growth of branches.

part of length of the branch 
(%) 

M1 branch age 

dating of branch creation 
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a crown glass prism, a measuring tape and a 

compass. Using these, we measure the radii of 

a crown from various cardinal points. From the 

crown projection we may then also derive the 

crown diameter (d
c
). Various hypsometers are 

used for measuring the height to crown base (h
c
) 

(fi gure 3.8). The principle uses the trigonometric 

principle where, based on the distance from the 

tree and the angle of the sight line from the point 

of the crown base, we calculate the height to 

crown base. The principle is therefore identical 

to measuring tree heights (fi gure 3.8). Measuring 

a crown profi le is the most diffi cult. The principle 

is identical to measuring a stem profi le. Based on 

the distances to the edge points of the crown and 

their vertical and horizontal angles, we are able to 

calculate their position in the space and therefore 

draw a curve of the crown profi le (fi gure 6.19). We 

use spherical coordinates which we obtain by 

measuring the distance () of the evaluated edge 

point of the crown (point 3) from the measurer 

(point 1), and by measuring the horizontal angle 

() from the stem axis (point 2) and determining 

the zenith angle (). Measuring of the inclined 

distance  may be simplifi ed by measuring the 

horizontal distance of the measurer from the 

stem axis. In this case, we assume that the stem 

axis is vertical. For taking measurements, we use 

suitable range fi nders (fi gure 6.1) and devices for 

measuring angles (fi gure 6.2), or we can also use 

modern devices based on computer aided fi eld 

data collection (fi gure 6.3).

6.2.2 Modelling the shape of tree crowns

The shape of a tree crown in empirical models 

is important mainly for modelling the canopy and 

competition of trees, for expressing the vitality 

of trees, modelling tree increment as well as for 

tree visualisation. Depending upon the type of 

models, we may consider modelling the taper 

curve of a crown and the biometric characteristics 

of a crown (crown diameter, height to crown base, 

crown surface, crown volume, etc.).

6.2.2.1  Modelling the morphological curves 

of crowns

The morphological curve of a crown expresses 

crown shape using a continuous function. The 

function copies the crown profi le. It can be 

modelled by one curve (for example, a circle, an 

ellipse, a sinusoid) or by several curves. The crown 

is often divided into sunlit and shaded parts (see 

fi gure 6.14). In this case, we use two curves: one for 

the sunlit part of the crown and one for the shaded 

part. The sunlit part is often simulated by a line, a 

part of a circle, or an ellipse or a parabola, and the 

shaded part is simulated by a line, a part of a circle, 

neiloids, asteroids, parabolas or hyperbolas. As an 

Height (m) 

U – lower, M – center, O – upper third of crown 

stem discs, 
disc in height 1,3 m 
and in 2 m distances 
until crown base 

stem discs in 1m  
distances in two lower
thirds of crown 

stem discs 
in 0,5 m distances 
in upper third of crown

Fig. 6.18 An example of a selection scheme for 
detailed analysis of tree crown biomass (PRETZSCH 
1985b).

Fig. 6.19 The principle of crown profi le 
measurement based on spherical coordinates. 
The position of the crown edge point (point 3) is 
determined by the distance () from the measurer 
(point 1), the horizontal angle () measured from 
the stem axis (point 2) and the vertical angle () 
from the zenith.
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example of modelling the morphological curve of 

a crown, we will illustrate a model created for the 

purposes of SILVA growth simulator (PRETZSCH et 

al. 2002), which was also used in SIBYLA growth 

simulator (FABRIKA 2005). The principle of modelling 

a morphological curve is shown in fi gure 6.20. 

The crown is divided into sunlit (L) and shaded 

(D) parts. The morphological curve is expressed 

by coordinates whilst its perpendicular (Cartesian) 

coordinate system starts at the top of the tree. The 

x axis is identical to the stem axis and its positive 

half axis runs from the top of the stem to the point 

of the crown base. The y axis expresses the value 

of crown diameter r. The value is a function of the 

distance x from the top of the stem:
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 (6.29)

Parameter a defi nes the ratio between the 

length of the sunlit part (l
L
) and the total length 

of the crown (l):

  
l
la L  (6.30)

The diameter of the crown on its base (at the 

height of the crown base) has the value of r
0
. The 

maximum diameter of the crown, separating the 

sunlit part from the shaded part, has the value of 

r
max

. The ratio between the diameters determines 

parameter c:

  

max

0

r
rc   (6.31)

The crown itself is defi ned by the height to 

crown base (h
c
) and the diameter of the crown 

(d
c
). The length of the crown and the maximum 

radius are derived in accordance with:

  chhl   (6.32)

  
2max

cdr   (6.33)

Parameter a specifi es the ratio between the 

sunlit and shaded parts of the crown, parameter 

b expresses the shape of the sunlit part and 

parameter c the shape of the shaded part. If 

parameter b equals 0, the sunlit part has the 

shape of a cylinder, if it equals 1 it is a cone, if 

it equals 1/2 it is a quadratic paraboloid, and if it 

equals 1/3 it is a cubic paraboloid. If the value of 

parameter c equals 0 it is an inverted cone, if it 

equals 1 it is a cylinder, and if it is between 0 and 1 

it is an inverted truncated cone. Function 6.29 has 

two mathematical shapes. The fi rst is applied for 

the sunlit part and the second for the shaded part. 

Such a formulated model is very universal and, at 

the same time, very simple. In table 6.5 we show 

the coeffi cients for spruce, fi r, pine, beech and oak 

(taken from the model by PRETZSCH, 2001, page 

206). Figure 6.21 shows an example of modelling 

Fig. 6.20 The principle of modelling a 
morphological curve of a crown (PRETZSCH, 2001, 
page 205).

Fig. 6.21 An example of modelling the crown 
shape for spruce (Picea), fi r (Abies), pine (Pinus), 
larch (Larix), beech (Fagus), oak (Quercus), 
Douglas fi r (Pseudotsuga), maple (Acer) and alder 
(Alnus) in accordance with model 6.29 (fi g. 6.20).

r 

rmax r0 
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lL 
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the shape of a crown for spruce (Picea), fi r (Abies), 

pine (Pinus), larch (Larix), beech (Fagus), oak 

(Quercus), Douglas fi r (Pseudotsuga), maple 

(Acer) and alder (Alnus).

6.2.2.2  Modelling symmetrical and 

asymmetrical crowns

The morphological curve of a crown describes 

the crown shape from one side of the tree. The 

majority of empirical models simulate a crown 

based on a symmetrical shape. We obtain 

the shape by turning the morphological curve 

around the vertical axis of the stem by 360°. 

The principle is shown in fi gure 6.22. The result 

is that during the rotation each point on the 

morphological curve draws a circle around the 

crown circumference. The following equations 

may be used for practical calculation of the 

positions of crown surface points in the space 

defi ned by coordinates x, y and z:

   
  


sin.
cos.
,0

xrz
xry

lx






 (6.34)

The space has its origin of the coordinate 

system at the top of the stem (fi gure 6.22). The 

x axis is vertical in a downward direction, the y 

axis is horizontal in a direction to the right and 

the z axis is horizontal perpendicular to the 

y axis in the direction towards the observer. 

Spatial coordinate x for a point at crown surface 

can obtain values from an interval from 0 up to 

the length of the crown l. Coordinates y and z 

are calculated. They depend upon the crown 

radius at a certain point (r(x)) and angle . The 

angle expresses the position of a point on the 

morphological curve in relation to the y axis in a 

clockwise direction (see fi gure 6.23a).

In real nature it is common that a crown 

has different morphological curves on each 

side of the stem. If we assume that the basic 

shape of a crown does not change around the 

circumference of the stem, we may model the 

asymmetry of the crown in such a way that we 

will rotate the morphological curve of the crown 

around an ellipse (fi gure 6.23a). A rotating 

ellipse has four defi ned radii (r
1
, r

2
, r

-1
, r

-2
). They 

are shown in fi gure 6.23b. The radii describe 

the relative transformation against the average 

crown radius in four directions. They reveal how 

many times a crown radius in a given direction is 

greater or smaller than the average radius. The 

characteristic may be derived easily from the 

measured crown projection (fi gure 3.9). We divide 

the area of rotation into four quadrants. They are 

numbered by a pair of indices i and j which are 

the indices of adjacent radii. The fi rst expresses 

the index of the x axis and the second the index 

of the y axis. The relative transformation of radius 

r
ij
 to the average radius is calculated based on 

the elliptic route of a point of the crown surface in 

the given quadrant:

     22
, sin.cos.  jiji rrr   (6.35)

Based on value r
ij
, we calculate the maximum 

radius of the crown and the radius of the crown 

on the stem base in a given direction ():

  

0,0

max,max

.

.

rrr
rrr

ji

ji




 (6.36)

Using these values, we then calculate the new 

crown radius r(x) at a given distance from the top 

of the stem and in a given direction. We will use 

the formula of the morphological curve (formula 

6.29). Subsequently, we will insert the new radius 

of the crown in equations 6.34. This is how we 

calculate the spatial coordinates of the required 

point on the crown surface.

6.2.3  Modelling biometric characteristics 

of crowns

We need the basic crown parameters for 

modelling the morphological curve of a crown. 

These are height to crown base (h
c
), crown 

length (l), crown diameter (d
c
) or the radii in the 

direction of the cardinal points (north, east, south 

and west). If this information is not accessible, it 

should be derived using a suitable method, for 

example, based on the diameter (d
1.3

) and height 

(h) of the tree. Apart from the initial biometric 

characteristics of the crown, we also often need 

derived characteristics such as the volume and 

spruce fir pine beech oak 

a 0.66 0.50 0.68 0.40 0.39 

b 1 1/2 1/2 1/3 1/3 

c 0.50 0.50 0.63 0.33 0.36 

Tab. 6.5 Parameters of the model of a morphological 
curve (formula 6.29) for spruce, fi r, pine, beech and 
oak.
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surface of the tree crown. They often infl uence 

modelling tree vitality or tree increment. Some 

empirical models also use other characteristics: 

crown density, crown projection area, branching 

coeffi cient, crown thickness coeffi cient, crown 

spread coeffi cient, crown plasticity, crown span 

coeffi cient, shading area coeffi cient, etc. We will 

address the mentioned characteristics in the 

following text.

6.2.3.1  Modelling crown diameter and height 

to crown base

Crown diameter (d
c
) is most frequently 

modelled using a simple regression equation 

based on the diameter of the tree (STERBA 1987, 

NAGEL 1996) or the height of the tree (HASENAUER 

1994), or it uses a more complex model based 

on tree diameter and height (PRETZSCH et al. 

2002). Apart from a linear model (STERBA, 1987), 

the allometric principle (see Chapter 4.2) may 

also be a suitable method for modelling a crown 

diameter only on the base of tree diameter. From 

the two dimensional models which appear to 

be very suitable, we shall mention the model by 

PRETZSCH (2001, page 205):
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hahadaa

c ed  (6.37)

The height to crown base (h
c
) is most 

frequently modelled using a one dimensional 

model based on tree height or diameter, or using 

a two dimensional model based on the height 

and diameter of a tree (NAGEL 1996, PRETZSCH 

et al. 2002). More complicated models are 

also used including other input characteristics 

such as the crown ratio and competition 

index (HASENAUER, 1994) or other additional 

characteristics (HASENAUER and MONSERUD 

1996). The allometric principle is also suitable 

for modelling the height to crown base, while 

it often uses tree height as an independent 

variable. From two dimensional models which 

seem to be very suitable, we shall mention the 

model by PRETZSCH (2001, page 205):

Fig. 6.22 The principle of producing a 
symmetrical crown by rotating the morphological 
curve around the stem vertical axis.

Fig. 6.23 The rotation of a morphological curve around a vertical axis: a) along a circle (a symmetrical 
crown shape), b) along an ellipse (an asymmetrical crown shape).
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Table 6.6 states the coeffi cients of both 

models for Norway spruce, Silver fi r, Scotch pine, 

European beech and Sessiel/Pedunculate oak.

6.2.3.2  Modelling crown surface area 

and volume 

The surface and volume of a crown rank 

amongst secondary characteristics which are 

derived from crown diameter, height to crown 

base and crown shape. At the same time, we 

almost always take generalised stereometric 

solids into consideration. The characteristics are 

very important since they determine the space 

for foliage (leaves and needles) which forms the 

basis for the production of biomass and therefore 

also the tree increment. At the same time, they 

are used for numerical description of tree vitality 

(PRETZSCH et al. 2002, FABRIKA 2005).

The crown surface area (S
c
) of a tree is native 

proportional to leaf area and mass growth. This is 

reason for modelling it explicitely. There are several 

mathematical formulae available for describing 

this characteristic. For example, we shall mention 

the model by ASSMANN (1961). Crown surface is a 

function of crown length (l) and crown diameter (d
c
):

  ccc dldS  2.4..
4


 (6.39)

KRAMER et al. (1988) suggest mathematically 

most complicated model in which crown diameter 

is replaced by its radius (r):
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 (6.40)

A very complex model for calculating crown 

surface for the purposes of evaluating tree vitality 

was designed by PRETZSCH et al. (2002) in SILVA 

model based on modelling the shape of the sunlit 

and shaded parts of a crown in accordance with 

equation 6.29. The surface of the shaded part of 

a crown is calculated using the formula:

   0max
2

0max
2 .. rrrrlS DcD

   (6.41)

For modelling the sunlit part of a crown, we 

use a model chosen depending upon the type of 

shape. If it is a cone, we use the equation:

  max
2

max
2 .. rrlS LcL
   (6.42)

If it is a quadratic paraboloid, we use the 

formula:
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where

  

Ll
rmax

1   (6.44)

If it is a cubic paraboloid, we apply the following 

algorithm:
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where

  
3

max
2

Ll
r

  (6.46)

The total surface of the crown is then determined 

as a sum:

Tab. 6.6 Coeffi cients of the model of crown diameter and height to crown base for Norway spruce, Silver 
fi r, Scotch pine, European beech and Sessile/Pedunculate oak (PRETZSCH 2001).

coeffi cient spruce fi r pine beech oak

cd

a
0

0.21954275 0.10707748 -0.55146480 0.58564663 0.37370441

a
1

0.25451189 0.45057263 0.64682262 0.42985194 0.11682797

a
2

0.00898311 0.00085076 -0.00624902 -0.00345519 0.02840191

a
3

-0.67350486 0.09745272 -0.19041388 -0.32380843 -0.93399208

ch

a
0

-0.04433531 0.14092210 0.37598510 -0.54781041 -0.99666999

a
1

-0.88228631 -0.84799041 -0.99631904 -0.10942219 -0.20433671

a
2

-0.00040666 -0.00424301 -0.02181868 -0.00229606 0.00323386
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DL ccc SSS   (6.47)

Crown volume (V
c
) can be expressed using a 

similar method apart from the fact that the formulae 

for calculating solid surfaces are replaced by 

formulae for calculating solid volumes. Finally, we 

include a simple formula for calculating tree crown 

volume in accordance with BURGER (in ASSMANN, 

1961) which replaces complicated formulae but 

this, of course, affects the accuracy:

  ldV cc ..
4

.4,0 2
  (6.48)

6.2.3.3 Estimating other crown parameters

Crown density (H
c
) expresses the volume 

of the crown modifi ed depending upon the 

state of assimilation organs. Defoliation, i.e. the 

loss of assimilation organs (SAO) expressed in 

percents, is used for reduction:

  





 

100
%1. SAOVH cc  (6.49)

Crown biomass (B
c
) describes the weight 

of dry mass in the crown in kilograms. It takes 

branches, assimilation organs and eventually 

green shoots into consideration. They are 

determined separately or as a total sum. We 

use, for example, allometric equations or BEF 

coeffi cients which are mostly applied to stem 

volume (see Chapter 6.10). We also often use 

the relationship between a cross section (basal 

area) of sapwood under the crown base, which is 

derived using pipe model theory (SHINOZAKI et al. 

1964). We shall address this principle in Chapter 

8. Crown biomass may also be expressed using 

more accurate empirical methods based on 

several input parameters, for example, based 

on tree diameter (d
1.3

), tree height (h), crown 

diameter (d
c
) and crown length (l). A suitable 

example is the empirical equation designed 

by LEDERMANN and NEUMANN (2005) which was 

derived for the biomass of branches:
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The dummy variable has a value of 1 if it is a 

forked beech crotch; otherwise it has a value of 

0. Coeffi cient  means the correction factor for 

logarithmic transformation.

The crown projection area (A
c
) means the 

area of the horizontal crown projection in m². It 

can be derived from crown diameter (d
c
) or from 

the radii of the crown in various directions (r
i
) if 

the crown has an asymmetric shape:

2
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More complex methods for stating the crown 

projection area are methods based on planar 

geometry. The radii of a tree crown measured 

from several directions are wrapped into a 

polygon. The area of the polygon expresses the 

crown projection area. It can be calculated from 

the Cartesian (perpendicular) coordinates of the 

peaks of the polygon (x
i
, y

i
) with the number of 

peaks n using the formula of a Gaussian plane:

   


 
n

i
iiic yyxA

1
11..

2
1

 (6.52)

h 
l 

dc d1.3 

Fig. 6.24 Tree characteristics serving for 
calculating branching coeffi cient, crown spread 
coeffi cient, crown thickness coeffi cient, plasticity, 
crown span and crown shading area. The ratio of a 
pair of characteristics used expresses the meaning 
of calculated tree crown parameters.
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where y
i-1

 = y
n
 when i = 1 and y

i+1
 = y

1
 when i 

= n. We can obtain even more accurate results 

if we replace linear segments between the end 

points of the radii with spline functions (see the 

algorithm in Chapter 6.1.2).

From other characteristics, we may mention 

the branching coefficient (l/h), crown 

spread coeffi cient (d
c
/h), crown thickness 

coeffi cient (d
c
/l), crown plasticity (l/d

c
), crown 

span coeffi cient (d
c
/d

1.3
) and the shading 

area coeffi cient (d
c
2/d

1.3
2). The meaning of the 

mentioned characteristics is clear from fi gure 6.24.

6.3 Modelling diameter structure of a stand

Modelling diameter structure is important for 

generating a stand structure from the mean and 

area characteristics of a stand. It is necessary 

to model frequency diameter functions using 

a suitable mathematical equation (Charlier 

A-function, beta function, gamma function, 

Weibull function, Liocourt function, Meyer 

function). Diameter structure of a stand also plays 

an important role in some frequency population 

models (see Chapter 5.2.3.8). These are based 

on modelling the dynamics of the diameter 

structure using regression models, differential 

equations or stochastic evolution algorithms. We 

shall now address this issue in more detail.

6.3.1  Basic properties and characteristics 

of diameter distribution

Diameter structure is defi ned by the frequency 

diameter function. The function describes the 

number of trees with changing diameters. It is 

defi ned by its shape, position and variability. The 

shape of the function depends upon the nature of 

the forest stand (fi gure 6.25). The most frequent 

type is left-skewed asymmetric distribution of 

tree diameters, which prevails in homogenous 

stands of age class type from young to mature 

forests. With age, it may gradually change to 

symmetrical (if older stands maintain full crown 

canopy) and in some cases, it can even have a 

right-skewed asymmetric shape (in case of over 

mature, homogenous forest stands). In multi-

storied forest stands, multimodal frequency is 

created. A specifi c type is decreasing frequency 

distribution, which is typical for forest stands with 

a selective structure. It can generally be stated 

that in age class forest stands, the frequency 

function moves to the right with age, its variance 

a) b) c) 

d) e) 
Fig.6.25 Shapes of diameter 
frequency functions based on the 
type of a forest stand: a) symmetrical 
(full crown canopy in older stands), 
b) left-skewed asymmetrical (the 
most frequent type of distribution 
in homogenous stands from young 
to adult age), c) right-skewed 
asymmetrical (mature homogenous 
forest stands), d) multimodal (multi-
storied forest stands), e) decreasing 
(forest stands with a selective 
structure). 
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increases and is less peaked (see fi gure 6.26). 

Similar increasing of variability and decreasing 

of peakedness can also be observed with an 

improvement of site class. Frequency functions 

are often derived for defi ned degrees of variance. 

Degrees express the variance of diameters at the 

same position of the function on x axis. Figure 

6.26 shows 3 degrees. Frequency distributions 

are extracted from the works of HALAJ (1957). 

At the same time, fi gure 6.27 compares the 

frequencies for Norway spruce, Silver fi r, Scotch 

pine, European beech and Sessile/Pedunculate 

oak with equal median diameters of 30 cm and 

degree of variance of 2 (medium).

The position of the frequency function may 

be expressed using the arithmetic average 

of tree diameters d  (formula 3.6), quadratic 

mean diameter d
g
 (formula 3.37), median 

diameter representing the volume of the mean 

stem d
v
 (derived with formula 3.40, for example 

by interpolation from calliper recordings) and 

the Weise median diameter d
w
 (derived using 

the Weise percentage from table 6.7). Another 

characteristic which describes the position of 

the frequency distribution curve is the upper 

1 1
2 22
3 

degree of  
variance: 

Tab. 6.7 The 
percentage of 
Weise median stem 
for deriving the 
median diameter 
based on the 
shape of frequency 
distribution (Halaj and 
Lesoprojekt).

Fig. 6.26 A model 
of the distribution of 
number of trees into 
diameter classes 
(diameter frequency 
functions) depending 
upon the median 
diameter (d

g
) and 

degree of variance 
(1, 2, 3) for Norway 
spruce stands (HALAJ, 
1957).

Fig. 6.27 Frequency distribution of tree diameters of 
various tree species (Norway spruce, Silver fi r, Scotch 
pine, Sessile/Pedunculate oak, European beech) with 
the same median diameter d

g
 = 30cm and degree of 

variance 2 (according to data from HALAJ, 1957).



258

FOREST ECOSYSTEM ANALYSIS AND MODELLING

diameter d
95%

 which expresses a 95% quantile 

within the variance of tree diameters. In relation 

to the mean diameter, it also gives us an idea 

about the variability of diameters. The following 

equation applies:

  %95ddddd wvg <<=><<  (6.53)

The variability of the diameter frequency 

function can be expressed using standard 

deviation of tree diameters s
d
 (formula 3.8) 

or variation coeffi cient of tree diameters s
d
% 

(formula 3.13).

6.3.2 Diameter frequency functions

The mathematical shape of a diameter 

frequency function can be generally written as

   ii dfBNn ..  (6.54)

The formula represents the relationship of 

the number of trees n
i
 in a given diameter class 

d
i
 to the overall number of trees in the stand 

N and the width of diameter interval B (1, 2, 4 

cm, etc.). Function f(d
i
) represents a theoretical 

frequency curve describing the type of frequency 

distribution. Its result is the relative proportion 

of diameter classes in the total population. For 

example, it could be the Charlier A-function, 

beta function, gamma function, Weibull function, 

etc. Special cases are the Liocourt and Meyer 

functions which directly calculate the number 

of trees with a given diameter using empirically 

derived parameters. We shall now address the 

above stated functions.

6.3.2.1 Charlier A-function

The Charlier A-function is one of the oldest 

functions used in modelling the diameter structure 

of a stand. It is based on normal distribution (see 

table 3.2). This function was already applied 

by e.g. HALAJ in 1957 for modelling diameter 

frequency functions of main tree species in 

Slovakia. Its mathematical shape is as follows:
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 (6.55)

(t) is the value of standardised normal 

distribution based on Student’s value t. Value 

t expresses the normalised deviation of a tree 

diameter d
i
 from the mean diameter d

s
 based 

on the value of standard deviation s
d
. The 

third derivation of the function III(t) expresses 

the component which modifi es the shape of 

the function based on the stated asymmetry 

coeffi cient A. The fourth derivation IV(t) adjusts 

the kurtosis of the function based on the kurtosis 

coeffi cient E. Both derivations are given in 

statistical tables based on value t. An advantage of 

the function is that it originates from the favoured 

normal distribution. However, a disadvantage is 

that it has low fl exibility since its shape, despite 

the asymmetry coeffi cient and kurtosis, is still 

very close to normal (symmetrical) distribution. It 

is therefore only suitable for homogenous forest 

stands, i.e. age class type pure stands.

6.3.2.2 Beta function

The beta function originates from Beta 

distribution (see table 3.2). Zöhrer contributed 

towards promoting the function in his publication 

(ZÖHRER 1969). KENNEL (1972) used it to construct 

a model for the diameter structure of growth 

tables for beech in Germany. ČERMÁK and PETRÁŠ 

(1984) successfully applied it in analysing the 

diameter structure of spruce stands in Slovakia. 

Its shape is as follows:
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 (6.56)

The fi rst variant of the function applies to 

0   ,0   ,maxmin  qpddd i and the 

second variant of the function to mindx   and 

maxdx  . Value B(p,q) is based on the gamma 

function which is given in statistical tables. 

However, in practice it is derived from empirical 

data using regression methods. Values d
min

 

and d
max

 act as parameters and determine 

the variance of diameters for function validity. 

Parameters p and q control the shape of the 

function. They are mostly derived as a function of 

the mean diameter d
s
 and the standard deviation 

of diameters s
d
. If value p equals value q and they 

are greater than 1, it is symmetrical distribution. If 



259

FOREST ECOSYSTEM ANALYSIS AND MODELLING

value q is greater than value p and they are greater 

than 1, it is left-skewed asymmetric distribution. 

In the opposite case, if value p is greater than 

value q and they are both greater than 1, it is 

right-skewed asymmetric distribution. If value 

p is smaller or equals 1 and, at the same time, 

value q is greater or equals 1, whilst the values of 

both parameters differ, it is decreasing frequency 

distribution. We can see from the above that the 

function is very fl exible and suitable for all types 

of frequency distributions. However, it has four 

parameters unlike the following two functions 

which have three parameters.

6.3.2.3 Gamma function

Gamma function comes from gamma 

distribution (see table 3.2). The function found 

application in modelling diameter structure thanks 

to works by VOSS (1969) and HEMPEL (1971) who 

used it to derive the diameter structure of pine 

and spruce stands in Eastern Germany. GEROLD 

et al. (1982) successfully applied it in analysing 

the diameter structure of beech research plots. 

RÖMISCH (1983) used it for the construction of 

a model for simulating growth and modelling 

thinning. The shape of the function is as follows:
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The fi rst part of the function applies to 

ax   and the second part of the function to 

ax  . Position parameter a is identical to 

minimum diameter d
min

. It determines the origin 

of the frequency function. Shape parameter p 

expresses the shape of the frequency function. 

Parameter b is called the scale parameter and if 

b is greater than 0 and p is also greater than 0, 

it applies that b = p.(d
s
 – a) and if further applies 

that p = d
s
2/

s
2. The function has three parameters. 

The parameters of this function may also be 

directly derived from the arithmetic average 

and standard deviation of diameters. Value (p) 

expresses ’substitution‘ of the factorial for all real 

as well as complex numbers. This means:

( ) ( ) ∫
∞

−−==+
0

1.   , !1 dtetzFzzF tz
 (6.58)

The value is presented in statistical tables. 

However, it is commonly determined using 

regression methods. The function is quite 

fl exible. It is suitable for all types of frequency 

distributions apart from the right-skewed 

asymmetric distribution.

6.3.2.4 Weibull function

The Weibull function is currently very popular 

due to its fl exibility, good interpretability of 

parameters and simple shape of distribution 

function (see Chapter 3.5.2, formula 3.74). The 

fi rst recommendations for its use appeared in 

American and Canadian literature (STIFF 1979, 

VAN DEUSEN and BIGING 1985). NAGEL and BIGING 

(1995) successfully applied it in Germany for 

generating the diameter structure of stands 

based on the number of trees in the stand, mean 

diameter and maximum diameter of the stand. 

They parameterised the function for all main 

types of tree species. MERGANIČ and STERBA 

(2006) developed an algorithm based on moment 

methods in order to adapt the parameters of the 

function to data from experimental plots as much 

as possible. The popularity of the function is 

also refl ected by its implementation into stand 

structure generators of growth simulators: BWIN 

(NAGEL 1996), SILVA (PRETZSCH et al. 2002) and 

SIBYLA (FABRIKA 2005). The mathematical shape 

of the function is as follows:
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The fi rst part of the function applies to adi   

and the second part of the function to adi  . 

The function has three parameters. Parameter a 

is called the position parameter, whilst it is valid 

that it is approximately equal to the minimum 

diameter (a  d
min

). Parameter b is called the 

scale parameter. It can be calculated based on 

the formula b  d
63%

 - d
min

 , where d
63%

 is 63% 

quantile of tree diameters. Parameter c is called 

the shape parameter. If parameter c is smaller 

or equal to 1, it is a decreasing function. If 

parameter c is equal to 3.6, it is a symmetrical 

function. If parameter c is greater than 1 and 

smaller than 3.6, it is a left-skewed asymmetrical 

function. If parameter c is greater than 3.6, it is a 

right-skewed asymmetrical function.
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We shall demonstrate the Weibull function in an 

example of a model created for Slovak conditions. 

The model was derived by FABRIKA (2005) from 

the data by HALAJ (1957) and was integrated into 

SIBYLA growth simulator. Parameters of the 

Weibull function (6.59) are calculated based on 

mean diameters (d
g
) and the standard deviation 

of diameters (s
d
) in accordance with:

2
5

2
43210

2
5

2
43210

%..%..%..%..

%..%..%..%..

0

dgdgdgdg

dgdgdgdg
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 (6.60)

Model coeffi cients are given in table 6.8. 

They are same for all tree species (Norway 

spruce, Silver fi r, Scotch pine, European beech 

and Sessile/Pedunculate oak). If standard 

deviation is unknown, it can be calculated 

based on the degree of variance s
r
 (1 to 3) 

using the formula:

2
5

2
43210 ........% srdasrdasrdasradaas ggggd +++++=  (6.61)

Model coeffi cients are given in table 6.9 

and are species specifi c. Figure 6.28 shows 

an example of the Weibull function for Norway 

spruce, mean diameters of 16, 32 and 48 cm and 

for 3 degrees of variance.

In terms of modelling the diameter structure of 

a forest, the Weibull function, beta function and 

gamma function are equivalent functions and it 

only depends upon the model constructor which 

function is chosen. The selection depends upon 

the number of parameters and their properties. 

As a fi nal result, parameters are functions of 

dendrometric characteristics of a stand, for 

example, mean as well as upper or maximum 

diameter of the stand and the standard deviation 

of tree diameters. The proof of their equivalence 

is shown in fi gure 6.29. 

6.3.2.5 Liocourt function

The Liocourt function was introduced by 

LIOCOURT in 1898 for selection forests. Its shape 

is modelled by a decreasing geometrical series:

  
 1

1.
 i

i qnn  (6.62)

where n
i
 is the frequency of the i-th diameter 

class (for example, four centimetre large) and 

n
1
 is the frequency of the fi rst diameter class. 

Quotient q is called the coeffi cient of curve shape 

and it varies from approximately 1.25 to 1.45. It 

is a specifi c case of a two-parameter frequency 

diameter function which directly models the 

number of trees of a given diameter class based 

on the ranking of the diameter classes.

Tab. 6.8 Coeffi cients of model parameters b and c of the Weibull function (formula 6.60) for modelling the 
diameter structure of Norway spruce, Silver fi r, Scotch pine, Europen beech and Sessile/Pedunculate oak 
stands (FABRIKA 2005).

Tab. 6.9 Coeffi cients for modelling standard deviation (formula 6.61) based on mean diameters, the 
degree of variance and tree species (FABRIKA 2005).

all tree species: b=f(dg,sd%) c=f(dg,sd%)
a0 0.353469448 7.690742044
a1 0.944011236 0.138876569
a2 -0.001739039 -0.128781440
a3 0.006782145 -0.008448420
a4 0.00000202137 -0.0000048679
a5 -0.000105761 0.000130605

tree species a
o

a
1

a
2

a
3

a
4

a
5

spruce 17.431137275 0.026184567 10.469070919 -0.244714074 0.002947043 0.000321214

fi r 9.186327014 0.310390360 8.565119590 -0.030588093 -0.001441372 0.008511194

pine 16.831986848 0.024846713 9.546811814 -0.505322981 0.005744073 0.041448551

beech 18.717300727 -0.088896672 12.631969873 -0.367219346 0.007541489 -0.007301431

oak 17.883874468 -0.035098558 12.958161722 -0.685086119 0.008279188 0.045925617
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6.3.2.6 Meyer function

In 1952, MEYER introduced another specifi c 

function for modelling diameter structure of a 

selection forest. It is based on an exponential 

curve which includes diameter d
i
.

  id
i ekn ..   (6.63)

The function has two parameters, k and a. 

They are usually determined from empirical data 

using regression methods. At the same time, 

MEYER (1952) created fi ve types of selection 

forests (A to E) which are distinguished by the 

overall stand density for various variance ranges 

of diameters (1..90, 8..90, 16..65). Parameters 

designed for these types are shown in table 6.10.

6.3.3  Modelling the dynamics of diameter 

structure

So far, we have only addressed the static status 

of forest stand diameter structures. However, 

diameter structure changes with the stand age 

(see fi gure 6.26). Some types of models address 

modelling of these changes. From the changes 

we derive the information for the whole population. 

Examples of such models are frequency 

population models (see Chapter 5.2.3.8). Several 

approaches are used for modelling the dynamics 

of diameter structure. We will now address the 

most well known and most common approaches.

6.3.3.1 Regression model

The principle of the regression model lies in 

the fact that the shape and the position of the 

frequency function changes with the stand age 

or time, while it is based upon a direct change 

in the parameters of the selected function. The 

parameters of a function are modelled on the 

base of the changes in stand characteristics. 

We may, for example, use the quadratic mean 

diameter, upper or lower threshold diameters, 

the number of trees in the stand, etc. The 

development of these characteristics is modelled 

using regression equations based upon the 

stand age, or function parameters are derived 

directly only based upon age. Parameters may 

also be expressed depending upon the stand 

Tab. 6.10 Designed parameters of the Meyer function for fi ve types of selection forest, in accordance with 
MEYER (1952). Parameters determine overall stand density for various variance ranges of tree diameters 
(1..90, 8..90 and 16..65).

Fig. 6.28 An example of the Weibull frequency 
function for Norway spruce, mean diameters of 
16, 32 and 48 cm and for 3 degrees of variance 
(model by FABRIKA 2005).

Fig. 6.29 Smoothing of frequency distribution of tree 
diameters obtained from empirical measurements 
(dashed line) using several functions: beta 
distribution, gamma distribution and Weibull 
distribution (RÖMISCH in ŠMELKO et al. 1992).

type A B C D E
N (1..90) 727 910 1065 1196 1309
N (8..90) 493 596 674 732 774

N (16..65) 300 353 387 407 416
a 0.055 0.06 0.065 0.07 0.075
k 41.4 56.5 71.7 86.9 102.1
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state: before thinning (total stand) and after 

thinning (remaining stand). The difference 

between frequency functions gives the frequency 

distribution of thinning (removal stand). The ratio 

of frequency functions of the removal and total 

stand expresses the removal function:

  ( ) ( )
( )iZP

iPP
i df

dfdr =  (6.64)

This is often used also in the following type of 

models based on differential equations. KENNEL 

(1972) was one of the fi rst to apply a regression 

model and he applied it to beta function, and VON 

GADOW (1987) used it for the Weibull function. 

Figure 6.30 shows an example of a fl exible 

change in the shape of the Weibull function based 

on the changes in input parameters processed 

in accordance with VON GADOW (1987). Figure 

6.31 shows the development of parameters of 

the Weibull function depending upon age and 

based on a varying initial number of stems 

of South African pine (Pinus radiata) stands 

without management interventions (processed 

in accordance with the same author).

age (years) age (years) age (years) 

a) b) c) 

N0 = 500 

N0 = 1000 

N0 = 2000 
N0 = 3000 

N0 = 500 

N0 = 1000 

N0 = 3000 

N0 = 500 
N0 = 1000 

N0 = 3000 

a b c 

0      10      20     30      40     50      60 

d1.3 (cm) 

N.ha-1 

1 

2 4 

3 

1: a=8, b=20, c=2 
2: a=8, b=20, c=4 
3: a=8, b=20, c=6 
4: a=8, b=30, c=6 

0      10      20     30      40     50      60 

d1.3 (cm) 

N.ha-1 
1 

2 
3 

4 

1: a=8, b=16, c=5 
2: a=8, b=20, c=5 
3: a=8, b=24, c=5 
4: a=8, b=28, c=5 

Fig. 6.30 Development of Weibull function curves for various parameters a, b, c (VON GADOW 1987, page 43).

Fig. 6.31 An example of the development of parameters of the Weibull function in a Pinus radiata stand 
depending upon age and based on a varying initial number of stems (VON GADOW 1987). The model 
illustrates the development of pine stands without management interventions: a) the development of position 
parameter a, b) the development of scale parameter b, c) the development of shape parameter c..
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6.3.3.2  A model based on differential 

equations

A model which uses differential equations was 

successfully introduced by MOSER (1974). It is 

based on the following modelling method. At the 

beginning of modelling, we have initial data in the 

form of the number of trees in individual diameter 

classes d
i
 of age t

0
. Let us label the number of 

trees with symbol n
i
(t

o
). Let us introduce the 

following state variables:

n
i
... the number of trees in the i-th class,

m
i
... the number of new trees in the i-th class,

k
i
... the number of dead trees in the i-th class,

l
i
... the number of felled trees in the i-th class,

In order to change the number of trees in the 

i-th class, we shall now introduce a system of 

differential equations:

  
dt
dm

dt
dl

dt
dk

dt
dm

dt
dn iiiii 1+−−−=  (6.65)

The aim of the method is to state (enumerate) 

individual members of the differential equation:

a)  increase of the number of trees in the 

given class (dm
i
/dt): in the fi rst class it is 

regeneration, which is usually the function 

of stand density. In other classes it is the 

transfer from the closest lower classes, 

which is usually the function of the basal 

area of the closest lower class, its periodical 

increment and the number of stems.

b)  loss of trees in the given class due to 

mortality (dk
i
/dt): it includes the trees which 

died naturally and did not become part 

of a management intervention (thinning). 

They are most frequently determined as a 

function of the actual number of stems and 

basal area, or are based on stand density.

c)  loss of trees in the given class due to felling 

(dl
i
/dt): it includes the trees which were 

felled during management interventions 

(thinning). They are usually determined 

based on the defi ned removal function. 

The function has already been mentioned in 

the previous chapter and we shall address it 

in more detail in Chapter 6.8.3.5. 

d)  loss of trees in the given class due to the 

transfer to a higher class (dm
i+1

/dt): these are 

trees, which due to the growth increased their 

diameter to such a values that they moved to 

a higher class. They are determined using a 

similar method as in point a). If it is the last 

class, not limited from above, this member of 

the equation is not used.

The principle of calculating the actual state 

itself at the age of t
p
 lies in gradual integration of 

differentials and addition to the initial state:

  ∫
+

+=
pt

t

i
ipi dt

dt
dntntn

1
0

0

)()(  (6.66)

6.3.3.3 Stochastic evolutionary model

The concept of a stochastic evolutionary 

model was established by SUZUKI (1971) and 

SLOBODA (1976) and later successfully developed 

by KOUBA (1977). The principle is shown in fi gure 

6.32. A visible change in the distribution of 

tree frequencies over time is derived from the 

changes in the state of all individual trees in the 

stand related to their remaining in a diameter 

class, their transition to a higher class or their 

exclusion from a diameter class due to self-

thinning processes or planned thinning. The 

fi gure shows the movement of uni-dimensional 

probability distribution (diameter frequency 

functions). Later, SUZUKI (1983) also introduced 

stand growth based on the changes in two-

dimensional distribution of probabilities (diameter 

and height frequency functions). This is how the 

principle of uni-dimensional distribution was 

also transferred to multi-dimensional. We shall 

only focus upon describing uni-dimensional 

model and we shall attempt to simplify the given 

problematics in order to simply focus upon the 

basic nature of the model, since its mathematical 

background is very complicated. If we use the 

initial distribution of tree diameters at time t
0
 

as a base, the distribution of trees at time t
1
 is 

determined by transition probabilities p
0,1

 which 

state the period of time for which the trees 

transfer from one diameter class to another. If we 

transfer all trees from period t
0
 to period t

1
 based 

on the mentioned probabilities, we will obtain 

new distributions of tree diameter frequencies. 

By subsequently applying probability p
1,2

 to the 

distribution of diameter frequencies at time t
1
 

we obtain another diameter frequency function 

at time t
2
. This is how we apply a transcript of 

probability distribution until reaching target time 

, i.e. until the rotation period of the stand. The 

basis of the model is therefore the movement of 

tree distribution frequencies along the time axis 
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controlled by Markov processes defi ned by the 

following properties: 

a)  a stochastic evolutionary model describes 

the movement of frequency distribution from 

(t
0
,x) to (,y). This means that a tree with 

value x at initial time t
0
 has value y at target 

time .
b)  movement is controlled by transition 

probabilities expressed in transfer function: 

p(t
0
, x; , y).

c)  the transfer function expresses conditional 

probability that at time  the tree will have 

value y if it had value x at time t
0
.

From the mentioned properties it is clear that 

transition probabilities control the entire process. 

They contain information about the development 

of all tree diameters in the stand. Transition 

probabilities p may be derived, for example, 

by repeated measurement of tree diameters in 

permanent research plots. In such cases, they 

can be calculated from the number of trees, 

which during the period from one measurement 

to another, remained in their initial diameter 

class, moved to a higher diameter class or died. 

However, such retrospective and extremely 

costly derivation of transition probabilities will not 

give us valuable information since the information 

obtained from one stand and one limited growth 

period cannot be generalised to other stands. 

Therefore, SUZUKI (1971) developed a method 

using which it is possible to estimate the transition 

probabilities and transfer function p(t
0
, x; , y) for 

a stand from several characteristics of a stand, 

which can be obtained using much simpler and 

less costly methods. A transfer function is created 

from drift function (, y), diffusion function 2(, 
y) and from mortality function (, y). These three 

functions can be parameterised with minimal 

costs using data from increment core analysis 

or from records of the previous development of 

mean stems in the stand. Using these functions, 

we obtain foundations for transfer function p(t
0
, x; 

, y), based on which we can illustrate the future 

development of the distribution of tree diameters 

from the initial diameter frequencies at time t
0
. 

The drift function represents a deterministic 

component of the model (fi gure 6.33a):

     ..., kekby   (6.67)

It describes the change in the values of a 

tree diameter y at time  (fi rst derivation of tree 

diameter growth curve) and contains parameters 

b and k. Parameters may be derived by 

smoothing of the mean diameter growth curve 

using the Mitscherlich function (fi gure 6.33c):

     tkeLMty ..1.   (6.68)

This is how we obtain parameter k. Next, we fi t 

a line to the differences of mean stem diameters 

(fi gure 6.33d):

     tyabty .1   (6.69)

From the function we will obtain parameter b. 

The diffusion function represents a stochastic 

component of the model (fi gure 6.33b):

     ..222 ...4, kekay   (6.70)

Parameters of the diffusion function a and k 

are derived using a similar method as above 

using formulae 6.68 and 6.69. The name of the 

function comes from the fact that it describes the 

level of keeping the direction of diameter growth 

or its shift upwards or downwards (diffusion) due 

to social processes (competition for micro-site 

resources). The function therefore controls the 

social processes of changes of individual trees. 

The mortality function describes the proportion 

of trees in diameter class y which die at time 

point . It usually remains constant:

    cy ,  (6.71)

The percentage of excluded trees in the total 

distribution of diameters remains the same, due 

time 

felling and mortality 

d1.3 (cm) 

d1.3 (cm) 
number  
of trees 

t0 t1 t2 t3 

Fig. 6.32 A change in the distribution of tree diameter 
frequencies from time t

0
 until the age of the rotation 

period infl uenced by tree increments, thinning and 
tree mortality (SLOBODA 1975, page 161).
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to which the number of trees in the remaining 

stand exponentially decreases. Suzuki assumed 

that a decrease in the number of trees focuses 

upon weaker members of the stand. For the 

Markov process, Suzuki stated a lower diameter 

threshold - absorbing barrier - which reduces the 

distribution of diameter frequencies of thinner 

trees in such a way that if they do not achieve a 

given diameter, they are removed from the stand. 

We obtain the transfer function by combining 

drift, diffusion and mortality functions. This is how 

we derive the density of probability (frequency 

diameter function):
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The function includes the already mentioned 

parameters a, b, c and k. Based on the initial 

distribution of tree diameters (t
0
,x) at time t

0
, 

we can derive the expected distribution of tree 

diameters (,y) at time .

6.4  Modelling the height structure 

of a stand

Modelling stand height structure is also part 

of generating the structure of stands in forest 

models. Height structure may be directly generated 

using frequency curves or indirectly using height 

curves. Due to the close relationship between the 

diameters and heights of trees, a second method 

is preferred in forest modelling. We shall address 

the modelling of a height curve in the following text.

6.4.1  The basic properties and 

characteristics of height structure

Height structure has similar properties to 

diameter structure. The difference is that a right-

skewed asymmetric frequency curve is typical for 

tree heights in even-aged stands (fi gure 6.34). 

Therefore, the beta function and Weibull function 

are mainly suitable for its modelling. At a young 

age, the shape of the curve is close to symmetrical 

and with ageing it becomes more right-skewed, the 

curve moves to the right, it has greater variance and 

is less peaked (fi gure 6.34). Therefore, in young 

stands we may also use the Charlier A-function. A 

similar change in shape also occurs when value 

is improved. Since in selection stands the curve is 

decreasingh, similarly to tree diameters, the Meyer 

and Liocourt functions are also applied. Similar 

characteristics to those for diameter structure are 

used to describe the position of the frequency 

height curve: the arithmetic average ( h ), the

mean height for a tree with a mean basal area (h
g
), 

the mean height for a tree with mean volume (h
v
) 

and the upper height (h
95%

). Since the assessment 

of the mean height with mean basal area is 

complicated, it is replaced with the Lorey mean 

height h
L
 (formula 3.38 in Chapter 3.3.2), which is 

very similar. The upper height represents 95 per 

cent quantile of tree heights in the stand. There 

is a similar relationship between the mentioned 

characteristics of the position to those of tree 

diameters.

  ( ) %95hhhhh vLg <<≈<  (6.73)

d1.3 (cm) d1.3 (cm) 

time time 

 

time 

M 

M = 23,64 
k = 0,05 
L = 1,2 

d1.3 (t) d1.3 (t+1) 

d1.3 (t) 

a = 0,9512 
b = 1,1529 

10 

20 

tkeLMty ..1.
Mitscherlich function 

)(.1 tyabty

 

Fig. 6.33 Drift (a) and diffusion (b) functions of the development of the diameter of an individual tree. 
We obtain the parameters of both functions using regression analysis of empirical data by analytical 
smoothing of the development of mean diameters in relation to age using the Mitscherlich function (c) 
and by smoothing the graph of mean diameter differences using a line (d). Processed in accordance with 
SLOBODA (1976, pages 80 and 201).

a) b) c) d)
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The same characteristics as for tree diameters 

are used for expressing variability: variance, 

standard deviation and coeffi cient of variation. 

However, the difference is that height variability 

is generally around two to three times lower than 

the variability of tree diameters (ŠMELKO 1983). 

Since there is a very tight correlation between tree 

diameter and height, direct modelling of height 

structure is replaced with indirect modelling 

based on modelling diameter structure and the 

model of height curves. We shall address the 

modelling of height curves in the following text. 

6.4.2 Types of height curves

A height curve describes the relationship 

between tree height and its diameter or age. 

It could represent individual trees or a mean 

stem. We will explain a height curve using an 

example of the height curve of a tree in an 

even-aged, homogeneous stand. We express 

a height curve as the relationship between 

tree height (h) and its diameter (d
1.3

) in a given 

stand. It generally applies that, on average, tree 

height increases with increasing tree diameter 

in a stand, as shown in fi gure 6.35. We could 

obtain the curve by displaying the diameters 

of all trees in the stand on x axis of a graph 

and their heights on y axis. Such a scatter plot 

is smoothed using a suitable mathematical 

function. Its shape should have the following 

properties. The function should start at a height 

value of 1.3 m on y axis if the diameter value 

on x axis is 0. This is because tree diameter 

is measured at breast height (1.3 m). At the 

beginning, the function has a convex shape 

which quite soon reaches infl exion point and 

changes to a concave shape. The function 

then continuously grows until reaching the 

asymptote (h
max

). At the same time, points vary 

around the regression curve. Tree heights in 

diameter classes (d
1
, d

2
, d

3
, ..., d

k
) usually have 

right-skewed, asymmetric distribution around 

average height in diameter classes (marked with 

a blue cross in fi gure 6.35). Variance increases 

with the size of diameter class. The distribution 

of tree heights in diameter classes is shown 

in fi gure 6.35 by blue dotted curves. A height 

curve described in such a way is called a stage 

height curve. Apart from a stage height curve, a 

height development curve also exists. A special 

type of height curves are height tariffs of even-

aged and selection forests. We shall now defi ne 

various types of height curves in more detail.

6.4.2.1 Diameter-height curve

Defi nition 6.3

A diameter-height curve expresses the 

relationship between tree height and tree 

diameter in an even-aged forest at a particular 

stage of stand development: h = f(d
1.3

)

If we constructed a height curve at various 

stages of stand development in the same even-

aged stand (fi g. 6.35), we would obtain different 

curves. Curves would move in the direction of 

heights and diameters of trees (upwards and 

to the right), they would lengthen and would 

become steeper. The developmental stage of 

a stand may be defi ned by its mean diameter. 

The mean height of the stand is related to 

Fig. 6.34 Frequency height functions for various 
mean heights in accordance with HALAJ (1978) in 
an example using beech.

Fig. 6.35 The principle of a height curve of a 
stand in an even-aged and homogeneous stand 
(stage height curve).

d1 d2 d3 di dk 0 
1 3.  

hmax 

d1.3 (cm) 

h (m) 
asymptote 

inflexion point 
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the mean diameter. This does not follow the 

original initial height curve, but moves to new 

height curves. The reason for this is a change 

in the distribution of tree diameter frequencies 

and a different growth rate of tree diameter and 

height (height increment culminates earlier). 

An example of diameter-height curves in an 

even-aged stand is shown in fi gure 6.36. The x 

axis displays tree diameter (d
1.3

) and the y axis 

displays tree height (h). A developmental stage 

of a stand is expressed by the mean diameter 

assigned to the appropriate height curve. 

PHILIPP (1924) was the fi rst to establish a system 

of diameter-height curves. Other pioneering 

authors of systems of diameter-height curves 

are BROSSARD (1936), WIEDEMANN (1936), LANG 

(1938) and VANSELOW (1951). In Slovakia, HALAJ 

(1955) constructed a system of diameter-height 

curves. The mentioned systems are also often 

called systems of uniform height curves.

6.4.2.2 Height growth curve

Defi nition 6.4

A height growth curve expresses the de-

pendence of the height of individual trees 

upon their age or the relation of the mean 

height of an even-aged stand to stand age: 

h = f(t); h
g
 = f(t)

A height growth curve expresses the change in 

tree height with a change in age. It is related to the 

height of an individual tree (h) or is related to the 

mean height of an even-aged stand (h
g
). Since it 

describes the change in the height of a particular 

individual or mean stem with age, we speak of a 

growth curve. Growth curves are very often used 

as models of growth potential or growth levels. 

A tree height growth curve (fi gure 6.37a) is used 

in tree models. Its shape is very often modelled 

in relation to environmental characteristics 

(exogenous variables) such as precipitation, 

temperature, soil characteristics (PRETZSCH 1992, 

PRETZSCH et al. 2002, FABRIKA 2005) or based on 

the site class (EK and MONSERUD 1974, MONSERUD 

1975, HASENAUER 1994, NAGEL 1996, 2003). This 

curve defi nes growth potential. From the 

potential, we derive the potential tree increment 

which is reduced based on actual competition 

pressure (intermediary variables, for example, 

light in the stand measured using competition 

index) and tree conditions (state variables, for 

example, crown vitality represented by its size). 

We will address this method in Chapter 6.9.3. A 

stand height development curve (fi gure 6.37b) 

has already been introduced within Eichhorn’s 

rule (see Chapter 4.5) and describes stand site 

class. With increasing site class, the height 

Fig. 6.36 The mutual relationship between 
diameter-height curves and a height tariff in an 
even-aged Norway spruce stand (in accordance 
with ŠMELKO 2007).

Fig. 6.37 Height growth curve a) of a tree, b) of a stand.
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growth curve moves upwards and becomes 

steeper. Site class forms a part of yield tables 

(WIEDEMANN 1943, ASSMANN and FRANZ 1963, 

VUOKILA 1966, SCHMIDT 1971, HAMILTON and 

CHRISTIE 1973, LEMBCKE et al. 1975, HALAJ et al. 

1987 PETRÁŠ et al. 1990) and the curve is also 

used in growth simulators (FRANZ 1968, BRUCE et 

al. 1977 CURTIS et al. 1981). Models of the height 

growth curves of trees are also used to derive 

growth multipliers in multiplication models (see 

Chapter 4.1.3 and 6.9.2).

6.4.2.3 Height tariff of an even-aged forest

Defi nition 6.5

A height tariff of an even-aged forest ex-

presses the relationship between the mean 

stand height and its mean diameter: h
g
 = f(d

g
)

If, in an even-aged stand, we create a curve 

of changes in the mean stand height during 

its development in relation to the mean stand 

diameter, we will obtain a height tariff of an even-

aged forest. The height tariff would intersect the 

diameter-height curves of the stand as shown 

in fi gure 6.36. The x axis shows stand mean 

diameter (d
g
) and the y axis shows its mean 

height (h
g
). Several factors infl uence the position 

and the shape of the height tariff of an even-aged 

forest. It is mainly infl uenced by management 

interventions and the site class (ŠMELKO 2007). 

The stronger the thinning or the more released 

the stand canopy is, the smaller mean stand 

height at a certain mean diameter, and vice versa. 

At sites with better site class with the same mean 

diameter and type of thinning, the mean height 

of the stand is greater than at sites with worse 

site class. This means that a single tariff cannot 

suffi ciently capture the development under all 

stand growth conditions, and that it is necessary 

to create a greater number of tariffs. The system 

by KRENN (1948) with three height tariffs was one 

of the fi rst height tariff systems of an even-aged 

forest in the world (lower, medium and upper 

tariff) along with the system by KRÄUTER (1958) 

with as many as 14 height tariffs. In Slovakia, 

HALAJ (1963) constructed height tariffs with 10 

variants of curves.

6.4.2.4 Height tariff of a selection forest

Defi nition 6.6

The height tariff of a selection forest 

expresses the relationship between tree 

heights in a selection forest and their 

diameters: h = f(d
1.3

)

Height tariffs for selection forests are designed 

more simply than tariffs for even-aged stands. 

They are related to individual tree variables. 

They express the dependence of trees heights 

upon their diameters. They are similar to 

diameter-height curves. The difference is that 

a selection stand, if it is in a balanced state, 

always keeps the same height tariff during its 

development. This is because a selection forest 

in a balanced state consists of a large number 

of age generations from the youngest to the 

d1.3 

h 

height tariffs 
(of selection forest) 

1 

5 

9 

13 

17 

3 

7 

11 

15 

19 
improving site conditions 

Fig. 6.38 An example of a system of height tariffs of selection forests for spruce. The tariffs are numbers 
in ascending order as site conditions improve. In total, there are 20 tariffs. For transparency, only curves 
with odd numbers are illustrated.
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oldest and, at the same time; they also create 

certain diameter generations (diameter classes). 

Each of these generations has its own mean 

diameter and mean height which remain almost 

unchanged throughout the whole life of the 

stand. They are constant so the mean diameter 

and mean height of the whole stand also remain 

unchanged. A system of height tariffs is usually 

divided into a larger number of height tariffs 

which correspond to varying site conditions 

(fi gure 6.38). With improving site conditions, 

the tariff moves upwards and is steeper. Swiss 

and French tariffs are amongst the oldest. Their 

authors are GURNAUD, BIOLLEY, ALGAN, SCHAEFFER 

and others. They were constructed as a uniform 

100% standard for the best sites, from which 

the tariffs for worse sites can be obtained using 

reduction coeffi cients. In Germany, KRUTZSH 

constructed 10-member tariffs and PRODAN 

(1949) constructed 5-member tariffs for Norway 

spruce and Silver fi r. In Slovakia, the fi rst attempt 

to construct tariffs for selection forests was 

carried out by FAITH (1960). He was followed 

by HALAJ (1963), who constructed 20-member 

height tariffs for Norway spruce, Silver fi r and 

European beech with Sycamore maple.

6.4.3 Modelling height curves

A wide range of functions may be used for 

modelling a height curve. From the large number 

of possible functions, suitable are those which 

meet the requirements for height curves: the 

origin of diameter-height curves and height 

tariffs is in coordinates 0 cm (x axis) and 1.3 m 

(y axis), and the origin of height growth curves 

in coordinates 0 years (x axis) and 0 m (y axis), 

they continuously grow, fi rst they have a convex 

shape which quickly changes to concave (early 

infl exion point) and converge to the given 

asymptote (see fi gure 6.35). It is preferable to use 

the functions with fewer parameters, or can be 

transformed into a simpler shape or, ideally, into 

a linear shape. From statistical characteristics, 

we mainly evaluate the degree of correlation 

(correlation coeffi cient), and the mean error of the 

regression equation (see Chapter 3.4.1). Visual 

assessment of the development of a function in 

the scatterplot of fi tted data is also very important. 

In the statistical fi tting of a scatterplot, it is 

recommended to use the original data containing 

tree diameters and heights instead of only 

average heights in diameter classes, but only if 

all the original data is available, of course. Table 

6.11 shows some of the known functions suitable 

for modelling a stand height curve. The fi rst is the 

historical function in forest modelling by ASSMANN 

(1943), currently rarely used, which is based on 

a simple polynomial. One of its disadvantages is 

that it does not have an asymptote and infl exion 

point. With increasing age it can happen that 

in the area of larger diameters the function 

decreases if the data is extrapolated. At the same 

time, is does not change its shape from convex 

to concave. However, it can be used in the fi eld, 

mainly in forest inventory, since its coeffi cients 

can be easily calculated using a calculator. This 

function is suitable if we want to derive tree 

heights in diameter classes of the stands with 

measured diameters (for the needs of deriving 

tree volumes). This is because, in this case, the 

extrapolation is excluded and since the infl exion 

point is usually below the threshold diameter 

of merchantable wood (7 cm), this requirement 

also becomes insignifi cant. We shall mention 

another very well known function developed 

by MICHAJLOV (1943). The use of this function is 

still favoured due to its good adherence to data 

material, its fl exibility and simple shape. From 

other known functions we can mention functions 

by WOLF (1957), NÄSLUND (1947) and PETTERSON 

(1955) which only differ in their exponents (fi rst, 

second, third). We also included the function by 

FREESE (1964) in the table and two functions which 

are mainly suitable for selection forests (KORSUŇ 

1935, PRODAN 1951). Examples of functions are 

designed for modelling the diameter-height curve 

and height tariffs (dependence of height upon 

the diameter of trees). In case of a height growth 

curve (the relationship between tree heights and 

age), 0 value is used instead of 1.3 value in the 

functions. An extended list of functions can be 

found in the works of ŠMELKO (2007), HUSCH et al. 

(2003), VAN LAAR and AKÇA (2007).

We shall demonstrate height curve model 

in an example of diameter-height curves in the 

form of a system of uniform height curves of an 

even-aged forest and height tariffs of a selection 

forest. Both examples are derived and apply 

to the area of Slovakia. The model of uniform 

height curves is based on a system of diameter-

height curves derived by HALAJ (1955) in the 

form of graphical previews and transformed into 

mathematical equations by ŠMELKO et al. (1987). 

The MICHAJLOV function (1943) was used. Model 

inputs are mean diameter (d
g
) and mean height 
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(h
g
) of the stand, which fi x the growth stage of an 

even-aged forest, and tree diameter (d
1.3

):

( ) ( )
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−++−+=

g
ggg dd
dahaahh 11...exp.3,13.1

3.1
210  (6.74)

The model was derived for Norway spruce, 

Silevr fi r, Scotch pine, European larch, 

European beech, Sessile/Pedunculate oak, 

hornbeam, Europen ash, Field elm, Grey poplar, 

Silver birch and Euroasian aspen. In table 6.12 

we present the coeffi cients for the fi rst fi ve 

tree species. The model of height tariffs of a 

selection forest is based on the data from the 

tables of height tariffs derived by HALAJ (1963). 

This material served as a base for transforming 

empirical data into a system of mathematical 

equations (FABRIKA 2005). The method was 

based on partial fi tting of individual height tariffs 

(1-20) for all tree species (Norway spruce, Silver 

fi r and European beech with Sycamore maple). 

The PRODAN function (1951) was selected 

for fi tting. In order to select a height curve, a 

system of relative height tariffs (RVT) (1-20) was 

replaced with a system of absolute tariffs (AVT). 

An absolute height tariff expresses the average 

height of a tree with a diameter of 50 cm. The 

following model of the system of height tariffs 

was created:

height curve model author

2
3.123.110 .. dadaah  ASSMANN (1943)

3.1

1

.3.1 0
d
a

eah
−

+= MICHAJLOV (1943)

3.110

3.1

.
3.1

daa
dh
+

+= WOLF (1957)

2

3.110

3.1

.
3.1 ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+

+=
daa

dh NÄSLUND (1947)

3

3.110

3.1

.
3.1 ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+

+=
daa

dh PETTERSON (1955)

( ) 3.123.110 .ln.3.1 dadaaeh +++= FREESE (1964)

( ) ( )3.1
2

23.110 ln.ln.3.1 dadaaeh +++= KORSUŇ (1935)

2
3.123.110

2
3.1

..
3.1

dadaa
dh

++
+= PRODAN (1951)

tree species
coeffi cient

a
0

a
1

a
2

Norway spruce -7.36402540 0.16909118000 -0.35217965

Silver fi r -7.41297360 0.05366842700 -0.24506129

Scotch pine -1.51442630 -0.00720216440 -0.26223237

European beech -9.00290190 0.23430844000 -0.23828511

Sessile/Pedunculate oak -4.33059030 0.00056339817 -0.17147742

Tab. 6.11 Examples of suitable height functions. The examples are designed for modelling the diameter-
height curve and height tariffs (dependence of height upon tree diameter). If the function represents a 
height growth curve (the dependence of tree height upon age), we use 0 value instead of 1.3 value.

Tab. 6.12 Coeffi cients of the model of uniform height curves by Šmelko et al. (1987).
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Model coeffi cients are shown in table 6.13. 

Figure 6.38 gives an example of height tariffs for 

spruce.

6.5  Modelling the spatial structure 

of a stand

The spatial structure of a stand is given by the 

horizontal and vertical distribution of trees in space 

and time (also see Chapter 2.1.3 and defi nition 

2.14). It determines the complexity and stability of 

a forest stand. Nowadays, we attempt to convert 

homogenous even-aged stands to structurally 

rich, mixed forests. The spatial structure not only 

infl uences the dynamics, growth and production of 

a forest but also a wide spectrum of forest functions 

which also include the conservation of the 

biosphere and recreational purposes. Therefore, 

in this Chapter we shall address the measurement, 

evaluation and modelling of the spatial structure 

of stands. The structure of the landscape, forest 

stands and their trees plays an important role in 

the following physical, biochemical, ecological 

and socio-economic processes. Before we focus 

upon the infl uence of stand structures on forest 

dynamics and the importance of spatial models 

in predicting forest growth and production, we will 

demonstrate that the spatial structure of a forest 

also infl uences the diversity of ecosystem fl ora 

and fauna. For example, according to the works 

by various authors, the structure of forests and 

landscape may affect the presence and population 

dynamics of woodpeckers, owls and bears, which 

can be derived directly from the forest structure 

(LETCHER et al. 1998, MCKELVEY et al. 1993, WIEGAND 

1998). AMMER et al. (1995), AMMER and SCHUBERT 

(1999), ELLENBERG et al. (1985) and other authors 

document a close relationship between the spatial 

structure of a forest and the presence of birds, 

beetles, spiders and fl ying insects. Despite the 

fact that many questions in the research of the 

relationship between forest structure, species 

diversity and its infl uence upon ecological stability 

remain open, we can today state with high 

confi dence that the richness of fl ora and fauna 

increases with the richness of the forest structure. 

This means that parameters of forest structure 

at macro, mezzo and micro levels are very good 

indicators of ecological diversity and stability of 

forest ecosystems, which also determines the 

type of management (HABER 1982). Table 6.14 

presents a list of aspects of forest structure, their 

verbal description and the characteristics of their 

numerical description (quantifi cation). They also 

form a basis for modelling forest structure and 

have a subsequent infl uence upon the prognoses 

of forest development and growth simulations. We 

speak of structurally sensitive models. In further 

text we shall focus upon the method of horizontal 

distribution of trees, stand density, differentiation, 

diversity and mixing of species. The parameters 

of stand structures are useful not only for the 

analysis and modelling of forest dynamics. They 

are also important as indicators of the state and 

the development of forest ecosystems and for the 

application of management methods (MCPFE 

1993). At the same time, this data does not only 

need to be collected based on direct measurement 

of diversity, stability or the longevity of production 

(counting species of plants and animals, 

coeffi cient
tree species

Norway spruce Silver fi r European beech with Sycamore maple

a
0

11.6052800 16.4711100 10.2117800

a
1

-335.5120000 -339.6240000 -325.4350000

a
2

4960.3140000 1754.0850000 3325.0260000

b
0

-0.5717130 -0.6289020 0.1895410

b
1

38.581800 27.3273900 -7.4473800

b
2

-221.975000 131.8003000 444.9677000

c
0

0.006900 0.0060820 -0.0076830

c
1

0.353788 0.5814530 1.2659340

c
2

3.979635 -1.8272400 -8.6512500

Tab. 6.13 Coeffi cients of the height tariff model by Fabrika (2005).
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determining nutrients cycle, etc.) but may also be 

easily derived from the existing data of modern 

inventory designs (MERGANIČ et al. 2004, MERGANIČ 

and ŠMELKO 2004, ŠMELKO et al. 2006, ŠMELKO and 

FABRIKA 2007). Conventional approaches to the 

measurement, analysis and modelling of forest 

stands were based on stand data such as mean 

diameter, upper height or stock per hectare. 

However, this data ignores the three dimensional 

nature of forest structure which represents the 

most important and basic characteristic of a forest 

ecosystem. Therefore, in forest modelling, we 

mainly focus upon the parameters of its structure 

which is also related to transfer to the parameters 

of individual trees (diameters, heights, coordinates, 

crown parameters). In order to receive individual 

tree data from stand data there are generators of 

stand structure which we shall address in Chapters 

6.5.7 and 6.10.

6.5.1  Poisson forest as a reference base for 

assessing horizontal structure

Defi nition 6.7

Poisson forest is a forest stand in which the 

horizontal distribution of trees is completely 

random and identical to the two-dimensional 

Poisson’s distribution.

The horizontal distribution of trees is the result 

of a forest regeneration process (artifi cial or 

natural). The distribution of trees is determined 

by their position in the forest stand and gradual 

loss of individuals based on auto-regulation 

(self-thinning) processes and management 

interventions. Poisson distribution, based on the 

random distribution of trees over a stand area 

is very often used for assessing the horizontal 

structure of a forest. It forms a referential base, 

a so called Poisson forest, which is compared 

with the actual tree distribution (tendency to create 

groups or tendency towards regularity). It is a type 

of discrete distribution which represents a limited 

case of binomial distribution (see table 3.1). We 

shall explain the principle of distribution using the 

example in fi gure 6.40. If we generate a random 

position in the direction of the x axis and a random 

position in the direction of the y axis within an 

area of 10 m x 10 m, we will obtain a point with the 

coordinates equal to Poisson position in the area. 

We generated two random numbers from uniform 

continuous distribution from 0 to 10. We therefore 

used double uniform continuous distribution. We 

repeat generation 200 times. We will obtain 200 

tree positions with random Poisson distribution. 

We now divide the given area into a regular 

network of smaller plots of 1m x 1m. We will obtain 

100 small plots. We will count the number of trees 

in individual plots. We will display the number of 

aspect of 
structure verbal description numeric description

method of 
horizontal 
distribution

random, regular,
clustered

Agregation index by CLARK & EVANS (1954)
Distribution index by PIELOU (1959)
Relative variance by CLAPHAM (1936)
Index of dispersion by MORISITA (1959)
K-function by RIPLEY (1977)
L-function by BESAG (1977)
Pair correlation function by STOYAN & STOYAN (1992)

stand 
density

open, sparse, 
gapped, dense, 

closed

Stocking by ASSMANN (1961)
Canopy cover according to rasterisation and ’dot-count‘ methods
Canopy cover based on the calculation of overlapping areas
Canopy cover by CROOKSTON & Stage (1999)
Stand density index by REINEKE (1933)

differentiation single-, double-, multi-
storied, selective

Coeffi cient of variation of tree values
Differentiation of diameters and heights by Füldner (1996)

diversity single-, double-, multi- 
species

Entropy by SHANNON (1948)
Species profi le index by PRETZSCH (1995)
Mark correlation function by STOYAN & STOYAN (1992)

mixing individual, clumped, 
grouped 

Species intermingling index by FÜLDNER (1996)
Segregation index by PIELOU (1977)

Tab. 6.11 A qualitative and quantitative description of forest stand structure.
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trees in a histogram, where the x axis shows the 

discrete number of trees in 1 m² plots and the 

y axis shows the number of plots with a given 

number of trees (as a percentage). We will obtain 

a graph of generated frequencies of trees in the 

plots (fi gure 6.41a). We now attempt to determine 

the expected frequencies in accordance with 

Poisson distribution:

      e
n

np
n

.
!

 (6.76)

Parameter  expresses the arithmetic average 

of the discrete number n () or its variance (s2) 

( =  = s2). It is calculated as a ratio of the total 

number of trees in an area of 100 m² to the 

number of partial smaller plots with a size of 1 m². 

In our case, it is 200:100 = 2. We will gradually 

insert the discrete numbers of trees in the plots of 

1 m² (0, 1, ..., m) into equation 6.76 and calculate 

percentage proportions:
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We will insert such obtained frequencies in a 

histogram of expected frequencies (fi gure 6.41b). 

If we compare the histograms of generated 

frequencies and expected frequencies, we can 

see that they are almost identical. This is the 

Fig. 6.39 SIMÉON DENIS POISSON (1781-1840). 
The French mathematician and physician who 
introduced Poisson distribution into the theory 
of probability as a special case of binomial 
distribution. The idea of the completely random 
distribution of trees is named after him - Poisson 
forest (fi gure extracted from Wikimedia Commons).

Fig. 6.40 Two dimensional random Poisson 
distribution in an example of graph of tree 
distribution in a square area of 10 m x 10 m. 
200 trees are generated in the area of 100 m². 
Parameter  is therefore 2.

Fig. 6.41 A comparison of the generated (a) 
and expected (b) number of trees in areas of 
1 m². Frequencies generated using double, 
continuous, uniform distribution and the theory of 
Poisson distribution confi rm the equivalency of 
distributions.

10 m 

10 m 

a) generated values 

b) expected values 
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proof that the distribution of trees using Poisson 

distribution may be obtained by generating 

random tree positions using uniform continuous 

distribution in the direction of both axes. Poisson 

distribution therefore models the probability of the 

occurrence of numbers of trees in small areas (in 

our case they were areas of 1 m x 1 m) and it can 

be emulated by generating Cartesian coordinates 

as pairs of random, uniformly distributed, 

continuous numbers.

6.5.2 Modelling horizontal tree distribution

Horizontal tree distribution describes how 

an area is occupied and therefore indicates 

the character of a forest stand. We distinguish 

between random, regular and clustered 

distribution of trees. Random distribution of trees 

represents a theoretical standard, with which 

all types of tree distributions are compared. We 

call it a Poisson forest. Distribution is expressed 

by Poisson distribution and in nature, it is most 

close to stands in selection forests and primeval 

forests as well as in stands which were created 

from natural regeneration, typically after large-

scale or small-scale shelterwood felling. Regular 

distribution is typical for artifi cial plantations which 

are planted in a regular spacing and are managed 

by schematic interventions. Artifi cial plantings in 

management forests of age class type are of a 

similar character, but they gradually move away 

from regular distribution due to self-thinning 

processes and management interventions. 

The character of regular distribution is mostly 

maintained in stands in which thinning from below 

is applied. In older stands treated with the method 

of future crop trees, which remain in the stand 

until of the rotation age (for example, thinning in 

accordance with SCHÄDELIN 1942), tree distribution 

may approach regular distribution, mainly if 

regular spacing between the future crop trees is 

applied. In natural and semi-natural forests, we 

also very often encounter clustered distribution 

of trees, mainly if the stand is highly structurally 

differentiated, and larger or smaller stand openings 

are created in which suitable conditions for natural 

regeneration of the following generation are 

present. In such a case, the individuals very often 

clump in more or less regular groups. A frequent 

case is a spruce stand in mountainous regions 

with a patch structure. Horizontal distribution 

of trees is a factor which greatly infl uences the 

competition of trees in an area. This is because 

it expresses the character of spacing between 

neighbouring trees which, in connection with 

their biometric parameters, explicitly determines 

the competition pressure from their surroundings. 

At the same time, the horizontal position of trees 

is important in terms of stand stability. Random 

and especially clustered distribution of trees 

seems to be more resistant to external infl uences 

(for example, wind, snow and frost) than regular 

distribution. Several characteristics for describing 

the horizontal distribution of trees are available. 

In the following text we shall mention aggregation 

index, distribution index, relative variance, 

dispersion index, K-function, L-function and a pair 

correlation function.

6.5.2.1 Clark and Evans aggregation index

The aggregation index was introduced 

by CLARK and EVANS (1954). It expresses the 

relationship between an observed average 

distance ( observedr ) from the closest neighbour 

of the trees and the expected average distance 

( expectedr ) with completely random distribution 

(Poisson forest):
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The average distance is calculated as an 

arithmetical average of the distances of all trees 

to their closest neighbours (r
i
). The principle is 

shown in fi gure 6.42. The distances to closest 

neighbours are marked with abscissas. A 

different symbol is used to express various 

types of tree species (a triangle or a circle) 

in the position of a tree stem in the area. The 

aggregation index is usually calculated for all 

tree species together as illustrated in fi gure 6.42. 

However, it can also be calculated separately for 

individual tree species. In such cases, abscissas 

would only pass through the trees of the same 

species (marks). The principle for calculating 

average distance is clear from the numerator in 

equation 6.78. The denominator in the equation 

expresses the expected average distance in 

case of completely random distribution of trees 

(Poisson forest). The equation includes the ratio 

between the plot area (A) and the number of trees 

in the plot (n). It represents an average area per 

one tree. Calculation of the average area in the 
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numerator in equation 6.78 is a subject to error 

from sampling. It is therefore possible to test the 

statistical signifi cance of the deviation of the 

observed distance from the expected distance 

based on test criterion t
R
:
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  (6.79)

The standard deviation of the distance to the 

closest trees at random distribution is calculated 

using the formula:
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Afterwards, the test criterion t
R
 needs to be 

compared with the critical value of Student’s 

t distribution at selected probability (see the 

appropriate literature on biometry).

Application is limited when tree lie close 

edges of the plot. The plot usually represents a 

section of a forest stand in the form of a sampling 

(research) plot or a representative plot generated 

for the purposes of the growth simulation. In such 

cases, boundary trees have neighbours even 

across the plot borders, whilst the distances 

between them could be shorter than the shortest 

distances between the trees inside the plot. The 

problem becomes more pronounced the plot or 

the number of trees in the plot decreases, and if 

the ratio between the plot circumference and its 

area (size). DONNELY (1978) attempted to resolve 

these shortcomings by introducing a correction 

factor in the form of a corrected expected 

distance ( corrr ) and an appropriate standard 

deviation (  corrr ), whilst apart from the plot area 

(A) and the number of trees in the plot (n), he also 

included the circumference of the plot (P) in the 

equation:
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The value of aggregation index R (uncorrected 

or corrected) varies from 0 to 2.15. A value of 0 

expresses a fully aggregated (grouped) structure 

- tree species 1 
- tree species 2 

Fig. 6.42 For calculating CLARK and EVANS 
aggregation index (1954), the distance from each 
tree to its closest neighbour (abscissas between 
points) is ascertained. In mixed stands, it is also 
useful to note the type of tree species (a different 
symbol for a point: a triangle or a circle). If we 
ascertain the index for the whole stand we do 
not take tree species into consideration. The 
fi gure illustrates this case. If we are interested in 
calculating the index for each tree species, we 
would only draw abscissas between the points of 
the same species (with the same symbol).

Fig. 6.43 Values of CLARK and EVANS aggregation indices (1954) for four different plots. The size of a 
tree symbol is proportional to tree diameter d

1.3
. Values R greater than 1 indicate a tendency towards 

regular distribution and values smaller than 1 indicate a tendency towards clumping of trees. In random 
distribution of trees in accordance with the Poisson forest theory, the index equals 1.

a) b) 

) d)

R=1.4 ** R=1.2 * 
30 m 

20 

10 

0 
30 m 20 10 0 30 m 20 10 0 

c) d) R=1.0 R=0.9 
30 m 

20 

10 

0 
30 m 20 10 0 30 m 20 10 0 
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which means that trees are clustered in distinct 

groups. A value of 2.15 means completely 

regular distribution of trees (in the form of a 

hexagonal spacing). If the completely random 

distribution is in accordance with a Poisson 

forest, the index equals 1. The more the index 

deviates from a value of 1 towards a 0 value, the 

trees have a greater tendency to clump and vice 

versa, the closer the index is to a value of 2.15, 

trees have a greater tendency towards regular 

distribution. Figure 6.43 shows an example of 

calculating Clark and Evans aggregation index 

for four different plots. Plots (a) and (b) have 

a tendency towards regular distribution: the 

fi rst indicates a very signifi cant deviation from 

random distribution (with 99% probability), and 

the second indicates a signifi cant deviation 

(with 95% probability). Plot (c) has ideal random 

distribution of trees in accordance with the 

Poisson forest theory. The last plot (d) has a 

slight tendency towards clustered distribution 

of trees; however, the difference from random 

distribution is not statistically signifi cant.

6.5.2.2 Pielou’s distribution index

An alternative to the distance between trees 

is to calculate distances between random points 

and trees. This method was introduced by PIELOU 

(1959). The index is calculated based on the 

formula:
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The formula is based on calculating the 

distance r
i
 from n random points to the nearest 

trees. If we imagine a circle around each random 

point with a radius equal to the distance to the 

nearest tree, we will obtain n of such circles. 

We can then calculate the average square 

of distances and subsequently the average 

area occupied by an individual (
2.r ). If we 

use random Poisson distribution of trees and 

member , which expresses the average 

number of trees per area (n/A), we will obtain the 

result (n-1)/n (MOORE 1954). If the sample size 

approaches the size of the whole population, the 

fi nal index is close to a value of 1. If the index 

does not signifi cantly deviate from value (n-1)/n, 

the distribution of trees is random. In clustered 

tree distribution, we expect a greater proportion 

of longer distances r
i
 and therefore also a value 

of the index greater than (n-1)/n. On the other 

hand, in regular distribution the proportion of 

longer distances is lower and therefore the 

index value is also lower than the value for 

random distribution. A test of the deviation of an 

index from the expected standard (n-1)/n may 

be carried out using c2 test (PIELOU 1959). For 

example, if 2.n > 100, then we can calculate the 

confi dence interval for 95% and 99% probability 

based on the formulae:

( ) ( )29600.11.4.
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IP  (6.85)

If the deviation of the calculated index from 

the expected standard is outside the given 

interval, the distribution is regular or clustered 

(depending on whether the value of the index is 

lower or higher than the standard). PIELOU (1959) 

also developed a useful test for comparing two 

populations with a non-random tree distribution. 

In forest modelling, the distribution index method 

is used less frequently since it requires the 

generation of random positions for n points in 

the area, which complicates the calculation 

compared to the CLARK and EVANS method (1954).

6.5.2.3 Clapham’s relative variance

Relative variance I
C
 (CLAPHAM, 1936) is based 

on the number of trees in sub-plots. If we divide 

the plot into m sub-plots and count the number 

of trees n
j
 in each sub-plot, we can determine 

the average number of trees in the sub-plot in 

accordance with
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 (6.86)

The total number of trees in the plot is
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The variance of the number of trees in the sub-

plots is calculated as
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We can then calculate the relative variance 

using the formula

  
n

sI n
C

2

  (6.89)

The following applies for Poisson distribution 

   nsn
2

 (6.90)

This means that if relative variance equals 

1, it is a completely random distribution. If the 

variance is greater than the average value, many 

of the sub-plots have a very small or a very 

large number of individuals, the value of relative 

variance is greater than 1 and the trees have 

a tendency towards clustered distribution. On 

the other hand, if the variance is lower than the 

average number of trees in the sub-plot, there 

is a tendency towards the regular distribution of 

trees.

According to HOEL (1943), using the formula

     
n

smImT n
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We calculate a dispersion index with random 

distribution 
2

1m , where m > 6 and n > 1 

(KATHIRGAMATAMBY 1953). According to PIELOU 

(1977), the changes in the index are much faster 

under clustering than if there is a tendency 

towards regularity.

Figure 6.44 shows an example of calculating 

relative variance in accordance with CLAPHAM 

(1936). It is an example of the generated 

number of trees from fi gure 6.40. The number 

of squares m is 100 and the average number of 

trees per sub-plot n  is 2. Variance s
n

2 is 2.18. 

Relative variance I
C
 is therefore 1.09. The value 

of the index indicates random distribution. The 

dispersion index T is 99 x 1.09 = 107.9. It lies 

below 5, 1 and 0.1% confi dence intervals of c2 

distribution with degree of freedom 100 – 1 = 

99, which are 123, 135 and 148. From this we 

can estimate that the distribution of trees does 

not differ signifi cantly from a completely random 

forest (Poisson forest).

6.5.2.4 Morisita index of dispersion

The MORISITA index of dispersion (1959) is 

based on a principle similar to the previous 

index. It again arises from the frequency of trees 

in m partial sub-plots. It is calculated based on 

the probability that two randomly selected trees 

from the total number of n trees are present in the 

same sub-plot using formula:
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If the distribution of trees is completely random 

in accordance with the Poisson forest, the 

probability that two randomly selected trees are 

present in the same sub-plot would be

   
m

E 1
  (6.93)

The dispersion index is the ratio of both 

probabilities (real and expected):
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If the index equals 1, there is completely random 

distribution of trees (Poisson forest). If the probability 

of the presence of two randomly selected trees is 

greater than expected, the index is greater than 1 

10 m 

10 m 

Fig. 6.44 Calculation of relative variance in 
accordance with CLAPHAM (1936) based on a 
change in the number of trees in individual sub-
plots of the plot as in fi gure 6.40. The result of 
the analysis of m = 100 sub-plots is the average 
number of trees per sub-plot n = 2 and variance 
s

n
2 = 2.18. Relative variance I

C
 then equals 1.09. 

This indicates tendency toward random distribution 
of trees.
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and indicates a tendency towards clumping of trees 

(clustered distribution). If this probability is lower 

than expected, the index is lower than 1 and trees 

tend towards regular distribution.

MORISITA (1959) also introduced a statistical 

method for comparing the real distribution of 

trees with the expected random distribution 

based on F-test:
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 (6.95)

The calculated test criterion F needs to 

be compared with the critical value F,(m-1)
 

taken from tables to make a conclusion (see 

appropriate biometry literature). If the test 

criterion is greater than the critical value, the 

difference from a Poisson forest is statistically 

signifi cant.

6.5.2.5 Ripley’s K-function

The K-function defi ned by RIPLEY (1977) and its 

transformation into the L-function by BESAG (1977) 

and the pair correlation function from STOYAN and 

STOYAN (1992) allow the analysis of the spatial 

distribution of trees in much more detail than the 

structural indices mentioned in the previous text. 

Whilst structural indices simplify the description 

of the horizontal distribution of trees based on 

the distance to the closest neighbours or via the 

variability of density in the area, the K-function, 

L-function and pair correlation function describe 

changes in trends in the nature of the structure 

around individual trees, if the distance around 

their position gradually increases (fi gure 6.45). In 

all three functions the result is related to random 

distribution (Poisson forest). A Poisson forest is 

shown by the thin line in fi gure 6.45. The character 

of this standard (parabola, line with a slope of 45° 

or a horizontal line) depends upon the type of 

function. An advantage of the mentioned functions 

compared to a standard index is the fact that whilst 

the indices describe the horizontal structure just 

using one number based on a point estimate, the 

functions describe tree frequencies with changing 

distances and therefore they provide a more 

complex view on the horizontal structure of a forest.

For the plot A with the number of trees n, the 

K-function (RIPLEY, 1977) is determined based on 

the algorithm:
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where
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The principle of determining the function is that 

we draw an imaginary circle with radius r around 

every tree in the plot and count the number of 

trees situated inside the circles (apart from the 

central tree in each circle). Radius r gradually 

increases with a selected step starting with a 

value of 0. Parameter  in formula 6.96 is identical 

to the parameter of the Poisson function (6.76). If 

K(r) L(r) g(r) 

clustering 

dispersing 

Poisson 
forest 

Poisson forest 
Poisson forest 

clustering clustering 

dispersing 

dispersing 

distance of points (r) distance of points (r) distance of points (r) 

a) b) c) 

Fig. 6.45 K-function, L-function and pair correlation function analyse the horizontal distribution of trees in 
relation to the distance r from the position of individual trees (from left to right). Clustering or dispersing 
of trees (thick line) is relativised in relation to the Poisson forest standard (completely random tree 
distribution) which is shown by the think line as: a) parabola K(r)=.r2, b) inclined line with 45° angle L(r)=r, 
c) horizontal line g(r)=1.0.
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the trees were present in the plot with completely 

random distribution, i.e. in accordance with the 

Poisson forest theory, the K-function would have 

the shape of a parabola:

    0for      ,. 2  rrrK   (6.98)

The parabola therefore represents the Poisson 

forest. In fi gure 6.45a, this is shown by the thin 

curve. If the curve derived in accordance with 

function 6.96 (shown by the thick line in fi gure 

6.45a) is above the norm, there is an increased 

density of the trees at boundary distances r. If the 

curve is below the norm, we speak of dispersed 

pattern. From the shape of the function we can 

interpret the character of the forest horizontal 

structure. If the curve derived using algorithm 

6.96 signifi cantly overlaps the parabola (only 

with slight oscillation around the parabola), the 

distribution of trees is random since all boundary 

distances are represented with the same (or 

similar) frequency to the parabolic norm. If the 

oscillations are marked and regular with the 

same (or similar) amplitude, the distribution 

of trees is regular, since the frequencies of 

boundary distances change in regular steps. If 

the curve changes its shape from concave to 

convex in relation to the x axis, there is clustered 

distribution of trees since the boundary distances 

between trees prevail over greater distances 

when compared with the norm. All cases are 

presented using the example shown in fi gure 

6.46a. The fi gure illustrates a regular distribution 

of trees (fi rst column), random distribution of 

trees (second column) and clustered distribution 

of trees (third column). The Poisson forest is 

younger phase 

older phase 

regular 
structure 

random 
structure 

clustered 
structure 

K-function 

L-function 

pair correlation 
function 

Poisson forest 

younger phase 

older phase 

Fig. 6.46 An example of 
stands in a younger phase 
(fi rst row) and an older 
phase (second row) for 
applying the K-function 
(third row), the L-function 
(fourth row) and the pair 
correlation function (fi fth 
row). The Poisson forest 
in graphs is shown by 
the thin line, the younger 
phase of the stand is 
shown by the thick grey 
line and the older phase 
of the stand by the thick 
black line. 
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shown by the thin, black line. The fi gure shows 

a stand in a younger phase (thicker grey line) 

and in an older phase (thicker black line). The 

K-function is shown in the third row.

6.5.2.6 Besag’s L-function

BESAG (1977) designed the useful transformation 

of the K-function (formula 6.96):

  ( ) ( ) 0   for   ,
ˆˆ ≥= rrKrL
π

 (6.99)

This transformation linearises the Poisson 

forest curve and, at the same time, stabilises 

the variability around the transformed line if the 

distribution of trees is very unregular. In this 

case, instead of parabola, the Poisson forest has 

the shape of a line inclined by 45° in accordance 

with the formula:

    0   ,  rrrL  (6.100)

In fi gures 6.45b and 6.46 (fourth row), it is 

illustrated by the thin, black line. Interpretation 

of such a transformed function is simpler since 

the Poisson forest line divides the graph into two 

sectors: above the line meaning greater clustering 

of trees and below the line meaning dispersing of 

trees. The interpretation of the function is also 

clear from the example shown in fi gure 6.46. The 

L-function is shown in the fourth row.

6.5.2.7  Pair correlation function by Stoyan 

and Stoyan

The K-function and L-function represented 

distribution functions since they represented 

the number of trees that do not exceed the 

stated boundary distance equal to radius r. A 

disadvantage of these functions is that they 

are diffi cult to interpret since the real values 

are situated very close around the Poisson 

forest. This can only be highlighted by changing 

the scale in the direction of the y axis. It is 

particularly diffi cult to distinguish between 

random and regular distributions of trees 

without changing the scale. This is also clear 

from fi gure 6.46. Dietrich Stoyan and Helga 

Stoyan (STOYAN and STOYAN 1992) therefore 

introduced the frequency function instead of the 

distribution (cumulative frequency) function by 

the derivation and transformation of the original 

K-function in accordance with:
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This function is therefore based on the 

probability of the presence of two trees from the 

set of all trees in the area that have the mutual 

distance of r. If the distribution of trees in the area 

is completely random (Poisson forest), the value 

of the pair correlation function for each value r 

equals 1. Points of the function therefore lay on 

the line parallel to the x axis, which intersects 

the y axis at a value of 1. Values over 1 mean 

clustering of trees and below 1 mean dispersing 

of trees. An example of the function is shown in 

fi gure 6.46 in the fi fth row. From the fi gure we 

can see how the interpretation of regular, random 

and clustered distribution is clarifi ed. If values 

regularly vary around the horizontal line at y 

value 1, the distribution of trees is regular. If they 

vary around the line only slightly, the distribution 

of trees is random. If the shape changes from 

convex to concave, i.e. points are fi rstly above 

the line and gradually move below the line, the 

distribution of trees is clustered. 

This function is much more frequently used for 

interpreting the horizontal distribution of trees, 

mainly for scientifi c reasons. Its disadvantage is 

a more complicated algorithm for its visualisation. 

Since the K-function does not have its own 

analytical shape, the pair correlation function 

must be created using iteration approximation 

methods. The method is described in more detail 

in the publication by STOYAN and STOYAN (1992) 

or in textbooks (PRETZSCH 2002 and 2009). We 

shall only describe the basic principle. It lays 

in selecting the minimum radius r
min

 which is 

gradually increased by a chosen step. Thus, we 

obtain a series of radii r. We gradually count the 

trees around all individuals which are situated at 

distance r±h. Value h means the selected buffer. 

It is a small distance from radius r. It is usually 

10-20% of the theoretical distance of trees if they 

were placed in a regular square grid. We derive 

the theoretical distance using the square root of 

the total area divided by the number of trees in 

the plot (-1/2). The function is then determined 

from such obtained frequencies. Since the shape 

of the function is greatly unstable due to the step 

iteration method, we apply a suitable fi lter in the 

form of a kernel function. For the fi lter we select a 

suitable smoothing interval. The most well known 
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kernel function is the Epanechnikov fi lter which 

we will address in more detail in Chapter 6.5.5.3. 

Since it is a frequency function, edge effect 

correction is often applied (the edge effect has 

already been mentioned when dicussing Clark 

and Evans index and will also be addressed later 

in relation to correction of competition indices in 

Chapter 6.6.3). Various algorithms are used in this 

case such as, for example, Ripley’s or a geometric 

correction (see STOYAN and STOYAN, 1992).

6.5.3  Quantifi cation and modelling stand 

density

Stand density is a characteristic describing the 

usage of the production area of a forest stand. It 

represents the degree of tree crowding within an 

area as well as the coverage of an area by tree 

crowns. We talk about open, sparse, gapped, 

dense or closed forest stands. Stand density 

illustrates the nature of competition pressure in 

an area; it determines the performance potential 

of a forest in the form of tree increments, the 

stability of a forest stand and the intensity of 

self-thinning, natural mortality of trees as well 

as tree mortality under the infl uence of various 

disturbance factors. Stand density in forest 

modelling is mainly used for modelling the 

threshold density of stands which to by removed 

from the stand (natural mortality). It is also 

used when modelling thinning, when modelling 

competition pressure in distance independent 

models as well as when modelling the increment 

of trees and stands. In the following Chapters, 

we shall be familiarised with some modelling 

techniques using stand density. From stand 

density characteristics, stocking and canopy 

coverage are mainly used in forest modelling. 

We shall defi ne them in the following text and 

provide methods for their determination.

6.5.3.1 Stocking

Defi nition 6.8

Stocking is degree of stand density. It is de-

termined by comparing a selected production 

characteristic of a stand with a modelled con-

cept which defi nes a particular reference level 

or standard. The basal area of a stand or its 

stock is most often selected as the production 

characteristic of a stand.

Stand stocking has been used since the 

very beginning of empirical forest modelling. 

Stocking is usually defi ned by dividing the real 

basal area (Greal) or stock (Vreal) of a forest stand 

with the expected basal area (Gnorm) or stock 

(Vnorm), so called norm, and summing the values 

representing individual tree species (DR) in a 

stand:

 ∑∑
==

≈=
k

DR
norm
DR

real
DR

k

DR
norm
DR

real
DR

V
V

G
GSD

11
 (6.102)

Depending upon what we consider to be the 

reference level or the norm in the denominator 

of the formula or which relativised level we are 

interested in, ASSMANN (1961) distinguished four 

types of stocking:

•  Tabular stocking is site specifi c stocking 

where selected yield tables represent the 

norm for the calculation.

•  Natural stocking is site non-specifi c 

stocking where the norm for calculation 

is the maximum possible stock (or basal 

area) obtained under natural (untouched) 

development of stands.

•  Optimum stocking is stocking when the 

maximum possible stand increment is 

produced.

•  Critical stocking is stocking when the 

stand increment is produced at a level of 

95% of the maximum possible increment.

In tabular stocking, the denominator in 

formula 6.102 uses basal area (Gtab) or stock 

(Vtab) of the stand derived from appropriate yield 

tables (WIEDEMANN 1943, ASSMANN and FRANZ 

1963, VUOKILA 1966, SCHMIDT 1971, HAMILTON 

and CHRISTIE 1973, LEMBCKE et al. 1975, HALAJ 

et al. 1987 PETRÁŠ et al. 1990 and others). 

Its determination is based on the stand age, 

stand site class or possibly the yield level (see 

Eichhorn’s rule and its derivatives, Chapter 4.5). 

Since the norm represents the production level 

at known stand site class of a real stand, we call 

it site specifi c stocking. In forest modelling 

practice, another method of calculating tabular 

stocking is often used instead of formula 6.102. It 

is based on calculating the reduced area of a tree 

species. It is completely equivalent to the original 

method, which means that it leads to the same 

results. However, its advantage is its applicability 

also for objective determination of tree species 

composition. This method is also preferred in 

forest modelling and forest inventory in Slovakia. 
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The reduced area of a tree species is calculated 

by dividing the real stock of a tree species at the 

whole stand area (in m3 per area) with the tabular 

stock of a tree species per hectare (in m3.ha-1).

  tab
DR

real
DRred

DR V
VP =  (6.103)

Reduced area of a tree species therefore 

represents a fi ctional area which would have 

been occupied by the tree species if it used its 

production potential in accordance with the norm 

in yield tables. The reduced area of the stand is 

then calculated by summing the reduced areas 

of tree species:

  ∑
=

=
k

DR

red
DR

red PP
1

 (6.104)

Finally, stocking itself is calculated as well as 

the proportion of a tree species, whilst stocking 

(SD) is the ratio of the reduced stand area to the 

actual stand area, and the proportion of a tree 

species (%DR) is the ratio of the reduced area of 

a tree species to the reduced area of the stand 

given in per cents:

  
P
PSD
red

=  (6.105)

  100.% red

red
DR

P
PDR =  (6.106)

In natural stocking, the denominator in 

formula 6.102 uses the maximum possible basal 

area (Gmax) or stock (Vmax) of an unmanaged 

(untouched) stand which is produced in a given 

region, area or country. Since the value of the 

maximum density may be produced at another 

site type, we call it site non-specifi c stocking. 

This density may be derived as a mathematical 

model valid for a given area, or from control 

plots of unmanaged stands in local production 

experiments. In the second case, the statement 

about site non-specifi city may not fully apply 

since control plots should be situated in the same 

site type. However, here we may also talk about 

site independence because we do not relate 

the density to the site but to the location. In this 

case, however, we do not talk about a country, 

area or region but about a particular location 

of a thinning experiment. As an example of a 

mathematical model of maximum basal area, 

we use the model by FABRIKA (2005) created for 

the purposes of SIBYLA growth simulator. The 

model is applicable for Norway spruce, Silver 

fi r, Scotch pine, European beech, and Sessile/

Pedunculate oak for the whole area of Slovakia. 

It is based on the upper height of tree species 

in a stand (h
95%

) and its coeffi cients are in table 

6.15. The mathematical shape of the model is as 

follows:

  2
%950

max .
10000...16 1

a
ha

G a
π

=  (6.107)

Apart from the upper height, the model may 

also use other suitable input characteristics 

such as the age of tree species in the stand 

or its mean diameter. This depends upon the 

particular purpose and nature of the constructed 

model. For example, one such model was 

mentioned in Chapter 4.3.1. It is a model of the 

maximum basal area based on the Reineke 

stand density rule. It is shown on the right hand 

side of fi gure 4.12.

tree species a
0

a
1

a
2

Norway 

spruce
0.000003 -0.628266 1.25

Silver fi r 0.000003 -0.623590 1.25

Scotch pine 0.000002 -0.521467 1.10

European 

beech
0.000002 -0.426390 1.25

Sessile/

Pedunculate 

oak

0.000005 -0.666612 1.25

6.5.3.2  Canopy cover according to 

rasterisation and ‘dot-count’ methods

Defi nition 6.9

Canopy cover expresses the mutual contact 

and overlapping of tree crowns. It is quantifi ed 

as a percentage of stand area covered with 

tree crowns (horizontal tree canopy). Such 

canopy cover is called the percent canopy 

cover (PCC).

Tab. 6.15 Coeffi cients of the model of maximum 
basal area (formula 6.107) valid for the area of 
Slovakia (FABRIKA 2005).
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The canopy is another important characteristic 

of stand density. It is a signifi cant characteristic 

in evaluating the managed state of a stand since 

it infl uences energy, light and nutrient regime 

of a stand and the whole ecosystem. From the 

silvicultural viewpoint, we classify various classes 

of canopy cover: crowded, full, loose, temporarily 

or permanently broken. We also distinguish 

between various types of canopy cover: 

horizontal canopy cover, when tree crowns occupy 

the same (identical) growing space of a stand and 

a distinctly differentiated layer or several layers; 

diagonal canopy cover (gradual), when in a vertical 

direction the treetops are arranged irregularly so it 

is not possible to distinguish between any layers 

(typical for a selection forest); and vertical canopy 

cover, when tree crowns touching each other and 

overlap in the vertical plane (typical for elements 

regenerated under the shlelter or next to the 

shelter of a parent stand).

Objective determination of canopy cover class 

and type is very diffi cult. It is usually estimated 

visually. In terms of forest modelling, we are mainly 

interested in the percent canopy cover (PPC), 

which is calculated as the ratio of the horizontal 

projection of tree crowns to total stand area. 

Spherical densiometers or methods based on 

hemispherical photographs of tree crowns 

can be used for its measurement. Spherical 

densiometers (fi gure 6.47a) are parabolic mirrors 

with the mirror part divided into a regular network 

of square sectors. The measurer focuses the 

mirror onto the crown area and counts the sectors 

covered by tree crowns. Based on this, the 

percent canopy cover is estimated. Hemispherical 

photographs (fi gure 6.47b) are obtained using 

various measuring sets. They are based on a 

camera with a fi sh-eye type lens which is able to 

capture the surroundings with an image angle of 

180°. The upper hemispheres of the stand area 

are taken this way. These are then evaluated, 

mostly using specialised computer programs 

based on image processing. We will address the 

issue of hemispherical projection in the chapter 

about the methods of forest visualisation (Chapter 

9.6) and we will also mention it in the methods 

for evaluating tree competition (Chapter 6.6) and 

in the methods of modelling light conditions and 

estimating the leaf area index in process-based 

models (Chapter 8.1).

Due to the need for special devices or 

techniques, the percent canopy cover is also often 

estimated subjectively. In forest modelling, when 

Fig. 6.47 Measuring the percent canopy cover of a stand: a) spherical densiometer, b) hemispherical 
photograph (NPR Rožok, photo S. KUCBEL and P. JALOVIAR 2010).

a) b) 

Fig. 6.48 The rasterisation and ‘dot-count’ method. 
A stand with depicted crown projections is divided 
into a regular square grid (lattice). The grid divides 
the stand area into pixels whilst the centres of 
pixels are situated at the intersections of grid lines. 
The set of pixels is called a raster. By counting 
pixels that were not overlapped with tree crowns 
(marked with a cross) we obtain the percent 
canopy cover: PPC=(104–29)/104.100=72.1%. 
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the stands are described by the data of individual 

trees (diameters, heights, crown parameters 

or also crown projections and possibly tree 

coordinates), we replace measuring techniques 

(spherical densiometers or hemispherical 

photographs) with the calculation methods which 

attempt to best approximate the percentage of 

the coverage by tree crowns. The rasterisation 

and ‘dot-count’ method is one of such methods. 

Its principle is shown in fi gure 6.48. It resembles 

the principle of measuring canopy cover using 

a spherical densiometer. For its application, we 

must draw horizontal projections of tree crowns. 

These may be obtained, for example, from fi eld 

measurements (see Chapter 6.2.1). We can also 

approximate them to circles with a radius of 

the widest diameter of tree crowns or elliptical 

sections (quadrants). Elliptical quadrants are 

mainly suitable if the radius of the crown was 

measured from the four cardinal points (see 

Chapter 6.2.2). If the radius was measured in 

more than four directions, we can use a polygon 

or insert spline functions between individual 

points of the radii (see the algorithm in Chapter 

6.1.2). Stand area is then divided into a regular 

square grid of points (similar to a spherical 

densiometer). This grid is called a lattice. Points 

at the intersections of the grid lines divide the 

area into a regular raster. This is formed by 

a set of picture elements called pixels (pixel 

= Picture X Elements). The centres of pixels 

are situated at line intersections, pixels have a 

square shape and the size of the side of a pixel 

is identical to the distance between grid lines. It 

is then suffi cient to count the number of all pixels 

(grid intersections) and the number of pixels 

(grid intersections) which were not overlapped 

with tree crowns. Figure 6.48 shows 13 x 8 = 104 

grid intersections or raster pixels. Untouched 

points are marked with a cross. There are 29 

such points. The number of hit points is 104–29 

= 75. Hence, stand canopy cover is 75/104.100 = 

72.1%. The name of the method therefore comes 

from this principle: dividing a stand area into a 

regular raster and counting hits.

6.5.3.3  Canopy coverage based on the 

calculation of overlapping areas

This method is based on the percentage 

of stand area overlapped by tree crowns. 

The result of the rasterisation and ‘dot-count’ 

method as well as the method of overlapping 

areas is greatly infl uenced by the method used 

for the visualisation of crown projections. As 

already mentioned, we may use circles, elliptical 

quadrants, polygons or spline functions. Apart 

from other factors, the selected method also 

depends upon the available data. The differences 

in the various methods of visualisation of crown 

projections as well as the principle of the 

method for calculating overlapping areas will 

be demonstrated using an example of a stand 

consisting of Silver fi r and Norway spruce in 

the permanent research plot at Wolfratshausen 

097/3 near Starnberg (fi gure 6.49). The canopy 

in the given example was analysed using three 

different methods. In the fi rst method, tree 

crowns were visualised using linear segments 

between the end points of the measured radii 

of tree crowns, which created polygons. In the 

second method, crowns were visualised as 

circles with a radius identical to the quadratic 

mean from all measured radii of the crowns 

of individual trees. In the last method, spline 

functions between the end points of measured 

radii of tree crowns were used. The overlapping 

areas of tree crowns with the stand area were 

summed upcounted. The stand area which is 

covered by one tree crown is shown in white. If 

it is overlapped by two tree crowns it is shown 

in grey. If it is overlapped by more than two tree 

crowns it is shown in black (fi gure 6.49). Covered 

areas are determined using an analytical 

method based on the intersection of geometrical 

fi gures in the plane. Due to the complexity of 

the analytical calculation, the method may be 

simplifi ed by approximation. This is done by 

dividing the area into a regular raster with a 

suitably selected (as small as possible) pixel and 

the intersections are summed up. In this case, 

the method is identical to the rasterisation and 

‘dot-count’ method. The difference is that here 

we focus upon determining the intersections of 

crown areas (including multiple intersections). 

In the given example, the area was divided 

into a raster with 60,000 square pixels with 

20 cm long sides. The results of calculating the 

percent canopy coverage are given in table 6.16. 

It is clear from the results that the circle method 

provided 2.4% less canopy coverage than the 

linear polygon method and, on the other hand, 

the spline functions method provided 2.9% 

greater canopy coverage. A multiple intersection 

was more frequently identifi ed in non-linear 

approximations (the second and third methods) 

than in linear approximation (the fi rst method). 
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The reason is that these methods provide more 

rounded crown projections. Further studies in a 

series of research plots showed that replacing 

tree crown projections using spline functions 

provides greater stand canopy than using 

polygons with a deviation of up to 10%. Such a 

systematic difference due to the applied method 

of crown projection should be taken into account 

when interpreting the results of both methods 

(rasterisation and ‘dot-count’ method as well as 

the method for calculating overlapping areas).

6.5.3.4  Canopy cover by Crookston and 

Stage

The previous methods for determining the 

percent crown canopy coverage have very 

complicated algorithms. For their practical 

implementation it is necessary to use the 

procedures linked to computer graphics or planar 

geometry, and in addition, they are based on time 

consuming iteration methods. The algorithms 

themselves are not simple, which places certain 

demands upon the work of programmers and 

computing performance itself. Therefore, in the 

research there have been attempts to simplify 

the algorithms for calculating the percent crown 

canopy coverage. The CROOKSTON and STAGE 

(1999) proposed following algorithm. First, the 

areas of crown projections A
c
 of individual trees 

in m² are calculated. The simplest method for 

their calculation is to use tree crown diameters d
c
 

or tree crown radii r
i
 measured from k directions 

(formula 6.51). Of course, it is also possible to 

use a more detailed projection of tree crowns, 

for example, linear polygons (formula 6.52) or to 

improve their accuracy using spline functions. 

We will achieve more accurate results if we use a 

better quality reconstruction of crown projections. 

We calculate the areas of tree crown projections 

(in m²) in relation to the stand area P (in ha):

  
P

A
PCA

n

i
ic

.104
1
∑
==  (6.108)

We will obtain a number which expresses how 

many hectares of crown projections are present 

in an area of one hectare. We fi nally calculate the 

percent crown canopy coverage itself:

   PCAePCC .11.100   (6.109)

CROOKSTON and STAGE (1999) compared the 

function with other methods used to date and 

proved that its result well approximates the 

results of classical methods. At the same time, 

the function is very simple and easily applicable. 

Its popularity is also proven by the fact that it has 

been implemented in several growth models, for 

example in the FVS simulator (Forest Vegetation 

Simulator) which is also known as the Stand 

Prognosis Model (STAGE 1973, WYKOFF et al. 

1982, see Chapter 5.2.3.5) or in the Slovak 

SIBYLA simulator (FABRIKA 2005, see Chapter 

5.2.3.4). It is also a part of a very popular tool 

for forest visualisation, SVS (Stand Visualization 

System) created by MCGAUGHEY (1997).

Fig. 6.49 A map of crown projections in the 
research plot WOL 097/3 near Starnberg from 
1988. Crown projections are displayed using 
spline functions. Areas covered by one crown are 
shown in white, areas covered by two crowns are 
shown in grey and areas covered by more than 
two crowns are shown in black.

Tab. 6.16 Percent canopy coverage in a mixed stand of Silver fi r and Norway spruce, Wolfratshausen 
097/3 near Starnberg. The table shows the results of the analysis for three different methods of 
approximating crown projections: linear, circular and spline. 

approximation not overlapped overlapped 1x 2x 3x 4x
linear 10.3% 89.7% 61.6% 26.1% 2.0% 0.0%

circular 12.7% 87.3% 48.4% 33.7% 5.2% 0.0%
spline 7.4% 92.6% 54.3% 33.2% 4.6% 0.5%
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6.5.3.5 Stand density index by Reineke

REINEKE (1933) created an index based on the 

stand density rule (see formula 4.37 in Chapter 

4.3.1). He calculated the ratio of the expected 

number of trees N
exp

 with a mean diameter of 25 

cm to the actual number of trees N with actual 

mean diameter d
g
.

  605.1

605.1
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25.

−

−

=
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a

 (6.110)

After reducing member ea, modifying the 

equation and replacing the expected number 

N
exp

 with SDI symbol, the following formula was 

created:
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For a stand with an observed mean diameter 

d
g
 and observed number of trees per hectare 

N, SDI index indicates the expected theoretical 

number of trees in a stand if its mean diameter 

d
g
 was 25 cm. If we divide the derived SDI index 

with the maximum index SDI
max

, we will obtain a 

relative index SDI
rel

:

605.1max
max 25. −== arel e

SDI
SDI
SDISDI  (6.112)

This index expresses the actual level of 

stand density based on the number of trees if 

we estimate that stand density will develop in 

accordance with Reineke’s rule. In order to use 

the index it is necessary to know the comparative 

norm SDI
max

 or the value of coeffi cient amax. 

The norm or coeffi cient may be derived based 

on experimental material for stands with natural 

development (see fi gure 4.12 (left)). Table 6.17 

gives values for Norway spruce, Silver fi r, Scotch 

pine, European beech and Sessile/Pedunculate 

oak derived by FABRIKA (2005) for Slovakia.

Some authors (ŠMELKO 1968, DANIEL and 

STERBA 1980) recommend using a more accurate 

coeffi cient instead of Reineke’s constant (-1.605) 

depending upon the tree species and region. 

By analysing Reineke’s constant, some authors 

clarifi ed the value depending upon tree species 

(PRETZSCH 2005, PRETZSCH and BIBER 2005), site 

conditions (VON GADOW 1986) and the history of 

the stand (RÍO et al. 2001).

Stand density rule by Reineke may also be 

used to derive the natural (site non-specifi c) 

stocking if we use coeffi cient amax and formula 

4.38 in Chapter 4.3.1. We divide the actual basal 

area G
real

 of the stand with the actual mean 

diameter d
g
 with maximum basal area G

max
 

derived from Reineke’s rule (formula 4.38):

395.0maxmax ..
4 g

a

realreal

de

G
G
GSD π==  (6.113)

tree species amax SDI
max

Norway spruce 12.255 1220

Silver fi r 12.181 1130

Scotch pine 12.044 990

European beech 12.101 1050

Sessile/Pedunculate oak 12.014 960

6.5.4 Quantifi cation of differentiation

Differentiation of forest structure is another 

important parameter describing the level of forest 

stand homogeneity. It describes the variability 

of tree characteristics over a stand area and 

expresses the mutual mixing of tree diameters 

and heights in horizontal and vertical directions. 

In terms of differentiation, we can distinguish 

single-storied, double-storied and multi-storied 

stands, or stands with a selective structure where 

the diameters and heights of trees are mixed so 

intensively that it is not possible to distinguish 

any vertical layers and horizontal groups, whilst 

tree crowns continuously fi ll the whole space 

of the stand. Coeffi cients of variations and 

differentiation indices of tree values are usually 

used to express differentiation.

6.5.4.1  Coeffi cient of variation of tree 

values

The coeffi cient of variation of tree diameters 

and heights is very often used for quantifying 

the heterogeneity of the dimension of trees 

within a stand. The coeffi cient of variation of tree 

diameters s
d
% is calculated from the diameters 

of individual trees d
i
 and the arithmetic average 

d  of the diameters of n trees in the plot:
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  (6.114)

Tab. 6.17 Values of amax coeffi cent and SDI
max

 
index derived by FABRIKA (2005) valid for the area 
of Slovakia.
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The coeffi cient of variation of tree heights 

s
h
% is calculated analogically from the heights 

of individual trees h
i
. Other tree characteristics 

may also be used to express differentiation, 

such as crown parameters (crown diameters, 

crown lengths, etc.). The coeffi cient of variation 

talks about the percentage range around the 

arithmetic average in which 68% of all values of 

a given characteristic in the stand are situated. 

The greater the range is, the higher the level 

of variability and therefore also the greater 

differentiation. The coeffi cient of variation of tree 

values is used in forest modelling to analyse the 

variability in tree size, to determine the size of 

a sample for data collection, to derive models 

with pre-set informative values, to determine the 

stability of a forest stand or to derive the type 

and intensity of thinning. Although the coeffi cient 

determines the level of variability within the 

whole stand area, it is not able to describe the 

spatial nature of this variability over the stand 

area, i.e. whether trees of similar diameters are 

concentrated in groups or are spread over the 

entire stand in a scattered way. Therefore, the 

differentiation index described in the following 

text was also introduced.

6.5.4.2  Füldner´s differentiation of 

diameters and heights

The index introduced by FÜLDNER (1995, 1996) 

is based on the mutual comparison of pairs of 

trees in an area. Trees are always compared with 

their closest neighbours or with the second or 

third closest neighbours. The most frequent type 

of the index is based on the comparison with the 

closest neighbour. The principle of deriving this 

index is shown in fi gure 6.50. In the example, we 

have four numbered trees with known diameters 

and mutual distances. We fi nd the closest 

neighbour for each tree. We mark the evaluated 

tree with index i and its closest neighbour with 

index j. Next, we determine the characteristic r
ij
 

for each tree:
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ij dd

dd
r
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,min
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This means that for each pair of trees we 

divide the smaller tree diameter with the larger 

diameter and deduct this ratio from the value 

1. In our example, tree number 4 is the closest 

neighbour to tree number 1 and the ratio of their 

diameters is 40/40. Tree number 1 is closest to 

tree number 2 and the ratio of diameters is 40/60. 

Tree number 4 is closest to tree number 3 and 

the ratio of diameters is 20/40. Tree number 1 is 

closest to tree number 4 with a ratio of diameters 

of 40/40. Finally, we calculate the arithmetic 

average of characteristics r
ij
 for all n trees in the 

stand:

  ∑
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=
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 (6.116)

In our example, index T will be:
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The interpretation of the index is given below. 

If the index value is inside the interval from 0 

(inclusive) to 0.3, the differentiation is small. 

If the index value is inside the interval from 0.3 

(inclusive) to 0.5, it is medium differentiation. If the 

index value is between 0.5 (inclusive) and 0.7, it 

is strong differentiation. Finally, if the index is in 

the interval from 0.7 (inclusive) to 1.0 (inclusive) 

it is very strong differentiation. The index can be 

constructed analogically for any characteristic but 

it is most often used for tree diameter and height.

6.5.5 Quantifi cation of diversity

The view taken from genetics is most often 

used for expressing diversity (HATTEMER 1994, 

KONNERT 1992). Diversity is a characteristic 

which talks about the number and the proportion 

of species. It expresses the basic character of 

evaluated tree i 
d1.3 = 40 cm 

closest tree j 
d1.3 = 40 cm 

1.0 m 3.5 m 

4.7 m 

d1.3 = 60 cm 
d1.3 = 20 cm 

4.9 m 4.6 m 

6.7 m 

1 

2 

3 
4 

Fig. 6.50 The principle of the differentiation index 
(FÜLDNER 1995).
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a forest stand such as a pure stand (one tree 

species) or a mixed stand with two or more tree 

species. However, apart from species richness, 

diversity also accounts for the frequency of 

species. Whilst in case of species richness 

we only need data representing the number of 

species regardless of their abundance, in case 

of diversity we must also take into consideration 

their percentage share. Diversity therefore 

determines not only the species richness of 

an ecosystem but also its heterogeneity and 

balance. In forest modelling we are mainly 

interested in the diversity of plant components, 

mainly tree species. Less often, we address 

bush and herbs components. The number 

and proportion of a tree species, together with 

environmental conditions, determine the forest 

type, which also infl uences the proportion of 

other species of fl ora and fauna.

6.5.5.1 Shannon’s entropy

In order to describe the basic diversity of a 

stand we can use the number of species (S) and 

relative proportions of species (p
i
 for i = 1, 2,..., 

S ). We can determine the species proportion by 

dividing the numbers of trees (n
i
/N) or stand basal 

areas (g
i
/G). Although such a view allows us to 

obtain quite a clear idea of species composition, it 

cannot really be used for a mutual comparison of 

several stands. The problem lies in the fact that the 

description consists of several pieces of numeric 

data and another problem is also that the number 

and percentage proportion of species must 

be taken complexly when evaluating diversity. 

Therefore, Shannon’s index H was introduced in 

evaluating forest diversity. This index attempts to 

express forest diversity with one number based 

on the number and the proportion of species. The 

index is based on information theory which was 

successfully transferred into the quantifi cation of 

the diversity of biological systems (SHANNON 1948). 

Basically, the index represents the application 

of entropy in biological systems. Entropy is a 

measure of information uncertainty, and talks 

about the amount of information necessary for 

full cognition of a system. Simple systems (for 

example, pure stands) have a low level of entropy. 

On the other hand, stands consisting of a large 

number of species with equal representation 

have a high level of entropy. To describe a 

monoctulture, we only need to know the species 

and its average dimensions. This data allows us 

to create quite a clear image of this forest type. 

However, in a forest rich in species, we must 

defi ne more characteristics (number of species, 

percentage share of species, average dimensions 

of species, type of mixing) if we want to create 

an image of the forest of adequate quality of the 

image of the pure stand. When applied to species 

diversity, SHANNON’S entropy (1948) is calculated 

using the formula:

  ( )∑
=

−=
S

i
ii ppH

1
ln.  (6.118)

Calculation is therefore based on the number 

of species S and their relative proportion p
i
. 

Pure stands have entropy equal to 0. In species 

diversifi ed stands, entropy increases proportionally 

to their diversity. However, we cannot really use 

such defi ned entropy for comparison of stands, 

because a stand with a different number of 

species has a different threshold for expressing 

the level of maximum entropy. An index of relative 

entropy E was therefore introduced:

 ( ) 100.
ln

100.
max S

H
H
HE ==  (6.119)

The denominator in the formula is called 

Hartley’s measure. It expresses the maximum 

possible entropy which would occur in a stand 

with the same number of species that are equally 

represented. Entropy will then equal the natural 

logarithm of the number of species. Entropy 

expressed in this way will be within an interval 

of 0 to 1 for each type of stand (regardless of the 

number of species). Pure stands have relative 

entropy E=0. The higher the species diversity, 

the closer relative entropy is to E=1.

6.5.5.2 Species profi le index by Pretzsch

The species profi le index was included in the 

evaluation of stand diversity by PRETZSCH (1995). It 

is an extension of Shannon’s entropy by including 

stand layers. Pretzsch divided a stand into three 

layers (fi gure 6.51). The upper layer contains 

trees, which, with their tops, reach a 80 to 100% of 

the maximum tree height in the stand. The bottom 

layer contains trees with the height below or 

equal to 50% of the maximum height. In between 

there is a middle layer. The proportion of trees is 

calculated for species and stand layers. We will 

obtain relative proportions p
ij
 which express the 

representation of i-th tree species in the j-th layer 

of the stand. The sum of the species proportions 

in all stand layers is 1.00. The species profi le 

index is calculated using the formula:
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It is the application of entropy of the presence 

of the i-th tree species in the j-th layer. The tree 

species in a given layer is included in the calculation 

only if it is present since the natural logarithm of 

0 is not defi ned. Such a calculated entropy talks 

not only about the species composition in a stand 

but also about the distribution of tree species in 

individual layers of the stand. It therefore extends 

the diversity of tree species with the diversity 

of distribution in individual layers of the stand 

Fig. 6.51 For calculating the species profi le index A (PRETZSCH 1995) the stand is divided into height 
layers. Layers 1, 2 and 3 have a height range between 100–80%, 80–50% and 50–0% of the maximum 
height in the stand. Relative proportions of tree species are not only calculated depending upon their type 
but also depending upon height layers.

Fig. 6.52 Absolute (A) and relative (A
rel

) species profi le index (PRETZSCH 1995) for: a) a single-storied 
monoculture of Norway spruce, b) a double-storied stand of Norway spruce, c) a double-storied stand of 
Norway spruce and European beech, and d) a triple-storied stand of Norway spruce, European beech 
and Silver fi r (Carpathian mixture) with a selective structure.

a) b) 

c) d) 

A = 1.00

A = 0.29
A

rel
 = 26.5 

A = 1.03
A

rel
 = 93.5 

A = 1.41
A

rel
 = 79.0 

A = 2.02
A

rel
 = 92.1 

A = 1.65
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height profi le. Thanks to this, it is also possible to 

evaluate the height structure of a stand. This index 

is also relatively expressed in order to enable the 

comparison of several stands:

  ( )S
A

A
AArel .3lnmax

==  (6.121)

The fi nal index fl uctuates between 0 and 

1. Only the pure stands with the trees present 

only in the upper layer have zero entropy, which 

means that minimum tree height is greater than 

80% of the maximum height. It can generally be 

stated that stands with an index greater than 0.9 

have a structure similar to a selection forest.

6.5.5.3  The mark correlation function by 

Stoyan and Stoyan

STOYAN and STOYAN (1992) introduced the mark 

correlation function which allows a view on species 

diversity in relation to their production, even in 

terms of horizontal space (distance from trees). 

It is based on their pair correlation function (see 

Chapter 6.5.2.7). Whilst the pair correlation function 

evaluated the frequency of the distances between 

trees, the mark correlation function replaces the 

classical frequency with production frequency 

which is calculated as the relative proportion 

weighted by the production characteristic. The 

diameter or height of individual trees is mainly 

selected as the production characteristic. The 

principle of its construction is very similar to the 

pair correlation function, but in the process of 

evaluating trees within distance r±h it also takes 

their diameter (or height or another production 

parameters) into consideration, which means 

that each tree belonging to a given distance 

interval is weighted proportionally to its production 

characteristic. Mathematically the mark correlation 

can be expressed using the formula
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where r is the gradually increasing distance 

starting from value 0, m is the evaluated production 

variable (usually tree diameter or height), x and y 

are the coordinates of the evaluated trees, i and 

j are the order numbers of trees, n is the number 

of trees in the evaluated stand, and k
h
 is the 

kernel function by Epanechnikov.

The mark correlation function can be 

constructed for all tree species in the stand at 

the same time, or can be created separately 

depending upon individual types of tree species. 

In the fi rst case, the construction of the function 

includes all trees regardless of tree species. In this 

case, we evaluate the diversity of production and 

not the diversity of species. In the second case, the 

construction of the function includes only the trees 

of the same species. One function is constructed 

for each tree species in the stand. Together 

with the use of the previous characteristics, for 

example the Shannon or Pretzsch index, we 

evaluate species diversity which also includes 

the diversity of tree species production in the 

horizontal space of a stand. The interpretation 

of the mark correlation function is similar to the 

interpretation of the pair correlation function. 

The principle is shown in an example of the two 

stands in fi gure 6.53. If the production diversity 

is even in accordance with Poisson’s forest, the 

mark correlation function will be constant with a 

Fig. 6.53 The principle of the mark correlation 
function using an example of two stands. If the 
real stand is above Poisson’s forest line, it is an 
increase in production at the given distances. On 
the other hand, if it is below the line it is a decrease 
in production.

high production frequency 

low production frequency 

Poisson forest 
with constant 

diversity 

Stand B 

Stand A 

distance of points r (m) 
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value of 1.0. It will be visualised as a line parallel 

with the x axis. If the function is above this line, 

the production of trees at a given distance r 

increases in comparison with Poisson’s forest 

(by combining densifi cation of trees and growth 

of their parameters). If it is below the line, then at 

given distances r, the production performance 

decreases (due to the combination of reducing 

trees and decreasing of their parameters).

6.5.6 Quantifi cation of mixing

Apart from species diversity, the mutual mixing 

of species also infl uences forest production. This 

is since there is a difference in whether individual 

species grow in aggregated groups or perfectly 

mixed. In the fi rst case, tree species are more 

isolated from each other, infl uence each other 

less and their partial production is similar to that 

of pure stands. In the second case, there is more 

intense interaction between species which may 

cause a signifi cant deviation in the production 

from that of pure stands. In real stands the 

mixing can be individual, clumped or grouped. 

An intermingling index and segregation index 

were designed for the quantifi cation of mixing.

6.5.6.1  Species intermingling index by 

Füldner

The index of species intermingling designed 

by FÜLDNER (1996) describes the spatial structure 

of mixing species in a stand. It is defi ned as the 

proportion of neighbours of other tree species:

  ∑
=

=
n

j
iji v

n
M

1
.1

 (6.123)

where i is the central (evaluated) tree, j is the 

order number of the neighbouring tree whilst 

j = 1,...,n and n represents the number of closest 

neighbours included in the analysis. Parameter v
ij
:

⎩
⎨
⎧

=
speciesother   the tobelongs    neighbour  if   ,1
species same  the tobelongs   neighbour  if   ,0

j
j

vij  (6.124)

is a dummy variable which has a value of 0 

if the neighbour of the central (evaluated) tree 

belongs to the same species. If it belongs to 

another tree species, the variable has a value 

of 1. If we take into consideration the three 

closest neighbours (n = 3) into consideration, 

M
i
 can obtain four different values, as illustrated 

in fi gure 6.54 (FÜLDNER 1996): 0 if all neighbours 

belong to the same species, 0.33 if the tree has 

only one neighbour of another species, 0.67 if 

the tree has two neighbours of another species 

and 1 if all neighbours belong to another species. 

To calculate the total index we use the arithmetic 

average of values M
i
:
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 (6.125)

where N is the number of central trees, i.e. 

all trees in the evaluated stand. The index lies 

between 0 and 1. The index can be calculated 

for all trees in the stand regardless of tree 

species, or central trees are selected separately 

depending upon tree species. A greater value of 

a species specifi c index expresses more intense 

intermingling of tree species. A lower value, on 

the other hand, indicates clumping of trees of the 

same species into groups.

6.5.6.2 The Pielou segregation index

The segregation index designed by PIELOU 

(1977) describes the intermingling of two or 

several tree species using the closest neighbour 

method. To calculate this index, it is necessary 

Fig. 6.54 The principle of stating the species intermingling index based on the evaluation of the three closest 
neighbours. Depending upon the proportion of neighbours of other species, the index can have a value of: 
a) 0 if all neighbours are of the same species, b) 0.33 if the tree has only one neighbour of another species, 
c) 0.67 if the tree has two neighbours of another species, d) 1 if all neighbours are of another species.

evaluated 
tree 

1st neighbour 

2nd neighbour 

3rd neighbour 

evaluated 
tree 

1st neighbour 

2nd neighbour 
 

3rd neighbour 

evaluated 
tree 

1st neighbour 

2nd neighbour 

3rd neighbour 

evaluated 
tree 

1st neighbour 

2nd neighbou

3rd neighbour 

Mi = 0.00 Mi = 0.33 Mi = 0.66 Mi = 1.00 

a) b) c) d) 
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to seek the closest neighbour to each tree, 

ascertain the tree species and record the data 

into a contingency table (see Chapter 3.4.2). 

We will explain the method in an example of 

two tree species in a stand. The contingency 

table (table 6.18) contains tree species of the 

evaluated trees in rows and the tree species of 

the closest neighbours in columns. The pairs of 

trees (the evaluated and its closest neighbour) 

are sorted in the table. This is how we obtain the 

number of trees of the evaluated tree species 

depending upon the individual tree species of 

their neighbours. We calculate the sums in rows 

for the tree species of the evaluated trees (m, 

n) and in columns for the tree species of the 

neighbours (v, w). This is how we record the 

number of trees for tree species with neighbours 

of the same species (a, d) or different species 

(c, b). It is valid that m + n = v + w and this is 

identical to the total number of trees in area N. 

We calculate the segregation index based on the 

ratio of mixed pairs (mix
observed

) to the expected 

proportion of mixed pairs (mix
expected

):
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The index can obtain values between -1 and 

+1. A value greater than 0 indicates a tendency 

towards a segregation between different species 

and a value less than 0 indicates a tendency 

towards intermingling of different species. A 

maximal segregation between species is indicated 

by a value of +1 and maximal intermingling of 

species (individual mixing) has a value of -1. Value 

0 means independent (combined) distribution of 

species (separation and intermingling of species 

at the same time).

To test the signifi cance of the deviation of the 

segregation index from independent distribution 

of tree species, we may use a suitable test. For 

example, for stands consisting of two species, 

UPTON and FINGELTON (1985) recommend the 

following c2 test:
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In order to eliminate the edge effect, only the 

trees with the distances from the edge of the 

stand greater than the distances to their closest 

neighbours are included in the segregation index. 

a) b) 

c) d) 

Fig. 6.55  Differentiation of the type of mixing of beech (dark grey) and larch (light grey) using the PIELOU 
segregation index (1977). Index values above zero indicate a tendency towards segregation of species 

(a, b) and values below zero indicate a tendency towards intermingling of species (d). Independent 
distribution of species is indicated by a value close to zero (c). A star symbol expresses the statistical 
signifi cance of the deviation of the index from zero (* = signifi cant deviation with 95% confi dence, ** = 
highly signifi cant deviation with 99% confi dence).
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Figure 6.55 shows an example of four stands with 

various types of mixing of tree species, for which 

the segregation index was calculated together 

with a statistical test of the deviation of the index 

from the independent distribution of species.

6.5.7  Generating the spatial structure 

of a stand

All the previously mentioned formulae and 

methods served for evaluating the spatial structure 

of already existing forest stands. However, in 

forest modelling, we more frequently encounter 

cases when it is necessary to model spatial 

structure in order to meet pre-defi ned conditions. 

These conditions include defi ned dendrometric 

and production parameters as well as the 

required values of indices and characteristics of 

the spatial structure. In this case, we search for 

stand structure generators. Generators shall be 

addressed in more detail in Chapter 6.10. In this 

Chapter we shall only focus upon generating the 

horizontal structure of a stand which, together with 

diameter structure (see Chapter 6.3) and height 

structure (see Chapter 6.4), create the fi nal spatial 

structure of the stand. We shall also introduce 

the algorithm by PRETZSCH (1993) which has been 

included in several growth models such as SILVA 

(PRETZSCH et al. 2002), SIBYLA (FABRIKA 2005), 

CORKFITS (RIBEIRO et al. 2003) etc. Generating 

the horizontal structure is carried out in two steps. 

In the fi rst step, we generate the macrostructure 

of the stand which expresses the way of mutual 

mixing of tree species (random, clumped in the 

form of circles or strips). Within the macrostructure 

it is possible to select the shape, size and location 

of a group of trees. At the same time, it is possible 

to determine which tree species will have an 

aggregated structure and which tree species 

will represent stand fi lling. In the second step we 

model the microstructure based on modelling 

the probability of tree spacing. The process in 

both steps is completely stochastic.

Modelling the macrostructure of a stand

Modelling the macrostructure of a stand is 

based on spatial probability of the presence of 

tree species P(x,y). The result is the probability 

of the presence of a tree with coordinates x, y. 

When modelling, tree species are divided into 

tree species with an aggregated structure and 

tree species of stand fi lling. For aggregated tree 

species, it is possible to determine the shape of 

groups (fi gure 6.56) and the number of groups 

n of the particular shape (circles or strips). The 

circles are defi ned by their centres given by their 

coordinates (X
i
, Y

i
), and the diameter of circles in 

metres in which 95% of all trees (D
i
) are present. 

The strips are defi ned by their centres located in 

the centroids (X
i
, Y

i
), diameters of strips in which 

95% of all trees are present in metres (D
i
) and 

the angle of rotation around the centre of gravity 

in radians (a
i
) and the vertical axis y with anti-

clockwise rotation. For fi lling tree species, we 

defi ne the level of mixing with tree species in 

groups (low, slight, moderate, strong, very strong, 

complete). Spatial probability for an aggregated 

structure is calculated depending upon the shape 

of the elements using the methodology of LEPŠ 

and KINDLMANN (1987). For circles it is determined 

in accordance with:
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For strips it is calculated in accordance with:
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Total probability of the occurrence of an 

aggregated tree species is calculated as the sum 

of probabilities P
C
 and P

S
 in accordance with:

      yxPyxPyxP SC ,,,1min,   (6.130)

Total probability of the occurrence of all 

aggregated tree species (m) is calculated in 

accordance with:
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Tab. 6.18 Contingency table for calculating the 
segregation index (Pielou, 1977).
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The probability of the presence of fi lling tree 

species is calculated in accordance with:

   yxPbayxPF ,.,    (6.132)

Coeffi cients a and b express the degree of 

intermingling between trees of fi lling group and 

trees of aggregated group. The coeffi cients are 

given in table 6.19.

The method for generating the macrostructure 

is clear from an example described in table 6.20 

and illustrated in fi gure 6.57. We fi rstly determine 

the probability function for circular mixing of 

Norway spruce (a) and strip mixing of Norway 

spruce (b) using formulae 6.128 and 6.129. 

Next, we determine the overall probability of the 

presence of Norway spruce in area (c) using 

formula 6.130. The same is performed for fi r (d, 

e, f). Total probability of the occurrence of all 

aggregated tree species calculated in accordance 

with formula 6.131 is displayed in point g). Finally, 

we derive the probability of the occurrence of 

fi lling European beech using formula 6.132. 

Figure 6.57 shows various functions depending 

upon the degree of mixing: low (h), slight (i), 

moderate (j), strong (k), very strong (l) and 

complete (m). Tree coordinates are generated 

stochastically within the given probabilities. We 

fi rstly generate random coordinates x and y in 

the area using the Poisson forest (see Chapter 

6.5.1). At the same time, we generate a random 

number R from the uniform random distribution 

from an interval of 0 to 1. If the random number 

R is lower or equal to the appropriate probability 

P(x, y), the tree coordinates are accepted. 

Subsequently, the coordinates are verifi ed in 

relation to spacing based on the stochastic 

model of the microstructure using the method 

given in the following text. Coordinates are 

defi nitely accepted only if they also meet the 

microstructural conditions. If no tree species 

are aggregated in groups, we only use random 

generation of tree coordinates (Poisson forest) 

without probability fi lters for macrostructures. We 

only verify spacing using a microstructural fi lter.

Modelling the microstructure of a stand

If we place the fi rst tree in a so far empty area, 

assignment of coordinates to a tree is simple. 

The more trees in the area, the more diffi cult it is 

to decide whether a new tree is placed too close 

to an existing tree. PRETZSCH (1993) designed an 

algorithm that defi nes the most probable distance 

between trees. The construction of the model was 

based on more than 71,000 measurements of 

distances between trees and of crown radii. The 

result is the method with the principle shown in 

fi gure 6.58. We fi rstly calculate the most probable 

distance to the nearest tree ( 1r ) based on the 

distance of the generated tree to the second 

nearest existing tree (r
2
) and the diameters of 

the crowns of the generated (cd
0
), fi rst (cd

1
) and 

second (cd
2
) nearest trees. At the same time, the 

formula also includes transmission coeffi cients 

(k
0
, k

1
, k

2
) of the mentioned trees, which express 

the resistance to the permeability of light by 

crowns in accordance with ELLENBERG (1963). The 

transmission coeffi cient depends upon the type 

of tree species (European beech and Silver fi r 

1.0, Norway spruce 0.8, Sessile/Pedunculate oak 

0.6, Scotch pine 0.2). The resulting mathematical 

formulation is as follows:
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Coeffi cients of the regression equation are 

independent from the type of tree species (a
0
 

= 0.083468, a
1
 = 0.676193, a

2
 = 0.006484, a

3
 = 

0.003101, a
4
 = –0.003906). At the same time, we 

also calculate the standard deviation of possible 

distances in accordance with:

    12 .
0 1. rb

r ebs   (6.134)

Coeffi cients of the regression equation are: 

b
0
 = 5.700698509 and b

1
 = 0.058511711. We 

determine the probability of the existence of the 

spacing to the nearest tree (r
1
) from the Gaussian 

normal distribution function defi ned by the 

arithmetic average ( 1r ) and standard deviation 

(s
r
) in accordance with:
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In the next step, we generate a random number 

with regular distribution from an interval from 0 

to the probability of the existence of spacing 1r , 

which is 1/[s
r
.(2.)-1/2] and the random number is 

compared with the probability of the existence of 

spacing r
1
. The decision whether the coordinates 

of the generated tree are accepted is performed 

as follows:
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The process of generating tree coordinates 

using a macrostructure fi lter is repeated until 

the generated tree meets the requirement of the 

previous micro fi lter (6.136). Using this method, 

all the trees are placed in the simulation area.

Tab. 6.19 Coeffi cients of the equation of the 
probability of the presence of fi lling tree species 
depending upon the degrees of mixing (formula 6.132).

mixing in a group a b

low 1 -1

slight 1 -0.5

medium 1 0

high 0.8 0.2

very high 0.4 0.6

complete 0 1

6.6  Modelling and quantifying tree 

competition

Competition between trees occurs when 

resources in forest stands are lower than the 

requirements for the optimum growth of trees. 

Individuals which, due to the competition pressure 

of neighbouring trees, lack these resources reduce 

their potential increment and this may even cause 

them to die. In modelling the growth of a forest, it 

is therefore necessary to determine the level of this 

competition pressure, mainly in tree models. This 

is since in such cases it is necessary to determine 

the amount of increment of dendrometric values of 

trees (diameters, heights, crown parameters). The 

value of the increment is infl uenced by the amount 

tree species spatial mixing pattern Xi Yi Di ai

aggregated
Norway spruce

clump
10 10 30 -
40 10 10 -

strip 21 25 15 π/3

Silver fi r
clump 25 35 20 -
strip 40 30 10 π/4

fi lling European beech -

Tab. 6.20 Input of a spruce-fi r-beech stand macrostructure.

X Xi ,Y Yi 
X XXXi ,Y YYYYYi 

x 

a 

D Di  (for 95% of trees) 

y 

Fig. 6.56 The principle of defi ning an area and the 
size of groups of aggregated tree species in a stand 
(circles and strips) in accordance with LEPŠ and 
KINDLMANN (1987).

Fig. 6.57 The principle of modelling stand 
microstructure. 
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Fig. 6.58 An example of the method for generating a macrostructure of spruce-fi r-beech stand as inputted 
in table 6.20.
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of competition. Calculation of tree competition 

pressure further depends on whether the models 

are dependent or independent upon tree positions 

(see Chapter 5). In the following text we will introduce 

methods for determining a tree’s competitors and for 

determining the level of tree competition pressure.

6.6.1  Methods for determining a tree’s 

competitors

Many competition indices require identifi cation 

of neighbouring trees which compete with 

the evaluated tree. In some cases, we take all 

trees in the area into consideration as potential 

competitors (for example, the horizontal cross-

section method by WENSEL et al. 1987, crown 

competition factor, and others) or the fi xed 

number of surrounding trees which enter 

the calculation of the competition index is 

stated. However, for the majority of indices it is 

necessary to determine competitors using other 

more objective methods. We currently have four 

methods which we shall now describe.

6.6.1.1 Fixed radius method

The fi rst option (fi gure 6.59a) is to draw a circle 

around the central (evaluated) tree j with fi xed 

radius r. We count the number of competitors i = 

1, ..., n. These are the trees whose distance from 

the central tree dist
ij
 is smaller than radius r:

  rdistij <  (6.137)

For example, HEGYI (1974), the founder of these 

types of competition indices, used a radius of 10 

feet, which is 3.048 m, for Canadian pine stands. 

This method of modelling a competition index 

is only suitable for stands with tree dimensions 

or in a growth state corresponding to the 

selected fi xed radius r. This is because with 

the growth of a stand, the potential number of 

competitors decreases within the competitive 

circle. Therefore, when used for long term stand 

prognoses, these indices are less suitable 

unless the fi xed radius changes depending upon 

the growth stage of the stand. However, we 

encounter complications when estimating the 

varying radius r.

6.6.1.2 Crown intersection method

The second group of methods (fi gure 6.59b) 

used, for example, by BELL (1971), ALEMDAG (1978) 

and PRETZSCH (1992a), considers the trees as 

competitors, if actual crowns, potential crowns or 

Fig. 6.59 Methods for determining tree competitors: a) fi xed radius method, b) crown intersection method, 
c) angle count method, d) light cone method.

a) b) 

c) d) 
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growth areas (reduced areas) overlap the central 

tree. If we use the actual radius of the central tree 

crown and the radius of the surrounding trees (c
rj
 

or c
ri
) for identifying the competitors, we consider 

a tree to be a competitor only if 

  ( )jiij crcrdist +<  (6.138)

If we use the potential radius instead of the 

actual radius of crowns, we must fi rst know 

the relationship between the tree crown radius 

in an open area (without competition) and the 

dendrometric characteristic of the tree, for 

example, its diameter or height. The allometric 

formula is commonly used for this purpose, for 

example formula derived by PRETZSCH (1992a): 

ln(cr
pot

)=a+b.ln(d
1.3

). If the radii of potential crowns 

of the evaluated tree and surrounding trees are 

known, we may use formula 6.138 to determine 

the actual tree competitors. The difference is 

only in the replacement of the actual crown radii 

by potential crown radii. If the actual or potential 

radii of crowns are not known, we may use tree 

diameters (d
j
 and d

i
):

  ( )multdddist jiij .22 +<  (6.139)

ALEMDAG (1978) suggests using values 0.0085; 

0.0090 or 0.0095 as multipliers (mult) in the 

equation. With an increasing multiplier, the radius 

of the competition circle increases and therefore 

also the number of possible competitors.

6.6.1.3 Angle count method

The angle count method (fi gure 6.59c) goes 

back to BITTERLICH (1952). The identifi cation 

of competitors depends upon the distances 

between trees and their diameters. A tree is 

included amongst competitors if its distance dist
ij
 

from the central tree is:

  
ACF

ddist iij
50.<  (6.140)

In this method, tree diameter d
i
 is multiplied 

by the factor 50.ACF-1/2. This formula determines 

threshold distances which are individual for 

each tree. The most used angle count factors 

ACF are 1, 2 and 4. These correspond with 

boundary distances d
i
.50, d

i
.35.36 and d

i
.25 and 

with opening angles 1.15°, 1.62° and 2.30°. The 

principle is that the opening angle is demarcated 

around the central tree and its centre is orientated 

towards the central axis of each evaluated tree. 

If the diameter of the evaluated tree exceeds 

the opening angle, it is considered to be a 

competitor. This means that with low values of 

ACF we include more competitors into the index 

than with higher values (LORIMER 1983, TOMÉ and 

BURKHART 1989).

6.6.1.4 Light cone method

PUKKALA and KOLOSTRÖM (1987), PUKKALA (1989), 

BIGING and DOBBERTIN (1992) and PRETZSCH 

(1995) modifi ed the principle of horizontal tree 

identifi cation by including the angle count 

method in vertical identifi cation based on the 

height of competing trees. For these purposes, 

a competition cone pointing downwards was 

created whilst its peak is situated at the foot of 

the central tree and its axis is identical to the axis 

of the central stem (fi gure 6.59d). The cone has a 

defi ned opening angle  (the angle between the 

opposite walls of the side envelope). Trees with 

the tops inside the competition cone are then 

considered to be competitors:

  ⎟
⎠
⎞

⎜
⎝
⎛<

2
tan. α

iij hdist  (6.141)

If the peak of the competition cone is not 

situated at the buttress of the tree but is at a 

given height on the central stem axis with a value 

of h, then the trees which meet the following 

conditions are considered to be competitors

  ( ) ⎟
⎠
⎞

⎜
⎝
⎛−<

2
tan. α

βhhdist iij  (6.142)

The peak of the cone is very often placed at 

the height to crown base of the central tree. In 

order to select a suitable height for placing the 

cone and determining angle , the relationship 

between the annual increment of the basal area 

of the central tree (i
g
) and the competition index 

with a selected cone should be evaluated using 

correlation analysis. The placement of the cone 

and its opening angle which correlate most 

with the tree growth are selected. In Bavarian 

mountainous mixed forests, BACHMANN (1998) 

discovered the strongest correlation relationship 

if the cone is placed at a height of 50% for Norway 

spruce, 10% for Silver fi r and 70% for European 

beech. The optimum opening angle of cone also 

depended upon the type of tree species and 
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was between 20 to 60° in the forest regeneration 

phase; otherwise it was between 60 to 100°.

6.6.2 Tree competition modelling methods

There exist many competition indices and 

algorithms for modelling tree competition. 

They are often distinguished in terms of their 

orientation towards modelling competition 

between individual trees or towards the 

competition pressure defi ned en bloc for an 

entire stand. Tree competition indices are also 

very often classifi ed whether they are dependent 

upon or independent from the positions of 

trees in the stand. In the following text we shall 

focus upon describing the most frequently used 

competition indices and algorithms. An overview 

and assessment of competition indices can be 

found in the works of DANIELS (1976), LORIMER 

(1983), MARTIN and EK (1984), DANIELS et al. 

(1986), TOMÉ and BURKHART (1989), BIGGING and 

DOBBERTIN (1992, 1995), BACHMANN (1998), SHI and 

ZHANG (2003) and others.

6.6.2.1 Crown intersection by Bell

BELL’S crown intersection (1971) is one of the 

methods based on overlapping crowns in the 

zone where tree crowns compete most for light 

(fi gure 6.60). The size of the overlapping crown 

areas is calculated for each competitive tree i = 1, 

..., n in the surroundings of the central tree j. For 

calculating the competition index for the j-th tree, 

crown projections of competitors are not just simply 

compared with the central tree projection but are 

weighted using the ratio of tree diameters d
i
/d

j
.

  ∑
=

=
n

i jj

iij
j dE

dO
B

1 .
.

 (6.143)

Overlapping areas O
ij
 express the competition 

pressure in relation to the spatial placement 

of trees. The ratio of tree diameters expresses 

the proportion between the diameter of the 

central tree and its neighbour (competitor). If, 

for example, trees from the undergrowth in the 

immediate vicinity of the central tree produce 

large intersections O
ij
, their proportion in the total 

index is weakened due to a low d
i
/d

j
 quotient. For 

calculating overlapping areas O
ij
 we can use actual 

crown projections, potential crown projections 

or theoretical competition zones infl uencing 

the stand. However, tree crown projections are 

usually determined as circular areas based on the 

radii of competitors crowns R
i
 or the central tree 

R
j
 (fi gure 6.60). Potential crowns are the crowns 

which would be created by a tree in an open area 

(a solitary tree without competition). They are 

mainly based on allometric formulae (see Chapter 

4.2) using tree diameters or heights. Formulae are 

derived from appropriate empirical research. For 

example, PRETZSCH (1992a) suggests the formula: 

ln(cr
pot

)=a+b.ln(d
1.3

). Reduced tree areas are very 

often used for theoretical competition zones. In 

this case, we use algorithm 6.103, but instead of 

the tree species stock in the stand, we insert tree 

Ei 

dj 

di Ej 
Oij 

i=1 

i=2 

i=3 

i=4 

O1j 

O2j 

O3j 

O4j 

R1 

R2 

R3 

R4 

Rj 
Ej 

potential crowns of open-grown tree 

Fig. 6.60 The principle for determining crown intersection index by BELL (1971).
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volume into the numerator of the formula. Such a 

derived area is approximated using a circle and 

the radius of the circle is then calculated in metres. 

This is used to calculate the intersection zone.

6.6.2.2. Competition index by Hegyi

HEGYI (1974) created a currently well known 

and classical index which determines the 

competitive relationship between trees based on 

their diameters and the distances between them. 

The index is based on fi xed radius methods 

(fi gure 6.61). A circle with a constant radius is 

established around the evaluated central tree j. 

For example, Hegyi chose 10 feet for Canadian 

pine stands. The radius should generally 

consider the age of the stand and its production 

maturity. Diameter d
j
 is determined for the central 

tree. We fi nd all trees present in the competition 

circle. We determine their diameters d
i
 and the 

distance from the central tree dist
ij
. Next, we use 

the following formula to calculate the index:

  ∑
=

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
=

n

i ijj

i
j distd

dH
1

1.  (6.144)

Hence, the competition value is directly 

proportionate to the ratios between the diameters 

of competitors and the central tree, and indirectly 

proportionate to the distances between them. 

It also depends upon the selected size of the 

competition circle which remains constant in the 

stand at a given stage.

6.6.2.3  Sum of circular segments by Alemdag

ALEMDAG (1978) divided the stand around 

the central tree j into several imaginary 

circular segments which describe the level of 

competition pressure (fi gure 6.62). The sum of 

the areas of these n segments represents the 

area determined for the growth of the central tree 

- area A. If we divide the number of competitors 

n by area A, we obtain the rate of competition A
j
 

which increases with the number of competitors 

and decreases with the area accessible for the 

growth of the central tree: 

  
A
nAj   (6.145)

To calculate the area utilisable for the growth 

in the form of circular segments (in fi gure 6.62 

it is the sum of segments from a to h for eight 

competitors) we use the diameter of the central 

tree d
j
, the diameters of competitors d

i
 and the 

distance of the competitors from the central tree 

dist
ij
.

∑
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.π  (6.146)

The fi rst expression in formula 6.146 defi nes 

the radius of a circular segment. The second part 

expresses the diameter of the segment opening. 

This means that the radius of the segment 

increases with the distance to a neighbour and 

the diameter of the central tree. The segment 

opening depends upon the ratio of competitor’s 

diameter to its distance from the central tree, 

whilst it is related to the sum of ratios for all 

competitors.

j 
i=1 

i=2 

dj 

d1 
d2 

d3 

d4 

d5 

d6 

d7 

d8 

A1 A2 

A3 
A4 

A5 

A6 

A7 

A8 

Fig. 6.61 The principle for determining competition 
index by Hegyi (HEGYI 1974).

Fig. 6.62 The principle of determining the 
competition index based on the sum of circular 
segments (ALEMDAG 1978).
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6.6.2.4  The ratio of tree dimensions 

according to Martin and Ek

The index developed by MARTIN and EK (1984) 

calculates the ratio between the diameters of 

competitors d
i
 and the diameter of the central 

tree d
j
. Subsequently, these ratios are modifi ed 

using an exponent which includes the distance 

between the trees dist
ij
 and the diameters of the 

pair of compared trees. The modifi ed ratios are 

then summarised:

  ∑
=

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

+
−

=
n

i

dd
dist

j

i
j

ji

ij

e
d
dME

1

.16

.  (6.147)

Since the quotient is weighted using an 

exponential function of the given shape, the 

index decreases with an increasing distance 

of competitors and a decreasing diameter of 

competitors.

6.6.2.5 Horizontal cross-section method

This competition index does not depend upon 

the positions of trees. It was fi rst used in a growth 

model of height and diameter growth of conifers 

in northern California (WENSEL et al. 1987). For 

the central tree j, it constructs an imaginary plane 

covering the whole area of the stand at a defi ned 

relative height h
rel

 of a tree j (fi gure 6.63). Cross 

sections of crowns (KQF) of all the surrounding 

trees in the area (i = 1, ..., n) at this height (shown 

in black in fi gure 6.63) are summed up and then 

divided by the size of the area (A). Instead of 

using crown cross sections, it is analogically 

possible to use the surface of crowns (KMF) or 

the volume of crowns (KV) of trees above this 

relative height:

  




n

ji
i

ij KQF
A

KKQ
1

.1
 (6.148)
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 (6.149)

  ∑
≠
=

=
n

ji
i

ij KV
A

KKV
1

.1
 (6.150)

Indices KKQ
j
, KKM

j
 and KKV

j
 express the 

relative position of tree j in the vertical structure 

of the stand. Unlike for indices which are 

dependent upon the positions of trees where we 

only consider a group of trees as competitors, 

in this case we consider all trees in the area 

which are intersected with a defi ned imaginary 

horizontal plane. For example, the dominant 

spruce j in fi gure 6.63a has a small KKQ index 

value since only a few trees are affected by the 

horizontal plane at 60% of its height and their 

crown cross sections are small. On the other 

hand, beech j in fi gure 6.63b, which is in the 

lower layer, has a high KKQ index value since 

the plane at 60% of its height crosses a lot of 

trees with larger crown cross sections. A model 

of tree crown shapes is necessary to derive an 

index of a horizontal cross-section. The KKM 

(formula 6.149) and KKV indices (formula 6.150) 

better capture the position of the evaluated tree 

in the vertical profi le of a stand than the KKQ 

index (formula 6.148). The reason for this is that 

a) b) 

hrel 

hrel 

KQF1 KQFj KQF2 

KQF1 KQFj KQF3 KQF2 

1 3 j 2 1 j 3 2 

Fig. 6.63 The principle of determining the competition index of a horizontal cross-section (WENSEL et 
al. 1987) at a reference height of 60%. Determining the index: a) for dominant Norway spruce, b) for 
European beech in the bottom layer.
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the cross sections of competitors´ crowns may 

be below the maximum diameter of their crowns, 

which decreases the index, unlike with the use 

of surfaces or volumes of crowns which are 

actually larger. Even despite this, the KKQ index 

is used more frequently because it is easier to 

calculate due to the complications when deriving 

the volumes or surfaces of crowns, mainly if the 

morphological curves of tree crowns are more 

complicated (see Chapter 6.2.2).

Research by PRETZSCH (1995) and BIGING with 

DOBBERTIN (1995) showed that when using the 

KKQ index, it is most advantageous to use the 

height of an imaginary plane between 60% and 

75% of the height of the central tree. BIGING and 

DOBBERTIN (1995) tested the suitability of KKQ, 

KKM and KKV indices for estimating the volume 

of trees in a selected stand of white fi r (Abies 

concolor) and Ponderosa pine (Pinus ponderosa). 

First, they estimated the growth of tree volume 

only on the base of tree diameters, tree heights 

and the length of tree crowns. Then they also 

included the competition indices of horizontal 

cross-sections in the calculation (formulae 6.148 

and 6.150). They changed the reference height h
rel

 

for the construction of a plane from 25% to 100% 

and evaluated the overall mean error. Based on 

the mean error, they discovered that the optimum 

reference height is between 60% to 80%.

6.6.2.6 Crown competition factor

The crown competition factor (STERBA 1989) 

is an index independent from the position of 

trees. It is based on the assumption that all tree 

crowns are of potential size. The sum of potential 

projections (cpa
pot

) of the crowns of all trees is 

then compared to the size of the stand A:

  



n

i
poti

cpa
A

CCF
1

.1
 (6.151)

It is necessary to know the size of a potential 

crown in order to derive the index. The index is 

based on the assumption that trees grow in an 

open area without competition pressure. The 

radii of such crowns are derived using the method 

already mentioned in Chapter 6.6.2.1, i.e. using the 

allometric relationship between tree diameters or 

heights. This index is constant for all trees in the 

area. Therefore, there is no j symbol in the index 

(unlike in the previous indices). If the CCF value 

equals 1, it expresses that the whole area is covered 

with a potential crown canopy and the production 

space is completely used. However, if it exceeds 

a value of 1, it indicates the potential overlapping 

of crowns and the increasing competition pressure 

proportional to the value of the CCF factor. If the 

value is smaller than 1, it means that all the trees 

have enough light with a reserve which is indirectly 

dependent on the CCF value.

If in the calculation of the competition factor 

we only include the trees with diameters greater 

than the central tree, we obtain the formula:
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 (6.152)

The value of this index depends upon the social 

position of the central tree j in the stand. In fi gure 

6.64, we can see the differences if the central tree 

(black square) is situated in the understory (case 

a), is co-dominant (case b) or dominant (case c). 

Grey crowns mark those trees with diameters 

greater than the central tree and therefore they 

are included in the calculation of the crown 

competition factor. In the fi rst case, the calculation 

includes 8 trees and the CCF value is 0.5. In the 

second case, we only included two trees in the 

calculation and the CCF value is 0.1. In the fi nal 

case, no tree exists with a larger diameter and 

therefore the resulting CCF value equals 0.

6.6.2.7  The ratio of the size of tree crowns 

by Biging and Dobbertin

The method is based on the mutual ratio of 

cross sections, surfaces or volumes of crowns 

between the central tree and its competitors. 

According to BIGING with DOBBERTIN (1992) and 

BACHMANN (1998), these indices are in close 

correlation with the increment of individual trees. 

For this index it is necessary to have models of 

crown shapes (see Chapter 6.2.2.1) since we 

n = 8 n = 2 n = 0 

a) b) c) 

Fig. 6.64 The principle for determining the crown 
competition factor based on formula 6.152. The black 
square marks the central tree and the grey crowns 
indicate trees with a diameter d

1.3
 greater than the 

central tree: a) for a tree in the understorey the CCF is 
0.5, b) for a co-dominant tree the CCF value is 0.1, c) 
for a dominant tree the CCF value is 0.
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need to derive the plane of crown cross section 

at any tree height or to derive the surface or 

volume of the crown above the mentioned height. 

This method has two variants. The fi rst variant, 

designed by BIGING and DOBBERTIN (1992), is 

similar to the horizontal cross-section method. In 

order to calculate the index for the central tree 

j, tree crowns are intersected with a horizontal 

plane at the given height of the central tree. At this 

reference height, we determine the necessary 

crown parameters which we may generally mark 

with cp symbol. This represents either a crown 

cross section at this height or the surface or the 

volume of the crown above this height. We then 

gradually compare the parameters of competitors 

crowns (i) and the central tree (j). Since the index 

depends upon the position of trees, the crown of 

the central tree is weighted using the distance to 

the competitor dist
ij
.

 ( ) ( )∑
≠
= +

=
n

jj
i ijj

i
j distcp

cpcpBD
1 1.

 (6.153)

In order to calculate this index, it is necessary 

to determine the competitors of the central tree. 

We can consider all trees in the area, a fi xed 

number of trees in the closest vicinity of the 

evaluated tree, or we can use one of the methods 

from Chapter 6.6.1.

Another modifi cation of this method was 

proposed by BIGING and DOBBERTIN (1992) in the 

form of a light cone. In this method, competing 

trees are determined implicitly depending directly 

on the construction of the model. An imaginary 

cone pointing downwards is created around the 

central tree j. The tip is placed in the axis of the 

central tree at a given relative height of the tree. 

We either select the base of the tree, a relative 

position under the tree crown or inside the tree 

crown. The light cone axis is identical to the 

stem axis and the cone has a defi ned opening 

(the angle between the opposite walls of the side 

envelope). The principle is shown in fi gure 6.65. 

The relative position and parameters of the light 

cone are constant for all evaluated central trees 

in the stand. Competitors are considered those 

trees which have their axis inside the cone. We 

evaluate the size of the crown parameter cp
i
 at 

the point where the competitor’s axis intersects 

the side wall of the cone. This is related to a 

crown cross section at this height or the surface 

or the volume of the crown above this height. We 

also determine the required parameter cp
j
 for the 

central tree. It is either based on the whole crown 

or we use a relative position of 66% of the crown 

length from its base. In the fi rst case, we consider 

the overall crown projection, the whole surface or 

crown volume. In the second case we determine 

the cross section, surface or volume of the crown 

at the stated height. The crown parameters of 

competitors and the central tree are then entered 

into the ratio:

  ( ) ∑
≠
=

=
n

ji
i j

i
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 (6.154)

This index does not need to consider the 

distances between trees since this problem is 

addressed by the light competition cone. The 

further the competitors are from the central tree, 

the higher the intersection of the tree stem with 

the cone surface, which means that the crown 

cross section, volume or surface of the crown 

offcut is smaller. This means that the proportion 

of the competitor’s crown in the competition 

index decreases with an increase of its distance 

from the central tree.

6.6.2.8  Crown light competition index by 

Pretzsch

This is a frequently used index designed by 

PRETZSCH (1995). According to BACHMANN (1998), 

this index also has a close correlation to tree 

increment. It is known as KKL. Its principle 

is shown in fi gure 6.66. We fi rstly state the 

competition angles 
ij
 for each evaluated central 

Fig. 6.65 The principle of modelling a competition 
index based on the ratio of the size of the crowns 
of competitors to the central tree using a light cone 
(BIGING and DOBBERTIN, 1992).
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tree and its potential competitors. Angle 
ij
 is 

based on a competition light cone which depends 

upon the type of tree species. The cone points 

downwards and starts from the point at a certain 

relative height of the central tree (p
j
). The peak is 

situated in the axis of the central tree and the axis 

of the cone is identical to the axis of the central 

tree. The sides of the cone surface have a specifi c 

angle (). The parameters of a cone for Norway 

spruce, Silver fi r, Scotch pine, European beech 

and Sessile/Pedunculate oak are given in table 

6.21. It is clear from the table that light-demanding 

tree species (Scotch pine, Sessile/Pedunculate 

oak) have the peak of the cone shifted to the higher 

parts of the stem and the angle of its opening is 

greater than in case of shade-tolerant tree species 

or indifferent tree species (European beech, Silver 

fi r, Norway spruce). Angle 
ij
 is created for those 

trees (competitors) in the surroundings of the 

central tree, which occur with their crowns inside 

the light cone, and this angle is obtained as the 

angle between the light cone surface and the line 

linking the cone peak with that of a competitor. 

The method for deriving the competition angle is 

clear from fi gure 6.66. In the fi gure, the original 

KKL index is extended by a component which 

accounts for the character of the terrain (FABRIKA 

2005). On the base of trigonometry, it is possible 

to determine angle 
ij
 from the height of the central 

tree (h
j
), the altitude of the base of the central 

tree (vnm
j
), competitor’s height (h

i
), the altitude 

of competitor’s base (vnm
i
) and the horizontal 

distance between the axes of both trees (r
ij
):
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The calculated angles (in radians) are then 

grouped into a cumulative competition index whilst 

they are further reduced using the ratio between 

the basal area of the competitor’s crown (cA
i
) and 

the central tree (cA
j
) at the height of the peak of 

the light cone as well as using the transmission 

coeffi cient of the competitor’s crown (k
i
) according 

to ELLENBERG (1963). The coeffi cients express the 

resistance to light permeability depending upon 

the tree species. They are given in table 6.21. 

Dead trees have a transmission coeffi cient of 0.01 

regardless of tree species. The basal areas of tree 

crowns (cA
i
, cA

j
) are calculated as the areas of 

circles with radii derived from the shape of the 

crown (see formula 6.29 in Chapter 6.2.2.1). If the 

peak of the light cone falls into the sunlit part of 

a tree crown, then when calculating the radius, 

value x represents the distance of the basal area 

from the peak of the tree.

( ) ( ) ( )jjjiiijjj hpvnmhvnmxhpx .   or   .1 +−+=−=  (6.156)

If the peak of the light cone falls into the shaded 

part of the tree crown or below the tree crown, 

the largest tree crown radius is used. The sizes 

of crown basal areas are shown in fi gure 6.66 by 

the red dotted line. By summing the angles we 

obtain the KKL index:

  ∑
≠
=

=
n

ji
i

i
j

i
ijj k
cA
cAKKL

1
..β  (6.157)

Tab. 6.21 The parameters of a light cone and 
transmission coeffi cients for deriving the KKL 
index (PRETZSCH 1995).

tree species p a k

Norway spruce 0.60 60 0.8

Silver Fir 0.60 60 1.0

Scotch pine 0.70 100 0.2

European beech 0.60 60 1.0

Sessile/Pedunculate oak 0.65 80 0.6

j 

ij 

j 

ki 

hj 

pj  hj 

rij 
vnmj vnmi 

hi 

i=1 

cAi cAj 

. 

Fig. 6.66 The principle of modelling tree competition 
using the crown light competition index KKL 
(PRETZSCH 1995) which was extended by accounting 
for 3D surface of the terrain by FABRIKA (2005).
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6.6.2.9 Rasterisation of a stand area

Whilst Alemdag’s index was based on an 

imaginary stand area which was only determined 

based on diameters and distances (formula 

6.146), FABER (1981, 1983) and NAGEL (1985) 

modifi ed the method by distributing the entire 

stand area between individual trees. They 

divided the stand into small cells of, for example, 

10 cm x 10 cm. Each cell is assigned to the tree 

which has the highest competition infl uence 

upon its surroundings (fi gure 6.67). FABER (1981) 

calculated the competition infl uence FK of a tree 

in a given cell as a function of stem volume v and 

the distance dist from the adjacent tree:

  2dist
vFK
x

=  (6.158)

Exponent x in formula 6.158 is either set at a 

value of 1 or is empirically optimised to achieve 

the maximum correlation between the space 

accessible for growth and the actual growth of 

a tree in a given period. NAGEL (1999) simplifi ed 

Faber’s approach using the calculation of 

competition infl uence NK based on basal area 

g
1.3

 of all relevant trees and their distance from 

the evaluated cell:

  
distegNK −= .3.1  (6.159)

Figure 6.68 demonstrates the competition 

infl uence NK using an example of two trees, 1 and 

2, which decreases with distance. The marked 

point (x, y) is allocated to tree 1 since it has a 

greater NK value. The growth area belonging to 

a particular tree is obtained as a sum of all k cells 

allocated to the given tree. If we have, for example, 

a cell with a size of 0.01m², then the available area 

will be S
j
=k.0.01. Based on the known growth 

area S
j
 which could be derived using formulae 

6.158 and 6.159, we get the appropriate potential 

number of trees per hectare

  

jS
N 10000
   (6.160)

The number of trees N represents the level 

of stand density and therefore also the rate of 

competition pressure on tree j. The methods by 

FABER (1981, 1983) and NAGEL (1985) are more or 

less suitable only for one-layered stands. This is 

because both methods distribute the stand area 

between trees based on the distance and size 

proportions. This simplifi ed distribution of an 

area is diffi cult to apply to multi-layered stands 

where the strategy of occupied space depends 

upon the species and height loss.

6.6.2.10 Individual growth area polygons 

BROWN (1965) used Thiessen polygons from 

geodesy and astronomy to defi ne the area 

Fig. 6.67 The result of distributing an area accessible 
for occupation by tree resource exploitation of trees 
based on Faber’s method (1981, 1983). The black 
dots indicate the position of trees and the diameters 
of trees in the stand. The symbols illustrate which 
area belongs to which tree. The central tree is 
allocated an area which is fi lled by x symbol. The 
black lines defi ne the borders between areas which 
are available for the growth of the appropriate trees 
(NAGEL 1985).

Fig. 6.68 An expression of the competition infl uence 
NK in the surroundings of two neighbouring trees 
in relation to their size and distance. Point (x, y) is 
allocated to tree 1 since its competition infl uence is 
greater (NAGEL 1985, page 39).

tree 1 

tree 2 

point 
(x,y) 

distance 

NK1 

NK2 

competition influence NK 
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accessible for the growth of individual trees. In 

this method, the entire growth area is divided 

between standing trees. The method is as 

follows (fi gure 6.69):

Algorithm:

1.  The positions of all trees are connected 

with abscissas in order to create a 

triangulated irregular network (TIN). From 

all possible networks, a network which 

meets the following condition is selected: 

if we circumscribe a circle for each created 

triangle (the circle passes through all the 

triangle’s peaks), then no other tree is 

present inside the circle. This triangulation 

is called Delaunay triangulation.

2.  Perpendiculars (normals) to the sides of 

the triangle are drawn and create convex 

Thiessen polygons also called Voronoi 

diagrams. Normals may be in the centre 

of the triangle’s sides or their position is 

proportional to tree dimensions (for example, 

tree diameter or tree crown diameter). In the 

second case, normals are placed closer to 

trees with smaller dimensions.

The map in fi gure 6.70 shows the spatial 

distribution of trees. Point a) of the fi gure illustrates 

the distances between the central tree 0 and four 

neighbours n = 1, ..., 4 using dashed lines. In point 

b), the perpendiculars are drawn in the centre 

of the segments. Points where these segments 

intersect create the peaks of the polygon of 

the central tree. If the normals of the distances 

between a pair of trees are outside the polygon, 

we do not consider these trees as neighbours. 

Using this method, the whole stand is distributed 

between individual trees without creating non-

allocated areas, i.e. without gaps. In our fi gure 

6.70b, a polygon representing the growth area of 

the central tree was created. This approach was 

based only on the distribution of trees regardless 

of their dimensions. JACK (1968), FRASER (1977) 

and PELZ (1978) did not place normals at the 

centre of the distances between neighbouring 

trees. They divided the distances proportionally to 

the ratio of the dimensions of the central tree and 

its neighbour. In our example in fi gure 6.70 in point 

c), when distributing the distances we focused 

upon tree diameters, which means that the area 

allocated to central tree 0 is signifi cantly smaller 

because its diameter is signifi cantly smaller than 

the diameters of the surrounding trees. PELZ 

(1978) analysed different options for dividing the 

distances between trees using an example of 

an experimental area of tulip trees (Liliodendron 

tulipifera). Using this analysis which applies of 

tree diameters (d
1.3

), tree heights (h), tree basal 

area (g
1.3

) and multiplication of the basal area and 

tree height (g
1.3

.h), he came to the conclusion that 

allocation of an area improves in the order d
1.3

 < h 

< g
1.3

 < g
1.3

.h. As the criterion for determining this 

order he used the correlation between the created 

area and the basal area increment.

6.6.2.11  Spatial rasterisation and counting 

points

We will demonstrate the method using an 

example by PRETZSCH (1992 b). It will be presented 

on the experimental plots of Zwiesel and Freyung 

in Bavarian forest. The results are illustrated 

using vertical profi les. Vertical profi les express 

the spatial occupancy of the area by tree biomass 

(fi gure 6.71). The whole area of the stand in 

horizontal and vertical directions is divided into 

spatial units called voxels (voxel = Volume X 

Elements). These are the smallest units of the 

area, e.g. 1 m x 1 m x 1 m = 1 m3. Profi les may 

be drawn, for example, in such a way that the 

canopy of the stand is gradually cut in one metre 

horizontal planes from the stand soil to the peak 

of the highest tree. We divide the planes into a 

1 m x 1 m horizontal grid. We obtain individual 

voxels at intersections in the grid. We count 

the number of voxels which are affected by the 

appropriate tree species (tree stems or crowns). 

We relativise their number in relation to the total 

number of voxels in the given layer. We display 

them in a graph (fi gure 6.71) where the y axis 

tree 
positions 

Delaunay 
triangulation 

Thiessen 
polygons 
(Voronoi 
diagrams) 

Fig. 6.69 The principle of Delaunay triangulation 
(thin lines) and the subsequent construction 
of Thiessen polygons, also known as Voronoi 
diagrams (thick lines) which form the growth areas 
of trees (black dots).
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represents the height of the stand layer in metres 

and the x axis shows the percentage proportion 

of tree species in the stand. At the same time, we 

may also calculate the sum of all tree species. 

The same applies to constructing a graph for 

the cumulative number of voxels in the direction 

from the top of the stand down to the forest fl oor. 

The cumulative sums are shown in fi gure 6.71 

(right). The gradient of the cumulative sum is an 

indicator of the decrease in the penetration of 

light through the crown area. Figure 6.71a shows 

a vertical profi le of a canopy of pure spruce 

stand in Zwiesel 111/5 (mapped in autumn 1982) 

where tree crowns are cumulated at a height 

of 25 m from the stand soil. Around 75% of all 

occupied voxels of the spatial matrix are situated 

above this height. At the same time, at this 

height multiple occupancy of space by several 

trees also cumulates (grey area inside the curve 

of total occupancy of the space by all trees). 

In the mixed spruce-beech stand in Zwiesel 

111/3 (mapped in autumn 1982), the distribution 

function is similar (fi gure 6.71b). Another case is 

in the mixed spruce-fi r-beech selection stand in 

Freyung 129/2 (fi gure 6.71c) which was mapped 

in autumn 1980. The cumulative function has 

gradual development in the direction from the 

stand soil to the top of the stand, which means 

that the stand is continuously occupied in the 

vertical direction and, therefore, the space of 

lower layers of the stand also starts to be fi lled.

The previous method is suitable for deriving 

space occupation and competition pressure 

within the whole stand differentially depending 

upon individual height layers. The principle of 

counting points in an area may also be used for 

deriving the competition pressure of individual 

trees. According to ASSMANN (1953/1954), the 

side obstacles of tree crowns and shading by 

neighbouring trees have a provable and important 

signifi cance for the spatial arrangement of trees 

and for predicting their growth. This principle 

may also be used in the voxel counting method. 

According to PRETZSCH (1992) we may determine 

lateral restriction represented by variable  and 

vertical restriction of the crowns using variable 

. Lateral restriction  and their change  after 

thinning may be determined using the following 

method. For the central tree we determine the 

potential crown diameter cd
pot

 if the tree grew in 

an open area without the competition infl uence 

(a solitary tree). We may, for example, use the 

allometric relationship to tree height or diameter 

(see also Chapters 4.2, 6.6.1.2 and 6.6.2.1). The 

circle with diameter cd
pot

 expresses the area 

occupied by a tree if it grew in optimum growth 

conditions. However, this area is usually reduced 

due to competition pressure of the surrounding 

trees (fi gure 6.72). In order to determine side 

obstacles, it is necessary to determine the area 

of intersections of all neighbouring trees (B and 

C in fi gure 6.72) with the potential crown of the 

central tree (A in fi gure 6.72). The intersections 

are shown in fi gure 6.72 using crosshatching. 

The number of points inside crown intersections 

is determined using the voxel counting method. 

Intersections are modelled at a height of the 

potential crown area. The principle of counting 

points is shown in fi gure 6.72b. If we divide the 

number of voxels inside crown intersections with 

the number of all voxels inside the potential crown 

area of the central tree, we will obtain a relativised 

size of the lateral restriction . Intersections can 

also be counted using an analytical geometry 

method using vector graphics. Although this 

method is more accurate, it is also more 

demanding in terms of algorithms, mainly in 

cases of complicated morphological curves of 

Fig. 6.70 Determination of the growth area of a central tree using Thiessen polygon: a) placement of 
a central tree and its neighbours with drawn distances whilst the diameter of the circle expresses tree 
diameter, b) the growth area of a central tree derived only from the distance to its competitors, c) the 
growth area of a central tree weighted using tree diameters.
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tree crowns. The intersection method is also able 

to detect multi-overlapping by neighbouring trees 

(twice, three times, more times). Intersections 

can be evaluated not only for all competitors 

e
total

 but also depending upon the tree species 

of neighbouring trees. This is how we can detect 

the level of competition pressure depending 

upon the competing species. In our example 

e
total

 is 0.75 which is divided between Norway 

spruce and European beech: e
spruce

=0.25 and 

e
beech

=0.50. We can perform the mentioned 

procedure for a tree before thinning (e
before

) and 

release of lateral restriction =e
before

 –e
after

.

For the description of the vertical restriction 

by neighbouring trees, we can construct a light 

cone at a height of p=70% of the height of the 

central tree with an opening =60° (fi gure 6.73), 

whilst p and  can be adapted to the needs of the 

particular research. Next, we count all the voxels 

of adjacent trees which occur inside the light 

cone. Each voxel is weighted using a reciprocal 

quadratic horizontal distance of the centre of 

the voxel from the axis of the cone. We obtain 

shading index :

 
  


n

i

m

j

u

k ijk

ijk

E
R

1 1 1
2  (6.161)

Value R
ijk
 in the formula is equal to 0 if no 

neighbouring crown is present in a voxel with 

a given position in the area of the light cone, 

or its value is equal to the number of crowns of 

surrounding trees penetrating the light cone 

voxel. Variable E
ijk

 stands for the horizontal 

distance from the axis of the light cone. Indices 

n, m and u indicate the voxel number in directions 

x, y and z inside the growth area and values 

i, j and k are voxel coordinates. Canopies of 

adjacent trees therefore have a greater weight 
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Fig. 6.71 Vertical profi le of spatial occupation of 
experimental plots: a) pure spruce, Zwiesel 111/5, 
autumn 1982, after thinning, b) mixed spruce-
beech stand, Zwiesel 111/3, autumn 1982, after 
thinning, c) spruce-fi r-beech selection forest, 
Freyung 129/2, autumn 1980.

a) 

b) 

cdpot 

cd 
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B A D C 

Fig. 6.72 Visualisation of lateral 
restrictions  for central tree A 

based on its neighbours: a) circular 
area with potential diameter cd

pot
 

forms a referential area for central 
tree A, which shows 
crown intersections 

(crosshatched areas), 
b) overlapped areas 

obtained by counting points, 
overlapping with spruce (left) 

is shown in a darker colour, 
overlapping with beech (right) is 

shown in a lighter colour.
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than those of distant trees. Index  is a unitless 

indicator of vertical restriction of the central tree 

by its neighbours. Similarly to lateral restriction 

, also this index can be determined for all tree 

species together or depending upon the species 

of the competitor. For example, for a hypothetical 

spruce-fi r-beech stand, the total index could 

be w
total

=8.0 and depending upon tree species 

w
spruce

=4.0, w
fi r
=3.0 and w

beech
=1.0. If the vertical 

restriction is calculated before thinning (w
before

) 

and after thinning (w
after

), we can also calculate the 

release of vertical restriction =w
before

–w
after

.

6.6.2.12 Calculating spatial distances

The side infl uence of trees can also be 

modelled based on spatial distances. We 

will explain the principle using an example of 

competition modelling by PRETZSCH (1992a). 

For these purposes, it is necessary to know the 

height of individual trees and the parameters of 

their crowns: the height to crown base and the 

radii of the crown in eight directions (1 = north, 

2 = north east, 3 = east, ..., 8 = north west). 

Horizontal projections of tree crowns are created 

using octagons. The vertical shape of crowns 

can be modelled using a morphological curve, 

for example using formula 6.29, in which we step 

by step use the radii from individual cardinal 

points as radius r
max

. An example of such a model 

of four trees is illustrated in fi gure 6.74. Central 

tree A needs to be crosscut with the horizontal 

plane at the height of the widest diameter of 

the tree crown. The crown area at this height is 

described by radii in eight directions: d
1
, d

2
, ..., d

8
. 

It is necessary to ascertain whether an obstacle 

is in the form of a neighbouring tree in these 

directions. These obstacles need to be defi ned 

by competitor tree species and their horizontal 

distance from the edge of the central tree crown 

(from the end of the radius). If tree crowns touch 

each other, the distance is zero. If there is a gap 

between them (for example, between trees A and 

D), the distance is positive. Overlapping crowns 

have a negative distance (for example, A and 

Fig. 6.73 Visualisation of vertical restriction  for 
central tree D based on the method of counting 
points (voxels) in a light cone.

Fig. 6.74 A description of side crown pressure based 
on calculating spatial distances (PRETZSCH 1992).

opening angle 
60° 

B A D C 
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B). These distances and types of tree species 

serve for describing and modelling the spatial 

competition of trees based on side pressure. 

The description is provided using matrices. The 

matrix has two columns (the competitor’s tree 

species and distance) and eight rows (orientation 

of the radius towards the cardinal point).

6.6.2.13  Diffusion site factor from a 

hemispherical projection

BIBER (1996) introduced a method for 

ascertaining the competitive situation between 

individual trees based on the generation and 

analysis of hemispherical photos. The aim of this 

method is to calculate diffusion site factor and sky 

factor designed by ANDERSON (1964). OLSON et al. 

(1982) applied the factors for the quantifi cation of 

growth conditions in forest stands. The diffusion 

site factor (DIFFSF) expresses the relative 

intensity of light in a defi ned point in the stand. 

The intensity of light under a completely overcast 

sky expresses the reference value (100%). The 

sky factor (SF) indicates the proportion of 

free sky in the circle circumscribed at an angle 

of 10° around the zenith. Whilst the diffusion 

site factor highly correlates with diffusion 

radiation at a given point, the sky factor closely 

correlates with precipitation measured at the 

given point. These factors may be derived either 

by direct measurement or using the method 

of hemispherical photographs developed by 

WAGNER (1994). Direct measurements require 

the measurement of radiation and light intensity, 

or tree crown projections. Hemispherical 

photos are demanding in terms of technical 

processing. Cameras with suitable accessories 
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Fig. 6.75 An example of derivation and analysis of hemispherical photos at fi ve points (AP 1 to AP 5) of the 
height profi le of a mixed spruce-beech stand.
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are required, mainly with a fi sh-eye type lens. At 

the same time, a software support is required. 

BIBER (1996) replaced this method by generating 

hemispherical photos at any point AP in the 

forest stand based on mathematical calculation 

that uses only accessible tree data. NAGEL et al. 

(1996) showed that we may achieve very good 

estimates of the diffusion site factor (DIFFSF) 

and sky factor (SF) by analysing the shade of 

grey colour. Data required for Biber’s model is 

identical to tree data for calculating competition 

indices depending upon the positions of stems: 

tree species, diameter, height, height to crown 

base, crown radius, and the position of the stem. 

The DIFFSF and SF, two ecologically important 

variables, may be derived at any point in the stand 

based on algorithms related to hemispherical 

projection equations. We shall address them 

in Chapter 9.5 within the projection methods in 

forest visualisation. BIBER (1996) successfully 

utilised the data from generated hemispherical 

photos for the parameterisation and management 

of the growth of individual trees in a simulator 

of mixed spruce-beech stands. We shall now 

illustrate the method in a particular example. As 

soon as we know the three dimensional spatial 

structure of a stand, as shown in fi gure 6.75, 

we can start simulating hemispherical photos 

in accordance with the algorithms in Chapter 

9.5. In our example, hemispherical photos are 

generated at fi ve points AP 1 to AP 5. From these 

images, it is clear how the coverage of stems and 

tree crowns decreases with the increasing height 

from AP 1 to AP 5. If we analyse the values of 

the shades of grey colour and their coverage 

within the simulated images, we can derive a 

height profi le of the diffusion site factor DIFFSF 

(fi gure 6.76). The graph in the fi gure was created 

not only from the fi ve points but also from height 

layers created at one metre intervals. Hence, in 

total we had 41 analysed height points. A height 

profi le very well reproduces diffusion radiation in 

the direction from the top of the stand canopy 

down to forest fl oor. DIFFSF and SF data closely 

correlate with the measured values at the same 

points (NAGEL et al. 1996). Real and generated 

hemispherical photos were used for comparison.

6.6.3 Edge effect correction

For trees situated close to the boundaries 

of plots, indices introduced in the previous 

Chapters may not be suitable, particularly the 

indices which are based on the position and 

dimensions of competitors. The closer the trees 

are to area boundaries, the smaller proportion 

of surrounding trees is known, since in a real 

situation, trees outside the area also compete 

with these trees. In such cases, competition 

is very often underestimated because in the 

modelling environment it appears that these trees 

grow at the edge of the forest stand, which does 

not correspond with reality. Such impacts upon 

the competition of trees at the edge of the area 

are called edge effects. We can avoid edge 

effects by using only the trees inside the plot. 

However, in many cases this may not be the most 

suitable solution since it reduces the sample 

size. It is particularly unsuitable for smaller plots 

with older stands. Another solution is to enlarge 

the area of the plot so that the number of inner 

trees is representative. However, this puts greater 

demands upon data material and the calculating 

performance of a computer. At the same time, 

there is a certain degree of data redundance 

since trees in the edge zone serve only for the 

purposes of determining the competition pressure 

in the inner zone and their data potential is not 

used for the purposes of stand modelling itself. In 

Fig. 6.76 Processing of generated hemispherical 
photos may provide reliable results related to the 
conditions of radiation in the form of a diffusion 
site factor inside the stand. Similar results can only 
be achieved via intensive measurement based on 
hemispherical photographs. Coverage of the area 
with crowns and tree stems decreases towards the 
top of the stand.

diffusion site factor (%) 

stand height (m) 
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the following Chapters, we will illustrate how it is 

possible to correct errors which occur from edge 

effects based on equal utilisation of the data of all 

trees in the plot. We will introduce the three most 

frequently used methods. 

6.6.3.1 Mirroring and shifting

This method is based on mirroring (reversing) 

the core area using a mirror method along the 

edge of the stand, as shown in fi gure 6.77. The 

edges of the area are therefore the axes of the 

mirroring. The original core area is now extended 

by another 8 edge areas. If such a created edge 

zone is not suffi cient for correcting edge effects, 

we can perform second order mirroring of the 

area which creates another 16 areas. This is how 

we create a total of 25 areas. The growth process 

is simulated only inside the one core area and 

the edge areas (8 or 16) are used only for the 

purposes of stating the competition of trees in the 

core area.

The shifting method uses a similar principle 

but instead of mirroring, the areas are copied in 

the direction of arrows as shown in fi gure 6.78. 

If the fi rst shifting (8 new areas) is not suffi cient 

for correcting the edge effects, we can similarly 

use the second order correction (another 16 new 

areas). The growth simulation itself is carried out 

using a similar method, i.e. only in the core area.

Both methods produce a sort of artifi cial 

periodicity in the spatial distribution of trees 

and achieve equally effective correction of the 

estimated competition for edge trees (MONSERUD 

and EK 1974, WINDHAGER 1997, RADTKE and 

BURKHART 1998, BIBER 1999). The regularity 

depends upon the position of trees at the edges 

of the area. Artifi cial spatial structures may often 

occur, such as extremely large clumps of trees 

or extreme gaps. These may occasionally result 

in the values of competition indices outside the 

common limits, so called outliers (BIBER 1999). 

According to research by RADTKE and BURKHART 

(1998), even aged stands with regular structure 

may show atypical relationships between the 

trees in the edge zones of an area when using 

the mirroring method. The shifting method shows 

a high degree of regularity and may also lead to 

untrustworthy neighbouring relationships such 

as concentration of large mature trees. Finally, 

it must be mentioned that the given methods 

are very simple but only applicable for the areas 

with a square or rectangular shape, or for some 

equilateral polygons. Complications also arise in 

the areas situated in the terrain if the relief outside 

the core area is unknown. This is because 

generating a relief cannot be carried out using 

mirroring or shifting methods. In the fi rst case, 

it may create unnatural ridges or gorges next to 

the edges of mirrored areas; in the second case, 

it may lead to the creation of large terrain breaks.

6.6.3.2 Generating structures

PRETZSCH (1997) proposed a method for 

correcting edge effects based on generating 

the structure in the surroundings of the original 

core area. The distribution of trees inside the 

axis of mirroring 
direction of mirroring 

Fig. 6.77 Correction of edge effects based on mirroring the stand structure along the boundary of the area.
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area is used for generating random structure 

(in accordance with a Poisson forest) outside 

the area. An advantage of the method is that 

it is applicable for any shape of the simulation 

plot (fi gure 6.79). First, we create the required 

bordering of the edge zone for the core area. 

This creates an empty space which needs to 

be fi lled with trees. We ascertain the ratio of 

the edge zone to the core area. Using this ratio, 

we reproduce the distribution of diameters and 

heights of trees from the original core area. 

Reproduced trees are then placed in the edge 

zone based on generating random coordinates 

in accordance with a Poisson forest. PRETZSCH 

(1997) also recommends using an algorithm for 

controlling the microstructure of the stand (see 

Chapter 6.5.7).

This method has been proven to be suitable, 

mainly for stands closely resembling a Poisson 

forest. Untrustworthy or extreme structures such 

as unnatural clumps or gaps do not occur on 

the edges of core areas. However, if the trees in 

the core area are placed in certain aggregated 

groups, e.g. in circles or strips, the use of 

classical random generation of coordinates is 

not recommended since these groups will be 

disturbed in the edge zone. In this case, BIBER 

(1999) suggests to use the information about 

the structure from the core area (number, shape 

and size of aggregated groups) and to include 

algorithms of the macrostructure in generating 

the microstructure, which will ensure that the 

required groups of tree species are formed (see 

Chapter 6.5.7). The indisputable advantages of 

this method include its relative simplicity although 

when compared with refl ection and shifting, 

it is more demanding in terms of algorithms. 

However, this method is also not suitable if the 

a) b) c) 

Fig. 6.78 Correction of edge effects based on shifting stand structure outside the area boundaries.

Fig. 6.79 Correction of edge effects based on generating the structure outside the core area: a) of a 
squared shape, b) of a circular shape, c) with the shape of an irregular polygon (BIBER 1999).
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areas are situated in rugged terrain. In such a 

case it is necessary to generate the unknown 

relief in the edge zone so it well represents the 

relief of the core area without creating artifi cial 

effects. However, the algorithms are not simple 

and have not yet been successfully resolved. We 

will partially mention the problematics of terrain 

modelling in Chapter 10.6.1.

6.6.3.3 Linear expansion

MARTIN et al. (1977) developed a linear 

expansion method, which quite successfully 

resolves the problems with correcting errors 

in competition indices from edge effects. The 

principle is that the competition index of each 

tree increases (extrapolates) proportionally to 

the level the tree is affected by edge effects. At 

the same time, we do not need edge zone data, 

the data about the core area are suffi cient. This 

removes the problems with the shape of the area 

as well as with the terrain in the surroundings 

of the core area. The fi rst step is an explicit 

defi nition of the borders of the stand area. The 

area is either situated in the specifi ed square, 

rectangle or circle within which the trees were 

measured in the fi eld, or the trees are generated 

using structure generators in a selected shape 

of an area. If we only have tree coordinates but 

we do not know the borders of the area, we 

may use the so called convex hull method. The 

principle is shown in fi gure 6.80. We search for 

the edge trees in the area (red dots in the fi gure) 

which are connected (blue line in the fi gure) 

so they create the smallest possible convex 

hull of trees, meaning that no trees are outside 

this hull. To construct a convex hull we may 

use various algorithms of computer graphics, 

for example, the Jarvis method (JARVIS 1973 in 

BERG et al. 2000), Graham scanning (GRAHAM 

1972 in BERG et al. 2000) as well as the ’divide 

and rule‘ method (PREPARATA and HONG 1977). 

If the area boundaries are known, we may 

start individual extrapolation of the competition 

index. The nature of the algorithm is shown in 

fi gure 6.81. When evaluating the competitive 

infl uence of a competitor i upon the central tree 

j, we fi rstly create a zone of representativeness. 

Within the area boundaries (thick rectangle in 

the fi gure), we draw a circle with a radius equal 

to the distance a
ij
 between trees i and j. The 

centre of the circle is at point j (the central tree). 

The part of the circle in which the whole radius 

is inside the area is demarcated (grey fi lling in 

the fi gure). We calculate the overall angle 
ij
 of 

the applicable segments of the circle (the sum 

of two segments 
ij1

 + 
ij2

 in our fi gure). The 

circumference of the circle expresses all possible 

positions of competitors i in the area if situated at 

the mentioned distance a
ij
. We can see from the 

circle that at the given distance the competitor 

could also be situated outside the boundary of 

the area. The sum of circle segments falling 

inside the area therefore expresses the rate of 

representativeness of the competitive infl uence 

of tree i upon tree j within the evaluated area. 

It is therefore necessary to extrapolate this 

competitive infl uence using the proportion of the 

representative angle from the total 360° angle of 

the circle:

  ∑
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Value c
ij
 expresses the competition index 

component related to competitor i. If we apply a 

correction to, for example, PRETZSCH’S (1995) KKL 

index (formula 6.157), the resulting index will be:
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It is evident from the stated algorithm that a 

correction can only be applied for those indices 

which consist of the cumulative competitive 

infl uences of individual trees whilst the principle 

of the index is also based on the distances of 

competitors from the central tree.

Fig. 6.80 The principle of constructing a convex hull 
of an area for the purposes of linear expansion of 
tree competition indices.

edge 
tree 

internal 
tree 

convex hull 
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6.7 Modelling tree mortality

The growth process in forest stands is 

infl uenced by tree increments and reductions 

in their number. Tree increment is mainly 

infl uenced by environmental conditions and 

mutual competition for natural resources. We 

addressed environmental conditions within the 

law of dose and response, site index (ecological 

site index) and stand site class (see Chapters 4.4 

and 4.5). We addressed options for modelling 

competitive relationships in the previous Chapter. 

We will address modelling the growth of trees 

and stands in a more complex form in Chapter 

6.9. A reduction in the number of trees plays a 

key role in modelling the growth, production 

and development of forest ecosystems. Many 

models pay the price for a lack of attention to 

the construction of this component. A reduction 

in the number of trees can occur for various 

reasons. The common source is the natural 

mortality of trees which is related to a decrease 

in the number of trees depending upon age or 

the maturity of the stand, and upon the amount of 

available natural resources. It is therefore related 

to the size of the production space. This was 

discussed in Chapter 4.3. Hence, a reduction 

in the number of trees occurs also in naturally 

developing stands without human infl uence, 

which are vital and in excellent health conditions. 

It is a natural process. Mortality related to these 

processes is called natural mortality. Another 

sources of the reduction in the number of trees 

are sudden, unpredictable circumstances in the 

form of various catastrophes or disturbances. 

They occur due to various disturbance factors 

and, in terms of forest modelling, they often have 

a random nature. They are related to a certain 

rate of risk and therefore we call it tree mortality 

infl uenced by risk. The last component 

causing the reduction in the number of trees is 

felling driven by humans in order to improve the 

production, quality, stability, vitality and hygiene 

of a forest. We will address modelling of these 

components causing the reduction of the number 

of trees in the following text.

The authors KEANE et al. (2001) attempted to 

divide mortality modelling based on the nature 

of the modelled process. Although they focused 

upon gap models, their classifi cation may be 

generalised for all types of models. According 

to them, we can model tree mortality based on 

intrinsic mortality, growth dependent mortality 

and exogenous mortality.

Intrinsic mortality expresses the number of 

dead trees arising from the limits of the production 

area. It determines the maximum value of 

biomass which the area is able to sustain in 

terms of species composition, structure and the 

stand developmental stage. It is therefore a limit 

which is created by the intrinsic foundations of 

the stand production. Mortality can be modelled 

as a value independent from the actual age of 

trees but dependent upon the maximum age of 

trees (t
max

) in the stand. It expresses mortality 

which may occur at any time during the lifetime 

of a tree. It is defi ned as constant probability 

which ensures that at an age of t
max

, a certain 

percentage of the population will remain (for 

example 1% or 2%). It is most often modelled 

using the formula:

  










 max

605.4

1 t
m eP  (6.164)

The maximum age depends upon the type 

of tree species and is based on empirical 

observations (BOTKIN et al. 1972, BOTKIN 1993, 

SHAO et al. 1994, BUGMANN 1996a). Figure 6.82 

shows and example of the development of the 

number of trees based on equation 6.164 if the 

maximum age is 150 years and the initial number 

of trees is 10,000 per hectare. Such an approach 

has been implemented in many gap models 

(PASTOR and POST 1986, BUSING and CLEBSCH 

Fig. 6.81 The linear expansion method for 
correcting errors from edge effects. Competition 
pressure of tree i upon the central tree j needs to 
be multiplied by the index 360/( 

ij1
+ 

ij2
).

tree j tree i 
aij 

ij1 

ij2 
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1987, KELLOMÄKI and KOLSTRÖM 1992, FRIEND et al. 

1993, KRAUCHI and KIENAST 1993). For modelling 

intrinsic mortality, we can also use Reineke’s 

rule of stand density (REINEKE 1933, see Chapter 

4.3.1), Yoda’s self-thinning rule (KIRA et al. 1953, 

YODA et al. 1963, see Chapter 4.3.2), spatial 

allometry (ENQUIST ET AL. 1998, see Chapter 4.3.4) 

or the maximum basal area of the stand (ASSMANN 

1961, see Chapter 4.6.1).

Growth dependent mortality expresses the 

number of dead trees which is related to the 

conditions and competition pressure caused by 

neighbourgs. It was fi rst introduced by BOTKIN et 

al. (1972). It is based on the assumption that the 

probability of tree mortality always increases if 

the increment decreases below the minimum 

threshold. In the original research, Botkin 

specifi ed that if the annual radial increment 

of stems is below 0.1 mm, it leads to higher 

probability that 30% of such trees will die out 

within the following 10 years. Trees which survive 

will then be returned to a less vulnerable status. 

In some models the probability of mortality 

only increases if the increment drops below 

the threshold during several given years. With 

various modifi cations, this principle has been 

used in some gap models (ABER et al. 1978, MIELKE 

et al. 1978, SHUGART and NOBLE 1981, KERCHER 

and AXELROD 1984a, SOLOMON and SHUGART 1984, 

SOLOMON 1986, BONAN 1989, KEANE et al. 1990, 

URBAN et al. 1991, BUGMANN and SOLOMON 2000). 

Other methods for modelling growth dependent 

mortality include modelling threshold competition 

pressure (PRETZSCH and KAHN 1998) or the logit 

model of tree mortality probability (MONSERUD 

1976, HAMILTON 1986, VANCLAY 1995, ĎURSKÝ 1997, 

TANG et al. 1997, MONSERUD and STERBA 1999, 

PALAHÍ et al. 2003, BIGLER et al. 2004, 2006), or 

also the discriminant function based on Bayes’ 

approach (WYCKOFF and CLARK 2000).

Exogenous mortality is the result of infl uence 

of external factors over a long term period within 

the simulation of forest development. It refers 

to the infl uence of various external disturbance 

factors which results in unpredictable loss in 

production, mainly via abrupt and unnatural 

mortality. These include various disturbances, 

catastrophes and damages caused by random 

injurious abiotic, biotic or anthropogenic factors. 

An example could be modelling of mortality 

caused by fi re (MIELKE et al. 1978, SHUGART and 

NOBLE 1981, KERCHER and AXELROD 1984b, DALE 

et al. 1986, KEANE et al. 1990, DESANKER and 

PRENTICE 1994, PAUSAS et al. 1997, MILLER and 

URBAN 1999), browsing by animals (KIENAST 

and KRÄUCHI 1991, KRÄUCHI and KIENAST 1993), 

pasture by cattle (JORRITSMA et al. 1999), air 

pollutants (KERCHER and AXELROD 1984b, BUSING 

and CLEBSCH 1987), uncontrolled felling (ABER et 

al. 1978 a 1982, DALE et al. 1986, WALDROP et al. 

1986, FULTON 1991a, KRIMMINS 1993, PRENTICE et 

al. 1993, SHAO et al. 1994), wind (DOYLE 1981, 

O’BRIEN et al. 1992), mould (SHUGART and WEST 

1977), bark insects (LEXER and HONNINHGER 

1998), fl oods (PHIPPS 1979, PEARLSTINE et al. 

1985, LIU and MALANSON 1992) or salination (CHEN 

and TWILLEY 1998). Modern models are often 

based on modelling risk, hazard, exposure and 

vulnerability. For examples, models created for 

insurance purposes (DE SAINT-VINCENT 2000, 

HOLECY 2000, HOLECY and HANEWINKEL 2006, 

HOLÉCY 2009), simulation of salvage felling 

(FABRIKA and VACULČIAK 2007, 2009) and planning 

(VON GADOW 2000). Fuzzy rules for selecting dead 

trees (ZIMMERMANN and ZYSNO 1980) and chaos 

theory tools (SEIFRITZ 1987) are also suitable.

6.7.1 Modelling natural mortality

Natural mortality is related to environmental 

conditions, tree species composition and stand 

maturity, horizontal and vertical structure of the 

forest and competition pressure in the forest. 

Several approaches can be used for modelling 

natural mortality. According to HLADÍK and SEDMÁK 

(2000), tree mortality can be predicted in three 

0
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Fig. 6.82 An example of the development of a 
number of trees based on modelling intrinsic 
mortality (formula 6.164), if maximum tree age is 
150 years and the initial number of trees is 
10,000 per hectare.
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ways, which depend upon the level of detail 

of input information. These are individual tree 

level, the level of tree distribution frequency and 

stand level. The fi rst one is characteristic for tree 

growth simulators. Examples could be models 

by ĎURSKÝ (1997), MONSERUD and STERBA (1999) 

or PALAHÍ et al. (2003). The second principle 

of mortality modelling is addressed in detail 

in the works of authors: SOMERS et al. (1980), 

BUFORD and HAFLEY (1985), CAO (1997) or TANG 

et al. (1997). The third principle, which we today 

consider as classical, is well described in the 

publications by, for example, ŠMELKO et al. (1992) 

and VANCLAY (1994). We will focus upon the most 

proven methods in modelling natural mortality 

for trees or stands. These are the models based 

on the logistic function, discriminant function, 

threshold competition pressure, and threshold 

density. 

6.7.1.1  Logit model of tree mortality 

probability 

The logit model is one of the growth 

dependent mortality models at individual tree 

level. According to MONSERUD (1976), the general 

formulation of mortality models of individual trees 

has the following shape:
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T is an alternative variable defi ning the survival 

or mortality status of a tree. If the result equals 

1, the tree is alive. If the value equals 0, the tree 

died. F(x,a) is a classifi cation function in which x 

is the vector of independent variables x
1
 to x

k
 and 

a is the vector of parameters (coeffi cients) of the 

function. S is the threshold value of the function 

which is used to assign the tree into one of the 

alternative categories. The selection of a suitable 

classifi cation function F(x,a) is mainly infl uenced 

by the fact whether the given function correctly 

classifi es the tree into the category alive or dead. 

The functions are usually constructed in such a 

way that their resulting values fl uctuate in an 

interval from 0 to 1. In this case, these functions 

are the probability cumulative distribution 

functions of tree survival or mortality. Various 

functions which meet the stated requirements 

have been applied in models such as, for 

example, the Weibull function (SOMERS et al. 

1980, BUFORD and HAFLEY 1985), the Gamma 

function (BUFORD and HAFLEY 1985), the negative 

exponential function (MOSER 1972, HETT 1971), or 

the linear function (STAEBLER 1953, BELLA 1970 in 

MONSERUD 1976, Lee 1971). However, the most 

frequently used function is the logistic function 

known as the logit model (MONSERUD 1976, 

HAMILTON 1986, VANCLAY 1995, ĎURSKÝ 1997, TANG 

et al. 1997, MONSERUD and STERBA 1999, PALAHÍ et 

al. 2003, BIGLER et al. 2004, 2006). We shall now 

describe the logit model in more detail.

The basis of the model is the tree survival 

probability function in the form of the logistic 

function:

     xax Le
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L(x) is the logic value for an individual tree with 

parameters x
1
 to x

k
. It is the linear combination of 

selected independent tree variables:
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Figure 6.83 illustrates an example of logistic 

regression where the logic values on the x axis 

are within an interval from -4 to +4. The curve 

has an ’S‘ shape and resembles the cumulative 

frequency function of normal distribution.

We will now demonstrate a mortality model 

using an example of model by ĎURSKÝ (1997), 

which was implemented in SILVA (PRETZSCH et 

al. 2002) and SIBYLA (FABRIKA 2005) growth 

simulators. The logic value is calculated based 

on tree diameter d
1.3

, tree height h, annual 

increment of tree basal area i
g
 and the absolute 

height site class of a tree AVB
50

 (potential upper 

height of the tree in the simulated plot at the age 

of 50).
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Coeffi cients of equation 6.168 for Norway 

spruce, Silver fi r, Scotch pine, European beech 

and Sessile/Pedunculate oak are given in 

table 6.22. By including AVB
50

 variable in the 

mortality model, the model contains a site 

dependent component. By including the relative 

increment of the basal area (5.i
g
/d

1.3
), the effects 

of competition and the infl uence of tree vitality 

are expressed. Tree slenderness coeffi cient (h/

d
1.3

) expresses the infl uence of tree stability 
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upon the probability of its survival. Function F(x, 

a) describes the probability distribution of logic 

variables L(x). The criterion for the reliability 

of classifi cation is the proportion of correctly 

included cases. At a threshold value of S=0.5, 

logistic regression classifi ed, for example, 88% 

Norway spruce and 88% European beech trees 

into the correct group. Trees which showed 

strong symptoms of mortality and despite that 

survived in the following period (5 years) formed 

the majority of faulty classifi cations. In case of 

Sessile/Pedunculate oak, 65% of trees were 

correctly classifi ed, and for Scotch pine this 

fi gure was 68%. After the residual analysis of 

the parameterised classifi cation function F(x,a), 

it was clear that the frequencies of correctly 

classifi ed trees were unevenly distributed. 

Frequency analysis of the correctly classifi ed 

cases in relation to F(x,a) showed where the 

level of tree mortality for the given combination of 

variables lies. For this reason, the probability of 

mortality was put into a relationship with function 

F(x,a) in accordance with:

 
 relFb
SDIr

e
bMrt b .%

2
1 ,.

0
ax

  (6.169)

The result is the probability of tree mortality 

(the mortality function) as a percentage which 

does not show a systematic error in classifi cation. 

Since the original model was derived for fully 

stocked research plots, the model also explicitly 

considers stand density in the form of a relative 

stand density index SDI
rel

 (see Chapter 6.5.3.5) by 

REINEKE (1933). It is possible to use, for example, 

formula 6.112 and the coeffi cients from table 6.17 

for its derivation. If SDI
rel

 is greater than or equal to 

0.7 (for Scotch pine 0.8), the value r(SDI
rel

) equals 

1, otherwise it equals SDI
rel

. This modifi cation 

expresses the relationship that the probability 

of tree mortality decreases proportionally to the 

stand release. This is related to an increasing 

growth area which increases the chances of a 

tree to survive. This effect occurs in Scotch pine 

up to a relative density below 80% and, for other 

tree species, below 70% of the potential density. 

The classifi cation of trees into dead and living can 

be carried out deterministically or stochastically. In 

deterministic behaviour, we use a threshold value 

of S=50%. In stochastic behaviour, the threshold 

value is generated as a random number from 

uniform distribution, i.e. as a number greater than 

or equal to 0 and, at the same time, lower than 

100, i.e. S=Random0...100). The fi nal verdict for 

the tree is then:
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If T equals 1 the tree is classifi ed as alive, 

otherwise it is classifi ed as dead.

6.7.1.2 The mortality discriminant function

Another possible approach for classifying 

trees as alive or dead is Bayes’ theorem which 

coeffi cient Norway spruce Silver fi r Scotch pine European beech Sessile/Pedunculate oak

a
0

5.3908 5.3908 1.1889 6.6686 2.1001

a
1

-0.0089 -0.0089 0.0637 -0.2610 -0.0488

a
2

1.4802 1.4802 0.5770 3.0796 0.4489

a
3

-5.3998 -5.3998 -0.8963 -7.6495 -2.5691

a
4

-0.0406 -0.0406 -0.1142 0.2695 0.0461

b
0

99.400 99.4000 99.6370 96.1550 100.195

b
1

4.3270 4.3270 3.4280 3.5930 3.0780

b
2

1.6280 1.6280 0.6640 2.1500 0.3215

Tab. 6.22 Coeffi cients for a logit model of tree mortality according to ĎURSKÝ (1997) formulae 6.168 and 6.169.

L(x) 

F(x,a) 

S 

Fig. 6.83 An example of logistic regression.
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was successfully applied by WYCKOFF and CLARK 

(2000). In this part we shall therefore focus upon 

the use of discriminant analysis based on Bayes’ 

formula (see Chapter 3.4.5). It is again a growth 

dependent model at individual tree level. For 

the purposes of constructing and applying the 

mortality discriminant function, it is necessary to 

obtain empirical data. It is a sample of n trees 

from which we obtain values x
1
 to x

k
. In this way, 

we create a vector of independent variables (x
i
) 

for each tree. We select the variables which 

infl uence tree mortality. If we utilise the previous 

example of a logistic model by ĎURSKÝ (1997), 

the variables could include, for example, tree 

diameter, tree height, annual increment of tree 

basal area and site class of a tree. Each tree 

should then be classifi ed into the category alive 

(category A) or category dead (category B). This 

is how we obtain a group of living trees with a 

range of n
1
 and a group of dead trees with a range 

of n
2
. It applies that n

1
+n

2
=n. For both categories 

we calculate the arithmetic averages of variables 

x
1
 to x

k
. We obtain two vectors of the sample 

means of independent variables of a tree. Let 

us mark the vector for a group of living trees 1x  

and 2x for a group of dead trees. We calculate 

the mutual covariance matrix S  of vectors (see 

formula 3.16) and construct its inverse matrix 
1S . Next, we determine the a priori probability 

of a tree belonging to the category of living trees 

P(A). This can be estimated from the sample 

using for example the ratio n
1
/n. With the same 

method, we can determine the a priori probability 

of a tree belonging to dead trees P(B), for 

example, by estimation via n
2
/n. The algorithm of 

the classifi cation is the following:

Algorithm:

1.  We calculate the vector of the values of 

regression coeffi cients of the sample linear 

discriminant function:

  1
21 .  Sxxb

2.  We will obtain the sample linear discriminant 

function:

  xbxL .ˆ 

3. We calculate constant c:

   
 








BP
APc ln..

2
1

21 xxb

4.  For the i-th tree which we want to classify 

we calculate Anderson’s discriminant 

statistic A
i
 using the actual values of input 

variables of tree (x
i
):

cAi  ixb .

5.  We categorise the tree based on the value 

of the Anderson’s discriminant statistic. If 

the value is greater or equal to 0, the tree 

is classifi ed as alive (category A). If it is 

smaller than 0, the tree is classifi ed as dead 

(category B):

⎩
⎨
⎧

<⇒
≥⇒

=
0   if  . 0
0   if   .1

i

i

ABcat
AAcat

T

6.  We repeat points 4 and 5 until all trees are 

classifi ed into categories A or B.

6.7.1.3  Modelling threshold competition 

pressure of trees

Competition pressure of trees is one of the 

important factors infl uencing tree mortality. If a 

tree is under extreme competition pressure by 

its neighbourgs, it has a greater predisposition 

to die. Some growth dependent tree models 

use this principle for selecting dead trees from 

a population. Most of them use a threshold rate 

of competition. A tree dies after it exceeds this 

threshold. A suitable example is the model by 

PRETZSCH and KAHN (1998). For the purposes of 

a competition model, the relationship between 

tree volume and the statistical characteristics of 

the competition index KKL was derived based 

on empirical data (see Chapter 6.6.2.8). The 

principle is shown in fi gure 6.84. The x axis 

shows the auxilliary variable vwhich formally 

represents tree volume:

  
100

.2
3.1

hdv   (6.171)

where d
1.3

 is tree diameter in cm and h is tree 

height in m. The variable closely correlates with 

tree volume. Therefore, for clearly practical 

reasons, it was used instead of quite complicated 

volume equations. The y axis shows the value 

of the lognormal distribution of index ln(1+KKL). 

Arithmetic averages ( x ) and standard deviations 

(s) of the variable ln(1+KKL) were calculated 
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for the given intervals of the auxilliary variable 

v  and they were included in the regression 

equation against value v  in accordance with:

  
2

1.
0

avae
ax


  (6.172)
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Coeffi cients of regression equations for 

Norway spruce, Silver fi r, Scotch pine, European 

beech and Sessile/Pedunculate oak are given 

in table 6.23. A tree with a given volume (or 

value v ) will drop out due to the competition 

if its competition index exceeds 2.5 times the 

empirically stated standard deviation, which has 

the same signifi cance as extreme competition 

pressure. The calculation itself is carried out 

using the calculation of lognormal distribution

  
( )

s
xKKLz −+

=
1ln

2/α  (6.174)

and its comparison with the critical value of 

2.5. The tree dies if 

  5.22/ >αz  (6.175)

6.7.1.4 A model of threshold stand density

This model is one of the oldest models 

for regulating natural mortality. It represents 

modelling of intrinsic mortality at forest stand 

level. The model is based on the rules of growing 

area (see Chapter 4.3). The basis of the model is 

to determine stand’s maximum natural density. 

Such density may be found in the stands which 

grow without human interventions, under 

constant growth conditions and without the 

infl uence of extreme, exogenous disturbance 

factors. The maximum density is most often 

defi ned by the number of trees (N
max

) or the 

basal area (G
max

). Since there are several rules 

of growing area, it is also possible to use several 

methods. We may use Reineke’s rule of stand 

density (REINEKE, 1933, see Chapter 4.3.1), 

Yoda’s self-thinning rule (KIRA et al. 1953, YODA 

et al. 1963, see Chapter 4.3.2), spatial allometry 

(ENQUIST et al. 1998, see Chapter 4.3.4) or the 

maximum basal area of the stand (ASSMANN 

1961, see Chapter 4.6.1 a 6.5.3.1). The model 

works in two steps. In the fi rst step, we model 

maximum stand density. This is defi ned by a 

curve depending upon input variables. Most 

frequently used variables are age (t), mean 

diameter (d
g
), mean height (h

g
) or upper height 

(h
95%

) of the stand. The curve determines the 

level of stand density, for example, the number of 

trees or basal area which must not be exceeded. 

If it is exceeded, stand density is reduced to the 

level of the curve. Therefore, in the second step, 

trees are removed to meet the required level 

of reduction. Trees are selected using various 

approaches depending upon the nature of the 

coeffi cient Norway spruce Silver fi r Scotch pine European beech Sessile/Pedunculate oak

a
0

0.84205319 0.84205319 0.84205319 2.08893131 2.08893131

a
1

0.00463420 0.00463420 0.00463420 0.32527661 0.32527661

a
2

1.08997851 1.08997851 1.08997851 0.42698863 0.42698863

b
0

0.66532851 0.66532851 0.66532851 0.81890449 0.81890449

b
1

0.06539639 0.06539639 0.06539639 0.12014357 0.12014357

b
2

0.61681592 0.61681592 0.61681592 0.59542701 0.59542701

Tab. 6.23 Coeffi cients of the model of threshold competition pressure by PRETZSCH and KAHN (1998), formulae 
6.172 and 6.173.

- 

- 

v’ 

ln(1+KKL) 

s=f(v’) 

x=f(v’) 

Fig. 6.84 The principle of the model of threshold 
competition pressure (PRETZSCH AND KAHN 1998).
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model. For example, we remove trees with the 

highest probability of mortality (formula 6.169) 

or with the lowest probability of survival (formula 

6.166) or alternatively, trees with the highest 

competition pressure (formula 6.174) or trees with 

the highest a posteriori conditional probability of 

survival expressed, for example, by the value 

of Anderson’s discriminant statistics (see the 

algorithm in Chapter 6.7.1.2). The selection could 

be completely random or combined.

The following equations are mainly suitable for 

modelling maximum density:

  605.1max
max . −= g

a deN  (6.176)

  
395.0max

max ..
4 g

a deG π
=  (6.177)

  2
%950

max .
10000...16 1

a
ha

G a
π

=  (6.178)

The fi rst two equations are based on Reineke’s 

rule of stand density (formulae 4.37 and 4.38 in 

Chapter 4.3.1). They require the derivation of 

the position coeffi cient amax or also Reineke’s 

constant (if necessary) from empirical data. 

The derivation principle is shown in fi gure 4.12 

in Chapter 4.3.1. Coeffi cients amax suitable for 

the area of Slovakia can be found in table 6.17. 

The third equation is based on maximum basal 

area as the standard for natural stocking (formula 

6.107 in Chapter 6.5.3.1). Coeffi cients suitable for 

the area of Slovakia are given in table 6.15.

6.7.2  Modelling tree mortality under the 

infl uence of risk

External factors also infl uence tree mortality 

and are mainly expressed during longer periods 

of simulation. They are mainly important for long 

term prognoses but we should also take them 

into consideration within short term and medium 

term prognoses. External factors include abiotic 

factors such as wind, snow, frost and drought, 

and biotic factors such as bark and wood-

destroying insects, leaf-destroying insects, 

wood-decaying fungi and anthropogenous 

factors such as, e.g., air pollution, fi re or illegal 

and illegal felling (theft of wood). Modelling these 

events is extremely complicated and therefore 

there are only a few models which focus on 

several of these factors sim ultaneously. They are 

mainly orientated towards selected disturbance 

factors (see the list of authors of models at 

the beginning of Chapter 6.7). If they model 

several factors together, a statistical probability 

approach is used most often (for example, 

FABRIKA and VACULČIAK 2007, 2009). Various tools 

are suitable for modelling exogenous mortality. 

Since mortality occurs based on many factors 

(climate, geomorphology, stand stability, its 

maturity, resilience, productivity and others) 

which are formed by many variables, factor 

analysis methods are suitable (see the example 

in Chapter 3.4.7). Tree mortality caused by 

external disturbance factors depends on many 

variables (for example, altitude, aspect, slope, 

site, age, stand characteristics and others). 

Therefore, methods of multi-dimensional 

regression analysis are also suitable. A 

combination of both methods is recommended. 

Based on factor analysis, we aggregate a large 

number of input variables into a smaller number 

of factors, which are subsequently included in 

the regression model of tree mortality. Another 

important element of this type of mortality is 

randomness. This is thanks to its complexity 

and incomplete knowledge of infl uences and 

their interactions. Monte Carlo methods are 

therefore also suitable. Many disturbance 

factors spread in typical spatial elements. For 

example, fi re spreads in elliptical shapes, bark 

beetle often creates expanding circular spots 

and wind throws trees in the form of strips. From 

this view point, planar geometry methods 

are also suitable for modelling the spread of 

disturbance factors. Some disturbance factors 

select trees individually based on uncertain, 

indefi nite or little known rules. Therefore we also 

often apply fuzzy rules methods. In the following 

text we shall attempt to capture basic features 

of modelling exogenous mortality. They usually 

deal with risks and we shall therefore call them 

models of tree mortality under the infl uence of 

risk. Risk is considered to be a consequence 

of hazard to forest stands, their exposure and 

vulnerability. For this reason, we will address 

methods of modelling these partial phenomena. 

We will show how to use fuzzy rules for selecting 

dead trees. Chaos theory is currently starting 

to be implemented in modelling risk in forestry. 

It is a very complicated but a promising theory, 

which may in the future signifi cantly contribute 

towards quality and trustworthiness of models. 

Therefore, we will also mention the possibilities 
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of this theory. Since the issue of the occurrence 

and consequences of catastrophes, calamities 

and extensive damage has been little researched 

to date and, at the same time, knowledge and 

models based on this knowledge are diverse, 

complicated and theoretically demanding, we 

shall only explain the modelling approaches in 

their basics.

6.7.2.1  Modelling hazard, exposure and 

vulnerability

Defi nition 6.10

Hazard is the probability expressed as a 

frequency of occurrence of extreme events 

causing damage to the population from all 

possible types of extreme disturbances which 

could occur. The result is a relative continuous 

number from 0 to 1.

Exposure is the conditional probability of 

the frequency of exposure of a population 

to a particular type of extreme disturbance 

causing damage to the population. The result 

is a relative continuous number from 0 to 1.

Vulnerability is conditional probability in 

the form of a relative amount of damage to 

a population exposed to a particular type of 

extreme disturbance. The result is a relative 

continuous number from 0 to 1.

Resistance is the ability of a population to 

resist extreme disturbances.

Resilience is the ability of a population to 

restore its function in appropriate time after 

damage caused by an extreme disturbance. 

It is expressed by an inverse probability of 

vulnerability or other variables.

Risk is the fi nal probability of damage to a 

population depending upon hazard, exposure 

and the vulnerability of a population. It 

is calculated as a multiplication of the 

probability of hazard by extreme disturbance, 

the probability of exposure of a population 

to extreme disturbance and the relative 

damage to a population exposed to extreme 

disturbance. The result is a relative continuous 

number from 0 to 1.

Loss is the fi nal absolute level of damage to 

a population leading to loss of its function. It 

is calculated as a multiplication of the size of 

the population and the risk.

Modelling tree mortality under the infl uence 

of exogenous, disturbance factors is related 

to risk modelling. Risk is linked to the hazard 

to forest stands caused by particular types of 

disturbance factors, the exposure of a forest 

stand to disturbance factors and the vulnerability 

of a stand infl uenced by disturbance factors. The 

terms ‘risk’, ‘hazard’, ‘exposure’ and ‘vulnerability’ 

play a key role in modelling exogenous mortality. 

The defi nition of these terms differs between 

scientifi c discipline such as natural sciences, 

technical sciences, humanity sciences, 

ecological sciences. A very good overview of the 

appropriate terminology can be found in works 

by THYWISSEN (2006). Risk may be described 

using various methods (CORREIA et al. 1987, 

EINSTEIN 1988, TIEDMANN 1992, CHAPMANN 1994, 

CRICHTON 1999, ALWANG et al. 2001, HORI et al. 

2002, SHRESTHA 2002, CARDONA 2003, RASHED 

and WEEKS 2003, SWISS RE 2005). The closest 

opinion to forest modelling is the opinion based 

on natural sciences related to the insurance 

industry (CRICHTON 1999): ’Risk is the probability 

of loss which depends upon three components: 

hazard, vulnerability and exposure. If any of 

these risk components increases or decreases, 

the overall risk also increases or decreases‘. 

From this defi nition, we may derive a formula 

which is very often used in risk modelling:

ityVulnerabilExposureHazardRisk
RiskPopulationLoss

..
.




 (6.179)

Total loss in absolute units (for example, the 

volume of dead or damaged trees) is obtained 

by a multiplication of population size and the 

probability of loss (risk). Risk is derived from the 

multiplication of the probability of the incidence 

of a particular disturbance factor, which we call 

hazard, the conditional probability of exposure 

of a population to a disturbance factor and the 

conditional probability of the relative level of loss 

caused by exposure to a presumed disturbance 

factor which we call vulnerability.

Opinions on the term ‘hazard’ vary (RAHN 1996, 

PLATE 2002, CARDONA 2003, RASHED and WEEKS 

2003). However, they all agree that it is related to 

the incidence of an extreme event which leads to 

damage (for example, harmful wind, fi re, outbreak 

of bark beetle, nun moths, etc.). Hazard therefore 

addresses the question: ’What is threatening 

the stand?‘ It particularly addresses the issue 
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of the proportion of a particular factor from all 

possible factors. The result is the probability 

from 0 to 1 based on the frequency of incidence. 

A disturbance factor with the greatest frequency 

threatens the forest stand most often. We attempt 

to explain the term ‘hazard’ using an example 

by FABRIKA and VACULČIAK (2007, 2009). Based 

on statistical data from management records 

consisting of a survey of 89,707 forest stands in 47 

forest regions of Slovakia from 2000 to 2005, they 

created frequency tables for disturbance factors 

in relation to forest regions and tree species. A 

total of 388,830 hectares were analysed which 

is almost 20% of the forested area in Slovakia. 

The frequency of incidence was calculated using 

the following method. In forest stands where an 

extreme event caused by disturbance factors 

occurred, the number of incidences of individual 

types of disturbance factors was counted during 

individual years of observations. They observed 

wind, snow, frost, extreme drought, bark and 

wood-destroying insects, insects in assimilation 

organs and other insects, wood-decaying fungi, 

air pollutants, fi re, illegal felling (wood theft) and 

others. Individual types of disturbance factors 

were expressed relatively to the incidence of 

all factors within a given forest region and tree 

species. Table 6.24 shows an example for spruce 

in Javorníky forest region. The second column 

in the table shows the frequency of incidence of 

disturbance factors. As we can see from the table, 

spruce in this area is mostly disturbed by wind and 

bark insects. Together, they form as much as 78% 

of all disturbances, while wind has a 15.4% greater 

frequency. However, some disturbance factors 

increase their frequency under the conditions 

of inadequate stand hygiene in comparison 

with average frequency. If fresh dead wood 

remains in the forest, the environment could be 

more attractive or more suitable for bark and 

wood-destroying insects (typical mainly for bark 

beetles), wood-decaying fungi and fi re. We may 

therefore modify the frequency depending upon 

the particular condition of the stand. For example, 

in our forest stand, 25% of stand stock is in the 

form of lying deadwood which was not removed 

after the last windthrow from the previous fi ve 

years. For example, we can apply modifi cation 

function by FABRIKA and VACULČIAK (2007 and 

2009). The x axis of the function means the 

relative amount of remaining dead wood and the 

y axis means the index of increasing frequency for 

bark insects, wood-decaying fungi and fi re. Since 

in our example we have 25% of salvage wood, we 

can modify the frequency of bark insects by 1.50 

index and for fi re by 1.25 index. Since, according 

to statistical data, no wood-decaying fungi were 

present in Javorníky, their values will not be 

modifi ed. The fourth column of the table shows 

the modifi ed frequencies. Since some of the 

frequencies increased, the total sum also changed 

from the original value of 1.0 to a value of 1.158. 

Therefore, in the fi fth column, we recalculated the 

frequencies to obtain a total sum of 1.0. Thus, we 

obtained normalised frequencies. We show the 

cumulative sums in the last column. We can see 

that the ranking of the incidence of wind and bark 

insects was reversed. Bark insects have a 0.3% 

greater proportion, and the proportion of both 

wind and bark insects increased from 78% to 81%.

In growth models, we not only need the 

frequency of incidence of a disturbance factor 

(hazard) but we also need to generate the 

incidence of a particular disturbance factor 

within the simulation. In this case, generating 

a hazard answers the question: ‘What kind 

of hazard happens?’ For these purposes, 

sampling with non-uniform probabilities is 

suitable, for example. It lies in the fact that the 

disturbance factor with the highest frequency of 

incidence also has a greater chance that it will 

be selected. Practical implementation can be 

as follows. We generate a random number from 

0 to 1 from the continuous uniform distribution 

(see table 3.2 in Chapter 3.2.3). We obtain, 

for example, the number 0.45327. We select 

a disturbance factor based on cumulative 

frequencies, for which the generated number is 

lower or equal to its cumulative frequency and, 

at the same time, greater than the cumulative 

frequency of the preceding disturbance factor. 

In our example, we would select bark insects 

(0.403<0.453270.809). This statistical approach 

ensures that if the simulations are performed 

over long periods and in a large range of stands, 

the proportion of disturbance factors will follow 

the principles of the Monte Carlo method (see 

Chapter 3.5.1) and will become closer to the 

proportion from our original frequency table 

(column 5).

The term ‘exposure’ is again interpreted 

differently but the majority of the scientifi c 

community (MUNICHRE 2002, EUROP. SPATIAL 

PLANNING OBSERV. NETW. 2003, UNDP-BCPR 

2004) agree with the defi nition which, when 

applied to a forest from a mathematical 
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viewpoint, expresses the conditional probability 

of the frequency of exposure of forest stands to 

a selected disturbance factor in a given area and 

for a given time interval. We speak of conditional 

probability since the disturbance factor is already 

known, unlike for hazard where we were only 

selecting the factor. However, we shall now focus 

upon the frequency of exposure of stands to this 

disturbance factor. Exposure therefore addresses 

the question: ‘How often is the stand exposed 

to damage?’ Again, it is a relative continuous 

number between 0 and 1. If, for example, the 

resulting number of exposure was 0.10, it would 

mean that over 100 years, the stand would be 

exposed to windthrow for 10 years during its 

lifetime, or if we had 100 stands, 10 stands would 

be exposed to windthrow in one year. Estimating 

exposure may be carried out in such a way 

that we count the number of incidences of the 

selected disturbance factor in observed stands 

and years, and divide it by the total number of 

all observed stands in the observed years. For 

example, we observe exposure to wind in 100 

stands for 10 years. Our sample size is 100 x 

10 = 1000 units. We discovered that windthrow 

occurred in 5 stands in 2 years, in 10 stands 

in 3 years and in 20 stands in 1 year, therefore 

the number of affected units is 5 x 2 + 10 x 3 + 

20 = 60. The probability of exposure to wind is 

therefore 60/1000=0.06 (6%). The probability of 

exposure to a disturbance factor is a function of 

many variables, for example, forest region, tree 

species, site type, altitude or forest altitudinal 

vegetation zone, aspect and slope of the 

terrain, stand age, stand stocking, tree species 

composition, stand site class, slenderness 

coeffi cient of tree species, etc. Therefore, for 

deriving the probability we have options to use 

regression analysis (mainly logistic) and factor 

analysis, ideally in combination. We will again 

attempt to explain the determination of exposure 

using an example by FABRIKA and VACULČIAK 

(2007, 2009). A classifi cation table was created 

for 47 forest regions, 5 tree species (Norway 

spruce, Silver fi r, Scotch pine, European beech 

and Sessile/Pedunculate oak), 4 site categories 

(acidic, fertile, nitrophilic and calciphilic) and 

11 types of disturbance factors. The table was 

created using statistical data from management 

records. Table 6.25 shows an example for 

Javorníky forest region, Norway spruce and 

wind as the disturbance factor. Let us say that 

our forest stand with spruce in Javorníky forest 

region is located at an acidic site. From the table, 

we can see that this site has the following mean 

statistical data: altitudinal forest vegetation zone 

4.8, aspect 183°, slope 29%, age 81 years, 

stocking 0.8, spruce proportion 79%, site class 

of spruce 30, spruce slenderness coeffi cient 

0.78. However, our forest stand has these actual 

conditions: altitudinal forest vegetation zone 5, 

aspect 90°, slope 15%, age 70 years, stocking 

0.7, spruce proportion 60%, site class of spruce 

30, spruce slenderness coeffi cient 0.87. For 

Norway spruce and wind as the disturbance 

factor, we carried out factor analysis (see Chapter 

3.4.7) which included the mentioned 8 variables. 

We discovered that four factors infl uence the 

frequency of incidence and the level of damage 

by wind: stand stability, stand diversity, stand 

terrain and aspect. Factors are calculated as a 

linear combination of all eight variables. In the 

stand stability factor, the highest score (weight) 

was found for age, site class and the tree species 

slenderness coeffi cient. In the stand diversity 

factor, there is altitudinal forest vegetation zone 

and the proportion of tree species. In the stand 

terrain factor it is the stand slope and its stocking, 

and in the stand aspect factor it is aspect itself. 

Hence, the names of the factors come from the 

composition of variables whose nature assisted 

in selecting the nomenclature. Variables included 

in the linear combination were transformed using 

their average value and standard deviation so 

that they vary within the range from -3 to +3. The 

values of the resulting factors are therefore in 

the same interval. In our stand, we can derive 

all four factors for actual conditions as well as for 

average conditions of the site in the forest region. 

At the same time, we also carried out frequency 

analysis of all four factors for Norway spruce, 

with wind taken as the disturbance factor. Factor 

frequencies were smoothed using the Weibull 

function (an example for the stand stability factor 

is shown in fi gure 6.85). We can determine 

the incidence frequency for each of the four 

factors in actual as well as average conditions. 

For example, the stand stability factor in actual 

conditions is 24% and for average conditions it 

is 33% (see fi gure 6.85). If we divide the actual 

frequency and average frequency of the factor, 

we obtain the index 24/33 = 0.73. We can also 

obtain such an index for another three factors: 

diversity factor, terrain factor and aspect factor. 

The arithmetic average of these four indices gives 

us an overall index using which we can modify 
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exposure to wind under average conditions in 

order to obtain exposure to wind under actual 

conditions. If, for example, our average index is 

0.89 and the average exposure to wind for the 

acidic spruce sites is 0.1327 (13.27%) taken from 

table 6.25, the probability of stand exposure in 

the actual conditions of our stand will be 0.89 x 

0.1327 = 0.1181 (11.81%). It was reduced from 

the original value of 13.27% to 11.81% since 

the actual conditions in the stand show a lower 

frequency of the incidence of wind damage than 

the average conditions of the acidic sites in 

Javorníky forest region.

When estimating exposure, some models 

also consider changing climatic conditions. This 

is because the frequency of incidence of some 

disturbance factors may increase or decrease 

with a change in some climatic parameters. 

From many possible methods, we will show the 

formula by FABRIKA and VACULČIAK (2007, 2009):
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(6.180)

The formula is based on comparing the 

difference between the actual site characteristic 

s
i
 and a standardised characteristic s

i
norm with 

the half of the difference between the maximum 

(s
i
max) and minimum (s

i
min) site characteristic 

within the ecological amplitude of the tree 

species (see Chapter 4.4.1). The model by 

Fabrika and Vaculčiak (2007, 2009) uses three 

variables (SEASON – length of growing season, 

TEMP – average temperature during the growing 

season and PRECIP – sum of precipitation during 

the growing season). Coeffi cients a
i
 represent 

dummy variables (see Chapter 3.4.1), which 

indicate the existence or the direction of the 

infl uence of site variables upon the probability 

of exposure of the stand to disturbance factors 

(table 6.26). If the dummy variable is 0, the site 

variable has no infl uence upon probability. If the 

value is +1 (green boxes in table 6.26), it has a 

positive infl uence upon probability, which means 

that the probability of incidence increases with a 

positive deviation. On the other hand, if the value 

is -1 (red boxes in table 6.26), the probability of 

incidence decreases with a positive deviation. 

Coeffi cient b is the reduction coeffi cient within 

the range from 0.5 to 1.5. It serves to strengthen 

or weaken the infl uence of a deviation of a site 

variable from the norm. It is defi ned depending 

upon the type of tree species, since each tree 

species has different sensitivity to climatic 

changes. A key element in this model is the norm 

s
i
norm which can, for example, be derived from 

the regionalisation of climatic characteristics 

within the area; e.g. of forest regions in relation 

to the altitude, aspect and slope of the terrain. 

Regionalisation must be carried out for the period 

before the climate changes. We shall address 

regionalisation of climatic characteristics in 

Chapter 10 in the part about using spatial and 

geostatistical analyses in forest modelling.

In growth models we not only need the 

probability of the frequency of attack of a 

stand by a given disturbance factor (exposure) 

but we also have to determine whether the 

selected disturbance factor occurs in the given 

year of simulation. In this case, generating 

exposure answers the question: ‘When will 

given disturbance factor occur?’ The Monte 

Carlo method principles are suitable for these 

purposes. We generate a random number from 

continuous uniform distribution from 0 to 1. We 

compare the random number with the derived 

probability of exposure. If the probability of 

exposure is greater than the random number, 

the selected disturbance factor is present in the 

given year of simulation; in the opposite case the 

stand will not be damaged. For example, in our 

case the randomly generated number could be 

0.2384. The derived probability of exposure of the 

stand to wind was 0.1181. The probability is lower 

than the random number which means that in the 

given year, tree mortality due to wind damage is 

not present. This principle of generation ensures 

that if we had a set of 100 stands, approximately 

12 stands would experience wind damage during 

one year of simulation, or if we simulated the 

development of one stand during 100 years, the 

stand would suffer wind damage in 12 of those 

years (this is in case the probability of exposure 

to wind remained unchanged for 100 years).

The term ‘vulnerability’ is used in many 

scientifi c disciplines and therefore, its defi nition 

varies (CORREIA et al. 1987, CHAMBERS 1989, 

TIEDEMANN 1992, BLAIKIE et al. 1994, VRIJLING et 

al. 1995, BUCKLE 1998, HANDMER and WISNER 

1998, MILETI 1999, ADGER et al. 2001, ALWANG et 

al. 2001, CORELL et al. 2001, FELDBRÜGGE and VON 

BRAUN 2002, SUAREZ 2002, CANNON et al. 2003, 

CARDONA 2003, KLEIN 2003, RAShed and WEEKS 
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disturbance 
factor

frequency modifi cation of
frequencies

modifed 
frequency

normalised 
frequency 

cumulative 
frequency

wind 0.467 - 0.467 0.403 0.403

bark insects 0.313 1.50 0.470 0.406 0.809

other 0.109 - 0.109 0.094 0.903

snow 0.043 - 0.043 0.037 0.940

illegal cutting 0.035 - 0.035 0.030 0.970

drought 0.014 - 0.014 0.012 0.982

assimilation 
organ insects

0.012 - 0.012 0.011 0.993

fi re 0.005 1.25 0.006 0.005 0.998

air pollutants 0.002 - 0.002 0.002 1.000

total 1.000 - 1.158 1.000 -

site acidic fertile nitrophilic calciphilic

altitudinal forest vegetation zone 4.8 5.0 4.1 4.0

average terrain aspect 183 164 184 212

average terrain slope 29 39 39 44

average age 81 89 83 85

average stocking 0.80 0.78 0.79 0.78

average proportion of tree species 79 90 80 74

average tree species site class 30 31 32 31

average tree species slenderness coeffi cient 0.78 0.76 0.81 0.83

average wind exposure 0.1327 0.2804 0.1528 0.1852

average vulnerability to wind 0.1839 0.1576 0.0790 0.1428

standard deviation of vulnerability to wind 0.3103 0.1964 0.1188 0.1920

Tab. 6.24 Frequency table of the incidence of disturbance factors in Javorníky forest region in Slovakia for 
Norway spruce (FABRIKA and VACULČIAK 2007 and 2009).

Tab. 6.25 Classifi cation table for deriving the exposure and vulnerability of forest stands in Javorníky forest 
region in Slovakia, spruce and wind as a disturbance factor (FABRIKA and VACULČIAK 2007 and 2009).

Tab. 6.26 Table of dummy variables for modelling a change in the probability of exposure of a forest stand to 
disturbance factors due to climate change (formula 6.180). Values of variables change depending upon the 
disturbance factor and climatic characteristics. A green box means a positive infl uence and a red box means a 
negative infl uence of this factor on survival.

disturbance factordisturbance factor a
1
 (SEASON) (SEASON) a

2
 (TEMP) (TEMP) a

3
 (PRECIP) (PRECIP)

wind 0 0 0

snow -1 0 0

frost -1 0 0

bark and wood-destroyinginsects 1 1 0

assimilation organ insects 1 1 0

wood-decaying fungi 1 1 1

air pollutants 0 0 0

fi re 0 1 -1

extreme drought 0 1 -1
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2003, REVEAU 2004). However, the majority of 

defi nitions state that it is a relative amount of 

damage caused by the particular incidence of an 

extreme event leading to loss of population. In our 

case, it can be understood as the relative number 

of dead trees infl uenced by the exposure of a 

forest stand to a particular type of disturbance 

factor. It is again a conditional probability since 

it depends upon the selected type of factor. Its 

result is a continuous number from 0 to 1, where 

0 means that there was no damage to the stand 

and 1 means that the entire stand was damaged. 

The opposite to vulnerability is resilience 

(CORREIA et al. 1987, BUCKLE 1998, BUCKLE et al. 

2000, ALWANG et al. 2001, HANDMER 2002) which 

expresses the ability of a forest stand to return 

to its original functional status during appropriate 

time following an extreme event which caused 

loss. On the other hand, resistance is the ability 

of a forest stand to withstand the infl uence of 

disturbance factors. It describes to which degree 

or extent of a selected disturbance factor the 

forest stand is able to continue fulfi lling its original 

function without the loss of its value. We will 

demonstrate how to quantify stand vulnerability 

using an example by FABRIKA and VACULČIAK (2007, 

2009). From the classifi cation table (table 6.25) 

we can see the average relative number of dead 

trees and the standard deviation of the number 

of trees that died due to wind impact in Norway 

spruce stands in Javorníky forest region at acidic 

sites. On average, 18.39% of stand stock dies 

with a standard deviation of ±31.03%. Since the 

number of dead trees may also change depending 

upon the stand resilience, which is related to 

similar factors as in the case of the probability of 

exposure to disturbance factors, it is possible to 

modify these percentages using a similar method 

based on the results of factor analysis and the 

index between actual conditions of the stand 

and average conditions from the classifi cation 

table. When assuming homoscedasticity 

(homogeneity of variance) (see defi nition 3.14 in 

Chapter 3.6.2), we only need to modify average 

vulnerability. Let us assume that based on the 

difference between the actual and average 

conditions of the stand our index is 0.82. This 

means that our average vulnerability in actual 

stand conditions will be 18.39 x 0.82 = 15.08%. 

Since this fl uctuates around the average within a 

range of the stated deviation, the actual situation 

may be somewhat different. We can therefore 

use the principle of the Monte Carlo method 

and generate the necessary vulnerability based 

on normal distribution specifi ed by the arithmetic 

average of 0.1508 and standard deviation 

0.3103. For generation, we can use one of the 

methods mentioned in Chapter 3.5. In our case, 

stability factor of spruce stand (F) 

frequency of factor occurrence F (%) 

Freal 

24% 

33% 

Fmean 

Weibull 
function 

Fig. 6.85 An example of a frequency function of a Norway spruce stand stability factor against exposure to 
wind. The principle of modifying the probability of stand’s exposure to wind based on the stability factor in 
real stand conditions and the stability factor in average conditions within a given site type in a forest region. 
The frequency of the incidence of a factor expresses the frequency of stand exposure to wind damages. The 
factor is transformed into a scale from -3 to +3.
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we generated vulnerability at 0.1931, i.e. 19.31% 

of trees from forest stand stock that died due to 

wind. This stochastic principle ensures that by 

repeating the generation of the number of dead 

trees, the average number from all repetitions 

will become close to a value of 15.08% with an 

increasing number of repetitions.

Let us return to formula 6.179 and summarise 

the use of hazard, exposure and vulnerability 

in estimating the number of dead trees. Let 

us say that we want to ascertain the average 

wind risk for a period of 100 years for Norway 

spruce stands in Javorníky forest region at acidic 

sites under the actual conditions stated in the 

previous text. The wind hazard from table 6.24 is 

0.403. The derived exposure is 0.1181. Average 

vulnerability from table 6.25 is 0.1839. The total 

risk of tree death caused by wind will be 0.403 x 

0.1181 x 0.1839 = 0.0088 which is not even 1% of 

dead trees from the stock, calculated from stand 

development. If, for example, our total volume 

production (see Chapter 3.3.2) for a period of 

100 years with a spruce proportion of 60% in the 

stand and stocking of 0.7 is 588m3 per hectare, 

our estimate of the amount of dead trees will be 

0.0088 x 588 = 5 m3 per hectare per 100 years. 

If we have 100 hectares of stands with similar 

conditions, according to our estimate, 500 m3 

of wood would die within 100 years due to wind 

disturbances. However, we must realise that some 

extreme events lead not only to tree mortality but 

also to a decrease in increment of the remaining 

trees or possibly to a decrease in their quality. 

We particularly talk about the disturbance factors 

which affect the physiological properties of a tree 

and do not cause their immediate mortality. Due 

to the limited range of this publication and the 

complexity of this problem, we shall not address 

this issue here.

6.7.2.2 Fuzzy rules for selecting dead trees

Calculation of risk and resulting loss in 

production due to tree mortality represents 

the fi nal element only in population models. 

In frequency and tree models, it is necessary 

to divide the dead part of the population into 

individual classes or individual trees. Distribution 

into individual classes may be carried out 

proportionally to frequencies in classes or on the 

base of a selected mortality curve which is similar 

to the removal function (see Chapter 6.3.3.1 

and 6.8.3.5). The selection of individual trees is 

carried out randomly or we use directed selection. 

Directed selection is based on tree characteristics. 

We may, for example, consider tree diameter, tree 

height, slenderness coeffi cient, crown diameter, 

crown length, crown shape coeffi cient, tree 

vitality, tree sociobiology position (see Chapter 

6.8.1), tree competition pressure, tree quality, tree 

remain score (see Chapter 6.8.2), etc. We also 

name selected tree characteristics as selectors, 

indicators or quantifi ers (x
i
). We will use the 

term ‘selectors’ since they serve for the selection 

of trees. A set of selectors is chosen depending 

upon the type of disturbance factor. We attempt 

to transform the selectors into relativised values, 

based on which we decide whether a tree 

survives or dies. Fuzzy functions are especially 

suitable for this transformation. These functions 

are most often constructed by expert estimation. 

The functions contain selectors (x
i
) on the x 

axis and fuzzy values (fuzzy
i
) on the y axis. The 

selectors are transformed to fuzzy values (fuzzy
i
) 

using fuzzy functions. Fuzzy values are within a 

continuous interval from 0 to 1. Value 0 means 

that the tree has zero probability of mortality and 

therefore it will defi nitely survive. Value 1 means 

that the tree has a hundred per cent probability 

of mortality and therefore it will defi nitely die. The 

higher the fuzzy value, the greater the probability 

of mortality of the tree. Selectors may have a 

positive or negative infl uence upon the fuzzy 

value. We refer to positive and negative fuzzy 

functions. A positive fuzzy function means that 

with an increasing selector value, the probability 

of mortality also increases, i.e. the fuzzy value 

increases. In fuzzy logic we claim that if a tree 

has a high selector value, it has a high probability 

of mortality. In many functions, an exponential 

function was proven to be successful:

  
( ) 6.3.1 ixba

i efuzzy +−−=  (6.181)

A negative fuzzy function means that with 

an increasing selector value, the probability 

of mortality decreases, i.e. the fuzzy value 

decreases. From the point of fuzzy logic, we claim 

that if a tree has a high selector value it does 

not have a high probability of mortality. From the 

logical viewpoint, it is the ’NOT‘ logic function in 

the original function 6.181. From the graphical 

perspective, it is a mirror function rotated around 

the vertical axis. From a mathematical viewpoint, 

it is a complement to the value of 1.00, therefore:

( ) ( ) 6.3.1NOT ixba
ii efuzzyfuzzy +−=−=  (6.182)
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Figure 6.86 shows an example of positive 

and negative fuzzy functions. It presents the 

infl uence of the tree slenderness coeffi cient upon 

the probability of tree mortality. The slenderness 

coeffi cient expresses the ratio of tree height 

to tree diameter in units of m.cm-1. Table 6.27 

shows an example of coeffi cients a and b of a 

fuzzy function for European beech by FABRIKA 

and VACULČIAK (2007, 2009). The fuzzy functions 

were parameterised for 9 different selectors 

(rows in the table). If we use equation 6.181, it is 

a positive fuzzy function, and if we use equation 

6.182 it is a negative fuzzy function.

Several selectors can be used to classify a 

tree as a dead individual. In such a case, we 

will obtain several fuzzy values. It is necessary 

to aggregate these fuzzy values into one fi nal 

value. We use fuzzy operators which defi ne 

the mutual combination of fuzzy functions. 

The ’AND‘ operator defi nes a combination 

which requires that all input fuzzy values are 

high in order to achieve a high resulting fuzzy 

value. The ’OR‘ operator defi nes a combination 

in which it is suffi cient if just one of the input 

fuzzy values is high in order to achieve a high 

resulting fuzzy value. We select an operator 

based on the nature of the disturbance factor 

and the nature of input selectors. In table 6.28, 

we give an example of the type of combination of 

suitable selectors for damages caused by snow, 

frost, wood-decaying fungi, air pollutants and 

extreme drought (FABRIKA and VACULČIAK 2007, 

2009). Table 6.28 contains seven selectors. Six 

selectors are also included in table 6.27 and 

ammended by tree vitality which is evaluated on 

the base of the size of the tree crown surface 

(PRETZSCH and KAHN 1998). If the mentioned 

selector enters a positive fuzzy function in the 

table it is marked in green and with a ‘+’ sign. If 

it enters a negative fuzzy function it is marked in 

red and a ‘–’ sign. If the selector is not used, its 

box is without any sign and is not coloured. The 

last row states the type of operator for combining 

the appropriate fuzzy functions. For example, 

the probability of tree mortality infl uenced by 

snow increases if tree slenderness coeffi cient 

increases and tree crown diameter increases, 

or the probability of tree mortality infl uenced 

by extreme drought increases if tree vitality 

decreases or the competition pressure upon 

the tree increases. The calculation of the 

aggregated value depends upon the nature of 

the combined events. In table 6.29 we show the 

algorithms for combining independent events, 

dependent events, uncertain events or we 

use the methodology by REYNOLDS (1999). For 

independent events we use group algebra, 

while we use fuzzy logic for dependent events. 

For uncertain events we combine group algebra 

with fuzzy logic. The Reynolds method is similar 

to fuzzy logic but the ’AND‘ operator is modifi ed 

based on the deviation of the minimum fuzzy 

function value from the arithmetic average of 

fuzzy functions (minimum-biased weighted 

selector selector quantifi cation (units) a b

tree diameter percentile of tree diameter (%) 0.129347 0.01547532

tree height percentile of tree height (%) 0.129347 0.01547532

tree slenderness 

coeffi cient
tree height to diameter ratio (cm/m) 0.002914 1.13841

crown diameter
coeffi cient of crown range: crown diameter 

to tree diameter ratio (m/cm)
0.487708 1.46948

crown length
level of branching: crown length to 

tree height ratio (relative)
-0.1946 2.19913

crown shape 
coeffi cient

level of crown expansiveness : crown 
diameter to crown length ratio (relative)

0.002566 0.900635

tree sociobiology 
position

1 .. 4 (dominant, co-dominant, 
intermediate and shaded tree)

0.337766 0.187836

competition difference of competition index 

from average (value z)
0.903113 0.257922

pressure

tree quality percentage of assortments I-IIIA (%) 0.129347 0.03095064

Tab. 6.27 Examples of fuzzy function coeffi cients (6.181 and 6.182) for European beech and 9 selectors 
(FABRIKA and VACULČIAK 2007 and 2009).
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average). This causes the ’AND‘ operator to be 

less ’strict‘ than in fuzzy logic. For example, the 

model of tree mortality using the methodology 

of FABRIKA and VACULČIAK (2007, 2009) uses 

the algorithm by REYNOLDS (1999). The whole 

procedure of selecting dead trees may be as 

follows:

a)  calculate the risk and resulting volume of 

dead trees (using formula 6.179),

b)  based on the appropriate selectors, fuzzy 

functions and the aggregation, calculate the 

fuzzy value of mortality (for example, using 

table 6.28 and one of the algorithms in table 

6.29) for each tree in the stand,

c)  select trees with the highest fuzzy value until 

they meet the required volume of removal 

stand.

6.7.2.3 Chaos theory in modelling risk

Defi nition 6.11

Chaos theory is the area of mathematics and 

physics addressing the behaviour of dynamic 

systems that are highly sensitive to initial 

conditions, due to which long-term prediction 

of their behaviour is impossible.

One of the pioneers of chaos theory was 

EDWARD N. LORENZ (fi gure 6.87). His interest in 

chaos occurred accidentally during his work 

on weather prediction in 1963. He created a 

weather model which he ran on a computer. He 

made automated predictions in sequences so 

selector snow frost fungi air pollution drought

slenderness +

coeffi cient

crown + +

diameter

crown +

length

tree - -

vitality

bio-sociological position -

competition + +

pressure

tree quality -

combination AND AND OR AND OR

Tab. 6.28 An example of selectors and their combinations for the selection of dead trees infl uenced by fi ve 
disturbance factors. The green colour and plus sign means that the selector is included in a positive fuzzy 
function, and the red colour and minus sign says that the selector is included in a negative fuzzy function 
(FABRIKA and VACULČIAK 2007 and 2009).

Tab. 6.29 Methods for combining fuzzy functions based on the type of operator and nature of united events.

method combination operator: AND combination operator: OR 

group algebra 
(independent events) 

fuzzy logic (dependent 
events) 

combined 
(uncertain events) 

Reynolds (1999) 

ifuzziF minmin ifuzziF maxmax

n

i
imult fuzziF

1

n

i
isum fuzziF

1

11

multmultAND FFFFF minmin . maxmaxmax . FFFFF sumOR

maxFminminminmin .FFfuzziAVGFF i
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that the results of previous sequences became 

automatic inputs for the following sequences. 

After some time, he again wanted to see the 

end of the simulation and to shorten the time, 

he used the output printout of sequences and 

started the simulation in the middle of its course. 

He entered the printed data from the middle of the 

last simulation as initial data. To his great surprise, 

he discovered that the predicted weather was 

completely different from the weather originally 

calculated. He investigated the cases and 

reached to an interesting conclusion. The printed 

outputs were rounded to three decimal places, 

while the computer worked with fi ve decimal 

places. At fi rst sight, it seemed that these small 

differences would not have had a practical impact 

upon the results. This is how Lorenz discovered 

that even small changes in initial conditions may 

lead to great changes in results in the long term. 

He soon published his knowledge in his article 

(LORENZ 1963). Mathematician JAMES A. YORKE later 

introduced the term ‘chaos’ in the theory, which 

established the basis for modern chaos theory 

(LORENZ 1993, ALLIGOOD et al. 1996). This theory 

addresses the behaviour of nonlinear dynamic 

systems which, under certain conditions, 

embody the phenomenon known as chaos. This 

is signifi cantly infl uenced by sensitivity to initial 

conditions. As a consequence of this sensitivity, 

the behaviour of systems may appear random, 

even if the systems are deterministic, i.e. the 

systems which are well defi ned and do not 

contain any random parameters. These systems 

embody mathematical chaos. This means that 

these systems are organised and ordered in a 

complex way. The term ‘chaos’ in mathematics 

and physics is therefore in particular contradiction 

with understanding of chaos as total disorder.

To use chaos theory for investigating a system, 

the system must be nonlinear and dynamic. 

Such a system may generally demonstrate 

the following types of behaviour: it may always 

be unchanged, may always be expanding 

(applicable only for unlimited systems), and 

may demonstrate periodic motion, quasi-

periodic motion or chaotic motion. The type of 

behaviour depends upon the initial status of the 

system, its structure and parameters. The most 

important type of behaviour is chaotic motion. 

It is non-periodic complex motion which gave the 

mentioned theory its name. To classify system 

behaviour as chaotic, the system must have the 

following properties:

a) it must be sensitive to initial conditions,

b) it must be topologically transitive, 

c) its periodic orbits must be dense.

It order to explain these properties, it is suitable 

to visualise chaotic motion or any motion using a 

phase diagram. Time is implicit in such diagrams, 

which means that it is a part of the curve itself. Each 

axis represents one of the dimensions. We can 

demonstrate an example using a pendulum (fi gure 

6.88a). Let us try to swing the pendulum. During its 

oscillation, we shall attempt to record its position 

using the angle of the pendulum arm in radians 

against the vertical axis (i.e. if the pendulum is 

fi xed). We shall mark the angle with  symbol whilst 

a swing to the right has a positive value and a swing 

to the left has a negative value of the angle. At the 

same time, we measure the angular velocity of the 

pendulum (radians per second). Let us mark it with 

 symbol. Its velocity increases if the pendulum 

falls in the direction of gravity from its upper position 

towards the vertical axis. On the other hand, if it 

moves away from the vertical to the upper position, 

its velocity decreases. It has zero velocity in the 

upper position, whilst velocity changes from 

positive to negative and vice versa. Let us now 

attempt to express the angular velocity depending 

upon the angle of the pendulum position. Under 

normal circumstances, the pendulum’s kinetic 

Fig. 6.86 An example of a fuzzy function which 
includes tree slenderness coeffi cient: a) a positive 
fuzzy function (formula 6.181), b) a negative fuzzy 
function (formula 6.182).

tree height to tree diameter ratio (m/cm) 

fuzzy influence 
on tree mortality 

fuzzy influence 
on tree mortality 

tree height to tree diameter ratio (m/cm) 

a) 

b) 
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energy is slowed by gravity, which means that the 

angle of swing gradually decreases with decreasing 

velocity, until the pendulum stops in the vertical 

position. The graph will show a spiral leading to 

a fi nal inner point (fi gure 6.88b). It appears as if 

the pendulum was attracted towards this point. 

Therefore the target towards which the system is 

directed is called an attractor. The route of the 

system is called the trajectory. The trajectory 

circumventing around the attractor is called the 

orbit. Not all attractors are point attractors. Some 

are simple loops or more complicated double 

loops. Some are very complicated shapes with a lot 

of detail. These are open, infi nite long curves which 

do not deviate from a defi ned bordered part of an 

area and are non-periodic. We call them fractals. 

Systems which have attractors with a simple loop 

shape show periodic motion. Systems with more 

complicated loops show quasi-periodic motion. 

Systems with attractors in the form of fractals 

show chaotic behaviour. We call these attractors 

‘strange attractors’. Let us now attempt to change 

a single pendulum into a double pendulum (fi gure 

6.89a). This pendulum consists of two connected 

pendulums. With small initial deviation of the lower 

pendulum against the upper pendulum, the phase 

diagram is quite simple (fi gure 6.89b) but with 

greater deviation, the pendulum moves chaotically 

(fi gure 6.89c). It is basically a deterministic, 

physical system but its behaviour appears chaotic 

due to the extreme initial conditions. Each change 

in the initial conditions signifi cantly infl uences the 

system’s trajectory.

Let us now return to the properties of a system, 

which has a chaotic behaviour. Sensitivity 

to the initial conditions means that two close 

trajectories in the phase diagram exponentially 

move away from each other with increasing time. 

In other words, every small change in the initial 

conditions eventually leads to very different 

results. Systems will only behave identically if 

their initial confi guration is totally identical. This 

system property was fi rst introduced by Edward 

N. Lorenz in his presentation using the metaphor: 

’The fl ap of a butterfl y’s wings in Brazil can set off 

a tornado in Texas.‘ In chaos theory this is called 

the butterfl y effect. Topological transitivity of 

a system means that its transformation into any 

given interval I
1
 stretches it until the moment 

when it overlaps another given interval I
2
. This 

property talks about the self-similarity of partial 

trajectories which is also used in structural models 

in Chapter 7, in slightly different circumstances. 

The last property addresses dense orbits, which 

is expressed in increasing density of trajectories 

around the attractor.

The mentioned theory can also be successfully 

used in modelling tree mortality infl uenced by 

disturbance factors (for example, PAVLÍK 2009). A 

forest can be considered as a nonlinear, dynamic 

system with chaotic behaviour. It is sensitive to 

initial conditions. A change in its production over 

time can be expressed by a phase diagram; for 

example, using its increment and current stock. 

The given phase diagram is characterised by 

the regularity of shapes related to a change 

in scale, for example, in relation to increasing 

area or hierarchical level (see Chapter 1.1.3 and 

2.1.5). Ultimately, it always reaches a particular 

attractor which is in a forest called a climax. Due 

Fig. 6.87 EDWARD NORTON LORENZ (1917-2008), 
American mathematician, meteorologist and founder 
of chaos theory.

Fig. 6.88 A single pendulum (a) and its phase 
diagram (b) showing the relationship between 
angle velocity   and swing angle .
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to deviations from the trajectory in an attractor’s 

orbit, signifi cant changes may occur in the 

system’s route. However, over time the system 

returns to the orbit and to its attractor. These 

models attempt to estimate the deviation of a 

trajectory from the orbit. Due to their complexity, 

the models have been rarely applied for 

modelling mortality to date, although they have a 

great potential. We must mention, however, that 

they are more suitable for the hierarchical level 

of the population and higher. They are still less 

suitable for tree models.

6.8 Modelling felling treatments

A change in the number of trees in a stand 

occurs not only due to natural mortality of trees 

and due to the infl uence of various unpredictable 

exogenous, disturbance factors. Stand releasing 

is also performed on the base of intentional 

management treatments in the forest. These are 

cleaning, thinning, and regeneration felling. 

These activities are carried out by experts in 

order to increase forest production, achieve 

wood of higher quality, improve stand hygiene, 

strengthen forest stability, fulfi l non-production 

function of the forest, ensure forest reproduction, 

and create the next generation of the stand as 

well as for other purposes. The treatments form 

a signifi cant element of the developmental cycle 

of a managed forest (see Chapter 1.1.6). The aim 

and phytotechnology of silviculture is addressed 

in appropriate literature, for example, BURSCHEL 

and HUSS (1997), SANIGA (2009), POLENO, VACEK et 

al. (2007), etc. Models which should also be used 

for decision support (see Chapter 10.4.4) must 

contain tools for modelling these activities. In the 

opposite case, they may only be used to support 

the prognosis of the development of natural forests. 

Such models become very effi cient management 

tools, which are applied in forestry information 

systems and in forest management. In this 

Chapter we will therefore focus upon methods and 

algorithms which provide options for implementing 

felling treatments into growth models.

6.8.1  Modelling the sociobiology position 

of a tree

Defi nition 6.12

The sociobiology position of a tree 

expresses the position of a tree in the stand 

from a biological and social viewpoint. It is 

mainly defi ned by the height position of a tree 

which determines the amount of accessible 

light for the tree assimilation organs. It 

serves for evaluating the growth ability and 

production potential of a tree as well as the 

ability and richness of tree fructifi cation. 

Fig. 6.89 A double pendulum (a) and its phase diagram: b) with a slight deviation of the lower pendulum 
from the upper pendulum it shows a simple shape, c) with a greater deviation of the lower pendulum from 
the upper pendulum it shows a complicated, chaotic shape.
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Many thinning treatments are related to the 

sociobiology positions of trees. For example, 

the selection of removed trees in thinning from 

above or thinning from below, or the selection of 

promising or future crop trees in quality thinning. 

Modelling may be based on fi eld classifi cation into 

discrete categories of sociobiology positions or 

based on arranging trees in order and calculating 

their percentiles. We will look at both methods.

We will demonstrate an example of the fi rst 

method using the BIOSOC model by FABRIKA 

(2005). The model attempts to classify trees 

into the simplifi ed classifi cation scale by KONŠEL 

(1931). It classifi es trees into groups of dominant 

(1), co-dominant (2), intermediate (3) and shaded 

(4). The principle of the classifi cation is shown in 

fi gure 6.90. All trees in the stand are ranged from 

the lowest to the highest and from the thinnest 

to the widest. We determine the 95 per cent 

quantile of the heights and diameters of trees, 

which represent the upper height of the stand 

(h
95%

) and the upper diameter of the stand (d
95%

). 

We determine the average crown of dominant 

trees, i.e. the trees with the upper height and 

upper diameter. Since various tree species can 

occur in the stand (i=1..k), for each tree species 

we determine the height to crown base of the 

dominant crown h
c
(95%) and the length of the 

sunlit part of the dominant crown l
L
(95%)

i
 using 

the model by PRETZSCH (2001, page 205 and 206). 

This is because the parameters and shapes of 

crowns vary depending upon tree species. The 

height to crown base of the dominant crown of a 

tree species h
c
(95%) is calculated using formula 

6.38 from Chapter 6.2.3.1, while the upper height 

of the stand and the upper diameter of the stand 

are entered in the formula. The coeffi cients of the 

appropriate tree species are used. The length 

of the sunlit part of the dominant crown of a tree 

species is determined using the following method. 

First, we calculate the length of the dominant crown 

of the tree species l(95%)
i
 using formula 6.32 in 

Chapter 6.2.2.1 as the subtraction h
95%

– h
c
(95%)

i
.

Based on this crown length and appropriate 

parameter a, we calculate the required length of 

the sunlit part of the dominant crown l
L
(95%)

i
 as 

the multiplication a.l(95%)
i
 using formula 6.30 in 

Chapter 6.2.2.1. The parameters of the average 

dominant crown for each tree species in a stand 

are then calculated on the base of the derived 

parameters of the dominant crown. We use the 

weighted arithmetic average of all trees in the 

stand using tree diameters (d
ij
) and heights (h

ij
), 

where m
i
 is the number of trees of the tree species 

i, and j is the order number of the tree within the 

tree species i:
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This is how we obtain the shape of the 

dominant crown in a stand (see fi gure 6.90). The 

fi nal classifi cation into classes of sociobiology 

positions is carried out using the following key 

(see fi gure 6.90):
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BIOSOC  (6.185)

If the top of the classifi ed tree reaches or 

exceeds the upper height of the stand, it is a 

dominant tree (category 1) since it ranks amongst 

5% of the tallest trees in the stand. If its top is at 

the sunlit part of the dominant crown of the stand, 

it ranks amongst co-dominant trees (category 2) 

since it has suffi cient light for growth. If its peak 

enters the shaded part of the dominant crown 

of the stand, it belongs to intermediate trees 

(category 3) since it has a potential to reach the 

sunlit part of the stand in the future. If the tree 

is lower than the height to crown base of the 

dominant crown, it is a shaded tree (category 

4) since it is under permanent competition 

pressure. This classifi cation is very similar to 

the fi eld estimation of sociobiology position of a 

tree since it is based on the original classifi cation 

principles.

As an example of the second method, we will 

show the model implemented in the STAND 

PROGNOSIS MODEL simulator (WYKOFF et 

al. 1982). It is the model of the percentile of 

a tree basal area called PCT. A PCT model 

expresses what percentage of trees has a 
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basal area smaller or equal to the classifi ed 

tree and, therefore, also indirectly determines 

its sociobiology position in the stand. The 

method for calculating the PCT percentile is 

shown in fi gure 6.91. In accordance with this 

method, the proportion of basal area classes 

(a) is transformed into absolute cumulative 

frequencies, in which each basal area class is 

represented by a sum of basal areas of trees 

belonging under the upper threshold of the class 

(b). Cumulative frequencies are recalculated 

into percentiles by dividing the cumulative 

basal area of the class with the overall stand 

basal area (d). Finally, we determine the social 

position of the tree from the PCT curve by 

ascertaining the position of the tree with the 

given basal area and reading the percentile (d). 

In our example, we have a tree with a diameter 

of 83.7 cm, i.e. with a basal area of 0.55 m². 

Such a tree has a percentile equal to 64%. 

This model is also often used for determining 

competition pressure of a tree, which is also the 

case in the simulator by WYKOFF et al. (1982). 

An advantage of the model lies in its continuous 

expression of the sociobiology position of a tree. 

Using percentile classes we may also create 

discrete categories of sociobiology positions. 

For example, a dominant tree could fall into the 

95-100% category. However, a disadvantage of 

the model lies in the indirect expression of the 

sociobiology position, which does not comply 

with the original basis of classifi cation as, for 

example, in the previous BIOSOC model.

h95% 

sunlit part of 
dominant crown 

shaded part 
of dominant 

crown 

1 2 2 2 2 2 2 2 3 4 

lL 

hc 

Fig. 6.90 BIOSOC model (FABRIKA 2005). The 
upper height and dominant crown are ascertained 
for the stand. Trees exceeding the upper height 
are dominant (category 1). Trees which enter the 
sunlit part of the dominant crown are co-dominant 
(category 2). Trees which enter the shaded part 
of the dominant crown are intermediate (category 
3). Trees which are under the level of the dominant 
crown are shaded (category 4).

Fig. 6.91 PCT model 
(WYKOFF et al. 1982): 
a) frequency of basal 
area classes, 
b) cumulative sums of 
basal areas depending 
upon the classes of 
basal area, c) derived 
curve of basal area 
percentiles, d) principle 
of determining the 
percentile of a tree 
basal area with a 
diameter of 83.7 cm.

N (trees.ha-1) G (m2.ha-1) 
cumulative 

g1.3 classes 
(m2) 

g1.3 classes 
(m2) 

relative cumulative G PCT percentile 

g1.3 classes 
(m2) 

g1.3 classes 
(m2) 

g1.3 = 0,55 m2 

d1.3 = 83,7 cm 

0.1    0.3     0.5    0.7    0.9

0.1    0.3     0.5    0.7    0.9

0.1    0.3     0.5    0.7    0.9

0.1    0.3     0.5    0.7    0.9
0.55

83.7
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6.8.2  Modelling remaining and removal 

scores of trees

Defi nition 6.13

The remaining score of a tree is the 

probability of a tree that it will be left in the 

stand by a forest manager during thinning 

treatments. It obtains values from a 

continuous interval from 0 to 1.

The removal score of a tree is the probability 

of a tree that it will be felled by a forest 

manager during thinning. It can obtain values 

from a continuous interval from 0 to 1.

The sociobiology position of a tree assists in 

deciding which trees are felled when modelling 

thinning. If, for example, we model thinning from 

below, we mainly concentrate the selection of 

trees in the layer of shaded and intermediate 

trees. However, a problem arises when we want 

to decide which trees are felled from which 

layer. The same problem occurs when applying 

the method of future crop trees, when we have 

to decide which trees will be supported. In this 

case, we often use the remaining or removal 

score of a tree, which represent probabilities from 

the continuous interval from 0 to 1. Whilst the 

remaining score (remain) models the probability 

of leaving the tree in the stand, the removal score 

(removal) models the probability of the tree to 

be removed from the stand. Both probabilities 

complement each other and can be expressed 

using the NOT logical function, i.e. a complement 

to probability to achieve a value of 1.0:

  removalremaining  1  (6.186)

Fuzzy logic is mostly used in modelling the 

remaining or removal score of a tree. We will give 

an example using modelling a remaining score 

of a tree by FABRIKA (2005) and FABRIKA and ĎURSKÝ 

(2005). Modelling is based on the assumption 

that we leave a tree in the stand if it is under low 

competition pressure, if it has good stem quality, 

if it is vital, and if it is alive. This assumption is 

modelled using a fuzzy rule consisting of four 

conditions, combined with the conjunction ’AND‘. 

The conditions are competition status, stem 

quality, crown vitality, and tree viability. All four 

conditions must be met simultaneously for the tree 

to be left in the stand. Each condition is evaluated 

using a fuzzy function. The x axis shows the value 

of the function indicator and the y axis shows the 

resulting fuzzy value of the condition (from 0 to 1). 

The following variables are selected as indicators: 

standardised deviation of the competition index 

from average competition (z
a/2

, formula 6.174), the 

percentage of the highest quality timber produced 

from a tree stem (%I-IIIA), area of the crown 

surface (S
c
) and the dummy variable indicating a 

dead or living tree (0/1). Fuzzy functions are shown 

in fi gure 6.92. To connect the fuzzy conditions in 

the resulting rule, the formula by REYNOLDS (1999) 

from table 6.29 is used:

    ii fuzzyfuzzyremain avgmin 

   ii fuzzyfuzzy min.min  (6.187)

This means that from all four resulting values 

of the conditions (fuzzy
i
), we calculate the 

average value and the minimum value, which 

are then transformed into a resulting value of the 

tree remaining score using formula 6.187. The 

fi rst three conditions (fuzzy
1
, fuzzy

2
 and fuzzy

3
) 

are evaluated using fuzzy functions (fi gure 6.92) 

and the fourth condition is defi ned by value 1 or 

0 depending upon whether the tree is alive or 

dead. If the fi nal value of the remaining score is 0, 

the tree will defi nitely be removed from the stand. 

If the value is 1, the tree will defi nitely remain in 

the stand. The higher the value of the score, the 

greater the chance of the tree that it remains in 

the forest in the future. If we carry out negative 

selection in the stand, we select trees with lowest 

scores. It could be, for example, selecting trees 

for thinning from below. If we carry out positive 

selection in the stand, we select trees with 

highest scores. It could be, for example, the 

selection of future crop trees in thinning related 

to quality. Another example which attempts 

to estimate removal scores is the model by 

KAHN (1995). It uses the same principle but its 

estimates have a different formulation. One of 

the rules states, for example: we remove a tree 

from the stand if it has a low diameter and is 

under great competition pressure. As a diameter 

measure, we use relative diameter against the 

diameters of neighbouring trees. For expressing 

the rate of competition pressure we use KKL 

index (see Chapter 6.6.2.8). Since it refers to a 

removal score, in a positive selection we favour 

low score values and in a negative selection we 

favour high score values.
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6.8.3  Methods for modelling of felling 

interventions

Modelling of felling interventions is a complex 

issue since there are many types of felling 

treatments and their combinations, and their 

practical implementation is often linked to the 

experience and knowledge of the manager and, 

therefore, they are often of a subjective nature. 

The model algorithm mainly depends upon 

whether it is a cleaning, thinning, or regeneration 

felling model. Since cleaning takes place in the 

youngest phases of the stand and the majority 

of growth models start with trees with the 

dimensions of a merchantable stem (see Chapter 

3.3.1), cleaning models are not often used. 

They are only considered in connection with 

the models of natural regeneration or artifi cial 

planting (regeneration models). However, these 

models are often replaced with ingrowth models, 

which attempt to address these issues by putting 

the following generation into the parent stand as 

individuals with the dimensions of merchantable 

wood. For this reason, we will not address 

modelling of cleanings. Thinning models are most 

frequently integrated in growth models. Apart 

from marked subjectivity and the uncertainty of 

rules in practical implementation, the complexity 

of these models also lies in the fact that there 

exist many types of thinning treatments. In this 

Chapter we focus on algorithms able to resolve 

some of them. Some models also contain tools 

for regeneration felling. Of course, they are 

meaningful only if they also include models 

for the next stand population, which means 

that simulations are able to capture several 

generations. Since models of regeneration felling 

are not as demanding, we will also demonstrate 

some of the algorithms applicable to them.

6.8.3.1  Modelling thinning based on the 

sociobiology position of a tree

Some thinning treatments are linked to 

sociobiology layers. These are, for example, 

thinning from below, thinning from above and 

neutral thinning. We will outline the approach 

how to carry out these thinnings in models. First, 

we must defi ne thinning intensity. This will 

determine the number of trees (from the total 

number, basal area or stock) which needs to be 

removed from the stand:

  )(. xfMAy   (6.188)

Dependent variable y represents thinning 

intensity. It can be directly defi ned by the value 

of the removal stand, whether in the form of the 

relative amount of stock, basal area or number of 

trees (%V, %G, %N) or in the form of an absolute 

value of felled stock, basal area or number of 

trees (V
PP

.ha-1, G
PP

.ha-1, N
PP

.ha-1). It can also be 

indirectly defi ned in the form of the remaining 

main stand. We can, for example, determine the 

stock, basal area, or number of trees remaining 

after thinning (V
HP

.ha-1, G
HP

.ha-1, N
HP

.ha-1), or 

determine the required degree of stocking (SD). 

Stand age, mean diameter, mean height or upper 

height (t, d
g
, h

g
, h

95%
) are suitable as independent 

variables x. Coeffi cient A represents additivity, 

i.e. a constant using which the curve f(x) moves 

Z /2 

%I-IIIA 

SC (m2) 

a) 

b) 

c) 

Fig. 6.92 Fuzzy functions (FABRIKA 2005) used for 
expressing competition pressure on a tree (a), 
stem quality of a tree (b) and the vitality of a tree 
crown (c).
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upwards in absolute values (a positive number) or 

downwards (a negative number). It normally has 

a 0 value. Coeffi cient M represents a multiplier 

using which function f(x) stretches upwards 

(number greater than 1) or shrinks downwards 

(number smaller than 1). It normally has a value 

of 1. The intensity of treatment can be expressed 

by a constant number. In such a case, additivity 

A expresses the required value of the removal 

stand y
PP

 and the multiplier M has a 0 value. 

However, a functional relationship is more often 

used, in which the multiplier is non-zero and most 

often equals 1. Any suitable function can be used 

as a function f(x). Depending upon the nature of 

the modelled value y and its change in relation to 

value x, we present suitable functions together 

with a schematic illustration of their shape in 

table 6.30. On the base of the combination of 

independent and dependent variables, together 

with the selection of a function and defi ning the 

additivity and multiplier, we are able to defi ne the 

required intensity of treatment in a very fl exible 

manner. Table 6.31 shows an example of an 

equation for calculating thinning percentages 

based on the commonly used decennial thinning 

percentages in Slovakia. They were derived by 

FABRIKA (2005) from the third issue of Slovak 

yield tables (HALAJ et al. 1987). The coeffi cients 

are derived separately for tree species, groups of 

site classes and degrees of stocking. Since they 

are decennial thinning percentages, if we use 

them for shorter periods we combine them with 

the multiplier in equation 6.188. For example, if it 

is a fi ve year period, we use a multiplier of 0.5 or 

for one year period, we use 0.1.

In the second phase, we select trees from the 

stand until the required intensity is reached, i.e. 

until they match the size of the removal stand or 

they reach the size of the remaining stand. Here 

it is necessary select the type of thinning. It is 

often based on the sociobiology position of the 

trees, which means that we operate in the stand 

layers which are typical for the stated type of 

treatment. For example, in thinning from below, 

we fi rst select trees from the group of shaded 

and intermediate trees, and in case of intensive 

thinning, also from co-dominant trees. In case 

of thinning from above, we select trees from co-

dominant and dominant trees and in case of very 

intensive thinning, also from intermediate trees. 

In neutral thinning, we select trees regardless of 

the sociobiology position of the tree. Since it is 

polynomial
6

6
2

210 ...... xaxaxaay 

general logistic 
regression model  xaea

ay .
1

0
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0
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Tab. 6.30 Functions suitable for modelling thinning intensity (FABRIKA 2005).
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the selection of removed trees, we use negative 

selection. It may be implemented, for example, 

using the remaining score (FABRIKA, 2005), where 

we select trees with the lowest scores from the 

required layers. A similar selection method is also 

based on the removal score (KAHN, 1995), where 

we select trees with the highest scores. Another 

option is to use the LOGIT function introduced 

in Chapter 6.7.1.1. For example, the model by 

LEDERMANN (2002) implemented in PROGNAUS 

growth simulator selects trees based on the 

probability that the tree will be removed using a 

logistic function.

6.8.3.2  Modelling thinning aimed at 

supporting future crop trees

In this thinning, we focus upon trees which will 

become crop trees. These trees should reach 

their production maturity, their quality should 

not worsen and the growth of their dimensions 

should not be inhibited by the infl uence of 

excessive competition or an unsuitable structure 

of surroundings. The supported trees have 

various names: future crop trees, target trees, 

promising trees, waiting trees, and others. In this 

text we shall call them future crop trees. A typical 

example of such a thinning is SCHÄDELIN’S thinning 

(1942) which was adapted in Slovakia for oak by 

KORPEĽ (1971) and for beech by ŠTEFANČÍK (1984). 

This thinning is also known as quality thinning. Its 

modelling consists of two phases.

In the fi rst phase, future crop trees are 

selected. It is fi rstly necessary to determine their 

number. The number is either user-defi ned or is 

derived from the required spacing of future crop 

trees (a
C
) in metres using the formula:

  2
1 10000ha.

C
C a
N =−

 (6.189)

model     1.% 0
ataVxf 

Tree species Norway spruce

Site class 16-24 26-42

Stocking 1.0 0.9 0.8 0.7 1.0 0.9 0.8 0.7

a
0

2029.66 4148.08 14155.27 254000.82 1964.26 3674.20 9887.78 52567.46

a
1

-1.1451 -1.4096 -1.8330 -2.7807 -1.1731 -1.4232 -1.8005 -2.4269

Tree species Silver fi r

Site class 16-24 26-40

Stocking 1.0 0.9 0.8 0.7 1.0 0.9 0.8 0.7

a
0

31474.81 51465.57 197623.58 2321437.26 2584.13 3427.88 6890.50 46139.44

a
1

-1.7952 -1.9623 -2.3870 -3.2086 -1.2099 -1.3275 -1.5850 -2.2835

Tree species Scotch pine

Site class all site classes

Stocking 1.0 0.9 0.8 0.7

a
0

770.02 1270.40 3420.37 -

a
1

-0.9490 -1.2201 -1.6079 -

Tree species European beech

Site class 14 16-24 26-38

Stocking 1.0 0.9 0.8 0.7 1.0 0.9 0.8 0.7 1.0 0.9 0.8 0.7

a
0

7585.84 11529.92 21698.68 221614.0 2395.65 3855.47 10310.82 136244.8 1170.85 1589.72 3045.07 20233.92

a
1

-1.3708 -1.5064 -1.7198 -2.4315 -1.1406 -1.2991 -1.6127 -2.4325 -1.0093 -1.1299 -1.3754 -2.0676

Tree species Sessile/Pedunculate oak

Site class 14 16-24 26-36

Stocking 1.0 0.9 0.8 0.7 1.0 0.9 0.8 0.7 1.0 0.9 0.8 0.7

a
0

2463.73 4764.23 41630.38 10357140 1125.89 1778.29 3854.61 47486.77 1285.52 1877.47 5938.22 44875.52

a
1

-1.1334 -1.3299 -1.9517 -3.5136 -0.9867 -1.1503 -1.4424 -2.3077 -1.0617 -1.2114 -1.6255 -2.3911

Tab. 6.31 A model of a decennial thinning percentage (FABRIKA, 2005).
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One of the known formulae can be used to 

determine spacing. For example, according to 

HUMPEL and BECKING, the optimally producing 

stand is a stand with average spacing between 

trees equal to 20 per cent of the upper height 

(h
95%

). On the other hand, KÖHLER uses the 

optimum tree crown. According to him, a Norway 

spruce crown should have a minimum length 

of 1/3 of tree height and its diameter should 

be at least one half of the crown’s length. The 

ratio between crown diameter and tree height is 

therefore 1/6. For a full canopy cover, he defi nes 

the required number of trees based on the stand 

area P in accordance with:

 10000.

6

ha. 2
1

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=−

g
C

h
PN  (6.190)

For European beech, he modifi ed the required 

ratio between crown diameter and tree height 

to 1/5. The number of future crop trees for 

regeneration felling depends not only upon 

their height and tree crown parameters, but also 

upon age, i.e. whether during thinning we select 

promising trees (by the middle of the regeneration 

period) or future crop trees (after the middle of 

the regeneration period). According to SCHÄDELIN 

(1942) and ŠTEFANČÍK (1984), the number of 

promising trees should be approximately double 

(exceptionally triple or quadruple) the number 

of future crop trees. The number of future crop 

trees for each tree species should be equal to the 

required number of given tree species at rotation 

age. If the number of future crop trees is known, 

in the next step they should be selected. We 

use positive selection from above. Preferably, 

dominant and co-dominant trees are selected, 

and if necessary, also intermediate trees. The 

selection models are based on, for example, the 

remaining score of a tree or a LOGIT-model. 

This means that we select trees with the highest 

scores (FABRIKA 2005) or trees with the lowest 

logistic probability of removal (LEDERMANN 2002), 

or with the highest logistic probability that the 

tree will become a future crop tree (ECKMÜLLER 

2002). Heuristic methods are often used 

for the selection of future crop trees. They are 

based on a methodology in the form of directed 

selection which attempts to ascertain the 

optimum composition of the group of future crop 

trees. For example, the model by ALBERT (2001) 

is based on the segmentation of an area into a 

regular raster. The raster pixel is a function of the 

number of future crop trees. In each pixel, we try 

to fi nd a suitable tree based on its vitality, stem 

quality and relative dimensions. At the same 

time, the algorithm also controls the minimum 

marginal distance between future crop trees. 

Another method for selecting future crop trees 

is interactive selection on the distribution map 

of trees over the area (NAGEL 1999). Selection 

is therefore carried out by a program user 

interactively by mouse clicking. We will address 

this method in more detail in Chapter 6.8.3.9.

In the second phase, we select the competitors 

of future crop trees, which will be removed 

from the stand. The fi rst option is the clearing 

radius method (fi gure 6.93a). In this method, we 

determine the fi xed radius around the future crop 

trees within which all trees will be removed. This 

method is very simple but it may also remove 

trees which due to their height do not necessarily 

hinder the growth of the future crop tree. The 

second method is a so called degree of release 

(fi gure 6.93b). The user determines the number 

of competitors per one future crop tree. The 

A-value is calculated for all trees surrounding 

the future crop trees in accordance with JOHANN 

(1982, 1983):

  

j

i

ij

j

D
d

d
H

A .  (6.191)

The A-value depends upon the diameter 

(D
j
) and height (H

j
) of the future crop tree, the 

diameter of the evaluated competitor (d
i
) and 

the distance between them (d
ij
). Trees around 

the future crop tree are ranked depending upon 

their A-value and the pre-defi ned number of 

trees with highest A-values is felled. Another 

option is the marginal distance method (fi gure 

6.93c). It is the opposite of the previous method. 

The required A-value is selected using JOHANN’S 

method (1982, 1983). Marginal distance dist
ij
 is 

calculated in accordance with:

  

j

ij
ij D

d
A
H

dist .=  (6.192)

The actual distance a
ij
 between the future 

crop tree j and its neighbour i is compared with 

marginal distance dist
ij
, and if the neighbouring 

tree is closer than the marginal distance (a
ij
 < 

dist
ij
), it is removed from the stand. For example, 

if the future crop tree is 20 m high with diameter 
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20 cm, and its neighbour has a diameter of 10 

cm, for values A equal to 4, 5 and 6, we obtain the 

following marginal distances: 2.5 m; 2.0 m and 

1.67 m. The mentioned distance is considered 

to be the minimum distance from the neighbour, 

i.e. the distance at which the tree is no longer 

considered to be a competitor. Therefore, 

the lower the A-value, the more intense the 

treatment, since the minimum marginal value 

for each neighbour increases. JOHANN (1982) 

defi ned various levels of treatment intensity 

depending upon the A-value, which we show in 

table 6.32. A LOGIT-model may also be used 

for selecting the competitors of future crop trees 

(ECKMÜLLER 2002). Hence, it is a fourth option. 

For each neighbour, we calculate the logistic 

probability that it is a competitor of future 

crop trees and we either remove the defi ned 

number of trees with the highest probability, or 

all trees with probability exceeding the stated 

threshold value. A fi fth option, which we may 

encounter when selecting competitors, is a 

method based on the knowledge based or 

expert systems principle. In this method, 

we defi ne the knowledge base, for example, 

using silvicultural prescriptions guidelines 

transformed to production rules. The knowledge 

base and inference mechanism ensure 

selection of suitable trees. We will address the 

general principle of the method in Chapter 10.4. 

An illustrative example of this method is the 

ThiCon model by DAUME (1998) and DAUME with 

ROBERTSON (2000).

Tab. 6.32 Levels of thinning intensity according to 
JOHANN’S A-value (1982).

A-value level of thinning intensity

4 extreme

5 very strong

6 strong

7 slight

8 low

9 very low

6.8.3.3  Modelling thinning based on the 

target dimensions of trees

The principle of this method is that a percentage 

of trees (%d
max

) with the diameter greater than 

or equal to d
max

 is felled. The number of felled 

trees (N
PP

) therefore depends upon the number 

of trees which reached or exceeded the pre-

defi ned target diameter d
max

 and the percentage 

of felled trees (%d
max

):

( )max
max .

100
% ddndN iPP ≥=  (6.193)

where  maxddn i  is the number of trees 

with a diameter greater than or equal to the target 

diameter. The method is often used in selection 

forests and in shelterwood forests. By felling the 

trees that reach the rotation age, the space for 

the following generation of trees is created. In this 

case, the rotation age is specifi ed with the target 

dimensions (target diameters), and the degree 

of canopy release is defi ned for subsequent 

shelterwood regeneration using the target 

a) b) c) 

Fig. 6.93 The principle of selecting competitors of future crop trees: a) radius clearing method, b) degree 
of release method, c) marginal distance method.
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percentage. If less than 100% of trees are felled, 

we select individuals using negative selection, 

for example, those with the lowest remaining 

score, the highest removal score or the highest 

logistic probability for removing trees. It is also 

possible to use completely random selection.

6.8.3.4  Modelling thinning based on the 

target frequency (equilibrium) curve 

of a stand

This type of thinning is typical for selection 

forests but it may also be used in any type 

of forest. The principle of the thinning is that 

we model a frequency diameter curve of the 

remaining stand. The curve is compared with 

the actual frequency curve of a stand. The 

frequencies in diameter classes, which exceed 

the modelled curve, are reduced to the value of 

the curve (fi gure 6.94). For modelling a frequency 

curve in a selection forest we most often use 

LIOCOURT’S function (1898) (see formula 6.62) 

or MEYER’S function (1952) (see formula 6.63). 

WEIBULL’S function (see formula 6.59) is suitable 

for all types of forest, not only for a selection 

forest, as well as any other functions mentioned 

in Chapter 6.3.2 can be applied. Since we only 

remove a certain percentage of trees, which 

exceed the modelled frequency in diameter 

classes, a proper selection is necessary. We use 

negative or random selection. When negative 

selection is applied, we may use the remaining 

score, removal score or logistic function as in the 

previous case.

6.8.3.5  Modelling thinning based on the 

removal function

The basis of thinning is in modelling the 

removal function (see Chapter 6.3.3.1). The 

removal function expresses the ratio of the 

frequency functions of a removal stand to a total 

stand before thinning (formula 6.64 in Chapter 

6.3.3.1). If we know the removal function r(d
i
) we 

can determine the number of trees n
i
PP which 

should be removed from the selected diameter 
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Fig. 6.94 The principle of modelling thinning based on the target frequency curve of a stand. The cross 
hatched part above the modelled curve represents the part of the stand which is removed. This is an 
example of modelling thinning in a selection forest in Freyung 129, plot 1, adapted from the publication by 
PRETZSCH (2009, page 165).

Fig. 6.95 The principle of modelling thinning based 
on the removal function. The principle illustrates 
thinning from below.
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class using the number of trees niZP in the given 

diameter class before thinning:

  ( )iZP
i

PP
i drnn .=  (6.194)

The principle of modelling thinning is shown 

in fi gure 6.95. The shape of the removal function 

depends on the type of thinning. Thinning 

from below has a typical decreasing shape 

with an infl exion point. The curve is fi rstly 

concave, then it changes to convex (fi gure 6.95, 

below). Thinning from above has the opposite 

development. The function is increasing, fi rstly 

convex and then concave. Neutral thinning does 

not change the fi nal shape of the frequency 

function and, therefore, the removal function has 

constant development or development with a 

slight increase and subsequent slight decrease. 

The shape of the function may, for example be 

achieved using a fl exible polynomial of the n-th 

degree. The methodologically most suitable 

functions for thinning from below are reciprocal 

distribution functions. As an example, we can 

use a suitable shape derived from the Weibull 

function:
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i edr
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On the other hand, for thinning from above, 

the original distribution functions are suitable, for 

example, the Weibull distribution function:
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1  (6.196)

Trees in a removal stand are selected in 

individual diameter classes based on negative 

selection, for example, using remaining or 

removal scores, or using the logistic function. We 

can also apply random selection.

6.8.3.6  Modelling thinning based on a 

thinning line

NAGEL (1996) simplifi ed the previous model 

of the removal function in the BWINPro growth 

simulator using a so called ‘thinning line’. A 

thinning line is determined by the percentage of 

felled trees in the fi rst diameter class (%d
1
) and 

the percentage of felled trees in the fi nal diameter 

class (%d
n
). The percentage of felled trees in 

intermediate diameter classes is estimated using 

linear interpolation which creates a linear vector 

(fi gure 6.96). If the thinning line is horizontal 

(%d
1
=%d

n
), it is neutral thinning. If the thinning 

line is decreasing (%d
1
>%d

n
), it is thinning from 

below. If it is increasing (%d
1
<%d

n
), it defi nes 

thinning from above. The number of felled trees 

in diameter classes is calculated using function 

6.194. The selection of trees is carried out in 

the same way based on negative or random 

selection.

6.8.3.7  Modelling thinning based on 

thinning indices

Thinning indices are indices which express 

the ratio of the dendrometric characteristic 

of a removal stand (PP) to the dendrometric 

characteristic of a total stand (ZP). We most often 

use mean diameter (d
g
), mean height (h

g
) and the 

volume of the mean stem ( v ). We distinguish 

diameter, height and volume thinning indices 

(HALAJ 1976):

ZP

PP

vZP
g

PP
g

hZP
g

PP
g

d v
vI

h
h

I
d
d

I ===    ,   ,  (6.197)

The nature of the thinning indices shows that 

for thinning from below, the index is smaller than 

Fig. 6.96 The principle of modelling thinning based 
on a thinning line (NAGEL 1996): a) neutral thinning, 
b) thinning from below, c) thinning from above.
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1 since the average values of the removal stand 

are lower than the original values of total stand. It 

is the opposite of thinning from above, for which 

the index is greater than 1 since average values 

of the removal stand are greater than of the 

total stand. In neutral thinning, average values 

are equal or close to each other, and the index 

equals or is very close to 1. In this modelling 

type of thinning, the user selects the value of 

the thinning index. For all trees, we calculate 

the selection characteristic used for negative 

selection, for example, the remaining or removal 

score of a tree, or the logistic probability of 

the tree being removed. Trees are divided into 

size classes of the evaluated characteristic, 

e.g. in case of diameters, into four centimetre 

wide diameter classes. Within these classes, 

tree selection characteristics are ranked in the 

order of a negative selection direction, which 

means that if we use the remaining score it will 

be the ascending order from the lowest to the 

highest value, while when using the removal 

score or logistic probability, the order will be 

descending from the highest to the lowest value. 

We determine the threshold of the selection 

characteristic which the sample must not 

exceed. Afterwards, the trees will start to be 

removed from size classes. In case of thinning 

from below, the removal will be performed 

starting from the lowest to the highest classes. In 

thinning from above, the removal will be realised 

from the highest to the lowest classes, and in 

neutral thinning the removal will start in classes 

with mean characteristics and continue in both 

directions. Trees below the defi ned threshold 

of the selection characteristic are removed. 

The method is iterative, i.e. performed in steps. 

After selecting each tree, we recalculate the 

thinning index and compare it with the defi ned 

index. Selection is fi nished if the index reaches 

or is as close as possible to the preset thinning 

index. A thinning method using thinning indices 

attempts to resemble the numerical transfer 

of mean characteristics which are created 

artifi cially after performing treatments in a stand. 

In case of thinning from below, an increase in 

mean diameter or mean height of the remaining 

stand occurs when compared to a total stand. 

The opposite happens in case of thinning 

from above. Neutral treatment retains mean 

characteristic values. Since mean characteristics 

do not change due to growth processes, but 

the changes are in the form of shift caused by 

artifi cially changed population structure, we talk 

about numerical changes. 

6.8.3.8  Modelling geometric thinning using 

schematic treatment

This is technically the simplest automated 

thinning. It is carried out using a schematic 

method. In this thinning, the horizontal area 

is divided into a regular system of geometric 

patterns, for example, strips, a square, rectangular 

or triangular grid, etc. The set of these patterns is 

user defi ned. For example, the user determines 

the diameter of the thinning strips, their spacing 

and direction, or specifi es the dimensions of 

the square, rectangular or triangular grid or the 

scheme of removed grid elements. The scheme 

can be systematic or random. Treatment takes 

place in selected thinning elements. Either all 

trees are removed, or every second or third tree 

is removed. Selection criteria or criteria using the 

regularity of spacing between trees may be used 

for selection. We can also select a tree species 

for felling, or select a range of a dendrometric 

characteristic (minimum to maximum) from which 

trees are removed (every tree, or every second or 

third tree). This type of thinning is less frequent in 

common practice. It is mainly used in plantation 

stands. Since it only rationalises its practical 

implementation and, very rarely, the production, 

quality and yield level of a stand, it is less suitable 

for regular management forests. 

6.8.3.9  Modelling thinning using the 

interactive method

The interactive method of performing 

treatments in a modelled forest stand is when 

the model user cooperates directly with the 

growth simulator algorithm. This means that 

after completing the simulation of the period, the 

algorithm halts and waits for the selection of the 

removed trees or also possibly future crop trees 

by the program user. Therefore, this is mutual, 

continuous cooperation between the user and 

the computer program. The only exemption is the 

case when the user defi nes the trees in advance 

using e.g. a list. This case is also considered 

to be an interactive treatment, since the trees 

are not selected by a computer algorithm but 

by the user alone. The rate of interactivity 

depends upon the rate of abstraction. We will 

give several examples in the order from the 

highest rate of abstraction to the most interactive 

methods of selecting trees. The fi rst example is 
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selection from a list. Such models are based 

on database. This means that we open a table 

with a list of trees or their state variables, and 

the user defi nes thinning or future crop trees 

in this table. A suitable attribute (column) of a 

table is used, which is fi lled in with regard to a 

convention agreed in advance. For example, 

number 1 means a future crop tree, and number 

-1 means a removed tree. Other trees have a 0 

value. Such a treatment can be performed before 

a full period of simulation or, preferably, after 

partial periods of simulation, which are separated 

by thinning treatments. The second case is more 

interactive since the user sees the simulations 

and the changes of tree production parameters, 

and therefore, he can make more responsible 

decisions. The fi rst case is mainly suitable for 

simulating the development of experimental 

plots from the past to the present, when we know 

the selected trees in advance and we attempt 

to compare the results of the simulations with 

empirical reality for the purposes of validating 

and calibrating the model (see Chapter 3.6.4). 

The selection of trees in accordance with the 

list was implemented, for example, in SILVA 

growth simulator - Batch Version (PRETZSCH et 

al. 2002) and SIBYLA (FABRIKA 2005). Another 

example of the interactive selection of trees is 

the selection depending upon size classes. 

Such interactivity was implemented, for example, 

in PROGNAUS growth simulator (STERBA et 

al. 1995). The computer program displays a 

suitable histogram. It could be a graph showing 

diameter classes. The user selects the number 

of removed trees in individual diameter classes 

(fi gure 6.97). It is basically a user defi ned removal 

function. This selection is more interactive than 

selecting from a list since the user has a better 

idea of the type and intensity of treatment. 

Another method of an interactive treatment of a 

forest stand during simulation is the selection 

from a map of the stand. In case of such a 

selection, the horizontal projection of the area 

of the forest stand, together with a map of tree 

distribution over the area is displayed. Trees are 

displayed in the form of a crown projection or 

basal area, or both characteristics are displayed. 

The user selects the trees on the computer 

Fig. 6.97 An example of interactive thinning depending upon size classes in PROGNAUS growth simulator 
(STERBA et al. 1995).
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monitor using the cursor. The selected trees 

will be distinguished by a different colour (future 

crop and removed trees). Such a treatment was 

implemented, for example, in MOSES growth 

simulator (HASENAUER 1994). It is a treatment 

with a high level of interactivity since apart from 

the type and intensity of treatment, a change in 

the horizontal structure of the forest can also 

be well controlled. We can achieve an even 

higher level of interactivity if we modify it into a 

form of selection from a 3D stand projection. 

The stand is displayed using parallel or central 

projection (see Chapter 9.5). We create a ’3D 

drawing‘ of the stand which enriches the image 

of the stand structure by including a vertical 

profi le. Trees from the stand projection are 

selected on the computer screen. An example 

of such methods of interactive treatment may be 

seen in BWINPro growth simulator (NAGEL 1999). 

Selecting from virtual reality is probably the 

most interactive method for selecting trees. The 

forest is displayed as virtual forest stand (see 

Chapter 9.7). We may virtually ’walle‘ or even ’fl y‘ 

in the stand. We carry out selection by touching 

the trees using the cursor. Selected trees are 

marked, for example, using a green stripe for a 

future crop tree and a red stripe for a tree which 

should be felled (fi gure 6.98). When selecting, 

we can also use the information about the tree 

in a special window of the program (data about 

important tree state variables). This selection 

method was implemented, for example, in 

SIBYLA growth simulator (FABRIKA 2005), but 

specialised tools are also available, which can 

be used as an extension to growth simulators. 

A suitable example is the TreeView program 

(SEIFERT 1998) as an extension to the SILVA 

growth simulator (PRETZSCH et al. 2002).

6.8.3.10  Modelling felling in regeneration 

elements

Unlike previous types of activities consisting 

of thinnings, this treatment is regeneration 

felling. Its aim is to clear a part of the stand for 

the new generation of the stand. Felling models 

are often linked to subsequent models of natural 

regeneration or artifi cial planting of stands. Since 

preparatory, seed and release felling (see fi gure 

1.13) in the developmental cycle of a shelterwood 

forest (see Chapter 1.1.6) can be well simulated 

using thinning treatments, for example, using a 

heavy, quality thinning from above by applying 

the method of future crop trees or target 

diameter method, we will focus upon felling in 

regeneration elements in the developmental 

cycle of a clear cut forest (see fi gure 1.11). When 

modelling this felling, we must defi ne the shape, 

size and position of regeneration elements 

(fi gure 6.99). Patch felling in the shape of a 

circle can be specifi ed with the coordinates of 

the patch centre (X
OP 

, Y
OP

) and patch diameter 

(D
2
). Strip cutting in the shape of a strip can be 

specifi ed with the coordinates of the point lying 

on the central axis of the strip cut (X
OP 

,Y
OP

), 

strip width (D
2
) and the rotation of the cut using 

angle  measured from the north (identical to 

the strip cut axis azimuth). Inside patch or strip 

cuts (red areas) we can also defi ne the area 

of the protective zone (green areas) using the 

diameter or width of the protective zone (D
1
). 

The protective zone represents the part of the 

felling element, where no trees are cut. It serves 

for protecting the new generation of the stand in 

case of the extension (addition) of regeneration 

elements in the subsequent stages of stand 

regeneration. If it is the fi rst stage of regeneration 

or if it is felling without protective elements, value 

tree for 
thinning 

future crop 
tree 

Fig. 6.98 An example 
of interactive thinning 
using virtual reality 
in SIBYLA growth 
simulator (FABRIKA 
2005).
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D
1
 equals zero. A similar effect of protecting the 

next generation can be achieved by defi ning the 

threshold height of trees under which felling does 

not take place. The principle of the regeneration 

cutting elements method is that all trees or trees 

above a defi ned threshold height are felled in 

regeneration elements (red area). The practical 

algorithm is based on calculating the distance of 

each tree from the centre of the patch based on 

tree coordinates (x
i
, y

i
) using the formula

 ( ) ( )22
OPiOPii YyXxl −+−=  (6.198)

or is based on determining the perpendicular 

distance from the strip cut axis using the formula

( ) ( )[ ]
( )[ ] 190

.90.90
2 +−−

−−−+−−
=

α

αα

tg

XtgYyxtgl OPOPii
i  (6.199)

Trees whose distances from the centre of the 

patch or strip cut axis are in the red zone will be 

removed from the stand:

  
22

21 DlD
i   (6.200)

6.9  Modelling the growth of trees and 

stands

Modelling the growth of trees or stands 

represents the core element of all growth 

models. We will now look at the most frequently 

used methods of modelling tree growth or 

whole stands starting from classical regression 

methods, through multiplication algorithms up to 

more modern reduction of growth potential.

6.9.1 Growth regression model

Regression models rank amongst the oldest 

methods for describing the growth of trees 

or stands characteristics. A growth variable 

or its increment is a function of one or more 

independent variables. Various regression 

functions are used, but mainly growth and 

increment functions. They are derived by fi tting 

equations to empirical data, for example, the 

least square method (see Chapter 3.4.1). When 

modelling the growth of trees or stands, we use 

various control relationships, main relatonships 

and cross relationships (ŠMELKO et al. 1992).

Defi nition 6.14

Control functions express the key 

parameters used for describing the growth 

ability or production performanve of the 

individual or population. 

Main functions express the growth of 

tree variables or the development of stand 

variables or their increment using curves, 

depending upon the age, diameter or height 

of the individual or population. They are also 

infl uenced by control functions which modify 

their parameters.

Cross functions serve for secondary 

derivation of other variables of a tree or 

a stand using parameters from control 

functions, variables from basic functions and 

valid dendrometric equations or allometric 

functions.

Control functions serve for describing 

site class and yield level. In tree models this 

could be, for example, the growth potential 

of a tree. It can be described by the function 

of the tree height depending upon the age 

of the tree under the given site conditions. 

These can be expressed using ecological site 

classifi cation (see Chapter 4.4.5). The result 

of the classifi cation can be, for example, a 

relative position (index) for interpolating curve 

in possible range. In stand models this is, for 

Fig. 6.99 The principle of defi ning the position and 
size of regeneration elements for the purposes of 
modelling regeneration felling activities: a) patch 
cutting, b) strip cutting.

a) b) 
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example, stand site class. It describes the 

yield performance of a stand on the base of, for 

example, the actual mean or upper height of the 

stand and its age. The result may be either an 

absolute site class in the form of a dependent 

variable at a certain age, or a relative site class 

as the relative level from a selected scale 

(see Chapter 4.5.1). A frequently used control 

function is also the yield level. The yield level 

defi nes the relative level of stand stock or basal 

area depending upon the degree of its natural 

density (see Chapter 4.5.2). This may differ 

even for the same species, site class and age. 

Main functions are most often modelled using 

yield and increment functions (see Chapter 

4.1.1). The parameters of these functions are 

produced using control functions. The diameter 

and height of a tree or a stand are often used as 

independent variables, but most frequently the 

functions are related to the age of an individual 

or population. Dependent variables are the 

main variables such as diameters, heights, 

basal areas, volumes or stock. The functions 

model their growth curves. The variables, 

which are not expressed via the growth curves 

of main functions, can be derived using cross 

functions. These are classical dendrometric 

equations. Dendrometric equations 

mathematically link individual variables. Since 

these are not regression equations, we call 

them cross functions. For example, we can 

determine tree volume from tree diameter and 

height using a volume equation (see Chapter 

6.1.4.3). We can determine tree basal area from 

tree diameter. We can determine the number 

of trees from stand stock and the volume of 

the mean stem. Based on the number of trees 

and the basal area of the mean stem, we can 

calculate the stand basal area, etc. Apart from 

dendrometric equations, we can also use 

allometric functions (see Chapter 4.2).

We will demonstrate control, main and cross 

functions using a model of Slovak yield tables 

for the main tree species (Norway spruce, Silver 

fi r, Scotch pine, European beech and Sessile/

Pedunculate oak) by HALAJ et al. (1987). The 

example is extracted from the article by PETRÁŠ 

et al. (2010). It is a version of yield tables which 

are not differentiated at stock level.

A control functions is stand site class (Q) as 

a function of age (t) and mean height (h
s
):

   shtfQ ,  (6.201)

Main functions defi ne the development of mean 

height (h
ZP

), mean diameter (d
ZP

) and stock (V
ZP

) of a 

total stand depending upon age (t) and site class (Q):

  ( )tQfVdh ZPZPZP ,,, =  (6.202)

and using the same method, they also defi ne 

the volume of the mean stem (v
PP

), mean diameter 

(d
PP

) and mean height (h
PP

) of the removal stand:

  ( )tQfhdv ppppPP ,,, =  (6.203)

All other values are then calculated using 

cross functions:

for a total stand:

volume of mean stem (via volume equations):

  ( )ZPZPZP hdfv ,=  (6.204)

number of trees per hectare:

  

ZP

ZP
ZP v

VN =  (6.205)

basal area per hectare:

  
2.

4
. ZPZPZP dNG π

=  (6.206)

for a removal stand:

number of trees per hectare:

  ( ) ( ) ( )5+−= tNtNtN ZPZPPP  (6.207)

basal area per hectare:

  
2.

4
. PPPPPP dNG π

=  (6.208)

stock per hectare:

  PPPPPP NvV .=  (6.209)

for a remaining stand:

number of trees per hectare:

  PPZPHP NNN −=  (6.210)

basal area per hectare:

  PPZPHP GGG −=  (6.211)

stock per hectare:

  PPZPHP VVV −=  (6.212)
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For total production:

total volume production:

( ) ( ) ( )iVtVtCOP
t

i
PPHP ∑

=

+=
0

 (6.213)

total current increment: 

( ) ( ) ( )
10

55 −−+
=

tCOPtCOPtCBP  (6.214)

total mean increment:

   
t

tCOPtCPP   (6.215)

An example of an excerpt from yield tables is 

shown in fi gure 6.100.

In many regression models, the construction 

of a control function forms the foundation from 

which other relationships are derived. Typical 

examples of such models are yield tables. We 

will show which basic methods can be used 

for creating control functions. We currently 

distinguish three construction principles: strip, 

tangent and combined methods.

The strip method was fi rst used by FRANZ VON 

BAUR for constructing yield tables for Norway 

spruce in 1876. When constructing a site class 

system, he created an orthogonal graph with age 

on the x axis and mean heights of all research 

plots on the y axis. He obtained a scatterplot 

representing the entire production space. He 

bounded it with upper and lower envelope 

curves. The curves start at the origin of the 

orthogonal system and were shaped like growth 

functions. He divided this space in a vertical 

direction (in the direction of the y axis) into strips 

of equal width. The highest strip was assigned 

the value of the best site class, i.e. the Roman 

numeral I. He proceeded in the direction towards 

worse site classes II, III and IV. He drew site class 

curves through the centres of the appropriate 

fi elds. The site class curves expressed functions 

relationships, based on which the stand is 

classifi ed into a site class. The closest site class 

curve is found using age and mean height of the 

stand. The method is used if we ascertain the 

relationship on temporary or short term research 

Fig. 6.100 An extract from Slovak yield tables (HALAJ et al. 1987) for Norway spruce (lower positions), stock 
level 2 and site class 30.
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plots. The result of such observations is a series 

of stand characteristics which can be put into 

an artifi cial time series, i.e. growth series (see 

Chapter 2.1.1). Although this method is simple 

and less fi nancially demanding, it is static and 

in contradiction with the dynamics typical for the 

growth process (ŠMELKO et al. 1992). At present, 

more modern methods are used which attempt 

to eliminate the subjective factor in the process 

of constructing strips. In 1979, ROD introduced 

a method which allows constructing control 

functions for the site classifi cation of stands using 

Korf’s growth function (see table 4.2 in Chapter 

4.1.6). We shall now present this method on the 

base of the construction of a site class system of 

Slovak and Czech yield tables (HALAJ et al. 1981, 

ŘEHÁK 1981, PETRÁŠ 1983). Halaj used the original 

Rod method as a basis with slight modifi cation. 

The description of the method is extracted from 

the publication by ŠMELKO et al. (1992). Using 

regression methods (for example, the least 

square method), Korf’s curve is calculated from 

the scatterplot representing mean heights in 

relation to age:

   
nt

n
c

ehth
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max.  (6.216)

For pre-selected ages (t), minimum three 

ages (lower, medium and upper), we calculate 

standard deviation of heights (s
h
). We derive the 

upper and lower envelope curves based on the 

Korf’s function, standard deviation and Student’s 

critical value at a level of signifi cance =5%:
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( ) ( ) hdown

hup

stthth
stthth
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−=

+=
 (6.217)

Using regression techniques, the curves are 

fi tted to points that were created in accordance 

with the previous formula. It is expected that 

height increment at an age of 100 years i
h
(100) 

is a linear function of stand height at the given 

age h(100):

     100.100100 hbahih   (6.218)

The values of the annual height increment 

and mean height at an age of 100 years from 

the upper, medium and lower Korf’s curve are 

entered in formula 6.218, which allows regressive 

derivation of parameters a and b. Since height 

at an age of 100 years is, at the same time, an 

absolute site class (Q) and the increment is the 

fi rst derivation of the function, we can also write 

formula 6.218 as follows:

  QbaQ .  (6.219)

The value of parameter n from three Korf’s 

curves (upper, medium and lower) is related to 

site class:

  
dQwn .  (6.220)

This creates a system of three equations. By 

resolving the system we obtain the values of 

parameters w and d. The relative rate of growth in 

accordance with the Korf’s function is expressed 

using the formula:

  
ntc

h
h 


.  (6.221)

From this formula, we can derive parameter c:

dQwnn

Q
Qba

Q
Qt

h
hc .100..100.. 







  (6.222)

From formula 6.216 we can derive the 

parameter h
max

, if instead of h(t) we use site class 

value Q and for age (t) we use 100 years. We 

obtain the formula:

  
n

n
c

e

Qh





1100.

1
max  (6.223)

We obtain a growth curve for the selected 

value of site class Q by deriving parameters a, 

b, w and d. Using these parameters, we can 

then calculate parameters c and n with formulae 

6.220 and 6.222. Finally, we also calculate the 

parameter h
max

 using formula 6.223. This is 

how we receive all the parameters of the Korf’s 

function (formula 6.216). The function will ensure 

that it will intersect the fi xed point P(100,Q).

The tangent method attempts to remove the 

shortages of temporary or short term research 

experiments. WEISE (1880) was the fi rst to use 

this method. The height growth of a stand is 

derived from the analysis of felled dominant 

stems in older stands (see stem analyses in 

Chapter 2.1.1 and 6.1.1). At the same time, it is 

assumed that these trees belonged to dominant 

trees for their whole lives. However, the research 

confi rmed this assumption is valid only for a 

certain period. Depending upon many factors, it 

is approximately 50 to 60 years. Stem analyses 
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allow very accurate and reliable analysis of tree 

height growth since they capture the proper 

time series of a tree. However, the problem 

with them is their representativeness. A small 

sample of trees cannot capture the development 

of an entire stand reliably. On the other hand, 

a large sample is very costly. If we have height 

analyses from samples available, we can defi ne 

the empirical direction scatterplot from the 

set of three values t
i
, h

i
 and i

h
. In literature about 

production, the fi eld is known as the Wolf ś 

direction scatterplot of development. In several 

works, WOLF proved (e.g. 1957, 1982) that the 

knowledge of empirical direction scatterplot can 

be used advantageously for the construction of 

control functions of growth models. The annual 

increment i
h
 is used as an approximate value 

of growth rate (current increment) at points t
i
 

and h
i
. This is how we obtain many empirical 

values from stem analyses, using which we 

may credibly display the developmental trend 

of growth curves (fi gure 6.101). SLOBODA (1971) 

followed Wolf’s works and developed a method 

for deriving yield functions. He directly uses stem 

analyses to adapt the yield function to suit the 

empirical development of height growth. His 

function contains only one free parameter which 

defi nes the site class value. At the same time, he 

showed how to determine other parameters from 

stem analyses which are constant for a certain 

site class system. Values h
i
 and t

i
 from stem 

analyses are entered into the fi rst derivation of a 

yield function. Using these values, we calculate 

the expected values of current increment. These 

are compared with the actual height increments 

i
h
. Based on the least square method, we 

determine the parameters of the function (a, b, c) 

so that the difference between actual increments 

and modelled current increments is minimal:

( ) ∑
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⎟
⎠

⎞
⎜
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min65ln..,,  (6.224)

However, the method described only applies 

if the curves of height analysis do not intersect. 

Therefore, sorting must take place before the 

calculation itself in order to exclude all intersecting 

curves. If intersection occurs frequently, at 

least two different site class systems must be 

constructed. ŠMELKO et al. (1992) point out that 

the proposed sorting method is fairly subjective. 

It does not analyse whether the intersection of 

the curves was caused by objective or random 

causes.

The combined method links both previous 

principles. Based on the sample tree method, 

stands are classifi ed into growth series and 

the derivation of control functions is carried out 

using the strip method. As an example of the 

method we present the procedure by ZAGREJEV 

(1980). It combines stands of different ages 

for deriving curves. It assumes that the stands 

have approximately the same development 

if their heights match in three supporting age 

points. This conformity is verifi ed by stem 

analysis. The method is shown in fi gure 6.102. 

Particular experimental stands are classifi ed 

into appropriate growth series by comparing 

their heights with standard growth curves of 

sample trees. For coniferous and hard-wooded 

deciduous tree species, the author recommends 

the establishment of experimental plots in 50, 

100 and 150 year-old stands and for soft-wooded 

deciduous species in 20, 50 and 80 year-old 

stands. For one tree species and site class level, 

it is suffi cient to establish 10 experimental plots, 

from which 4 should be in the youngest stands, 3 

in middle-aged, and 3 in the oldest stands.

Some models try to avoid control functions in 

such a way that the growth variable or its increment 

is derived directly based on a multi-dimensional 

regression formula. This approach is mainly 

used in modern tree models. We will demonstrate 

the method using an example of the Austrian 

PROGNAUS model (STERBA et al. 1995). The fi ve 

year increment of tree basal area (i
g
) is a function 

of tree diameter (d
1.3

), the ratio between crown 

length and tree height at the start of the period 

(cr), the percentile of tree basal area (PCT, see 

Chapter 6.8.1), the crown competition factor (CCF, 

see Chapter 6.6.2.6), altitude (alt), slope (s), aspect 

(a), width of humus horizons (F, H), soil depth (sd), 

soil relief category (sr), soil moisture (sm), type of 

vegetation (vt), soil type (st) and growth region (R) 

in accordance with the formula by MONSERUD and 

STERBA (1996):

( ) ( )RstvtsmsrsdHFasaltCCFPCTcrdfig ,,,,,,,,,,,,,,ln 3.1=  (6.225)

The fi ve year increment of tree height (i
h
) is a 

function of tree diameter (d
1.3

), tree height (h), the 

ratio of crown length to tree height (cr), the fi ve 

year increment of tree diameter (i
d
), altitude (alt), 

slope (s) and aspect (a) in accordance with the 

formula by HASENAUER (1999):
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( ) ( )asalticrhdfi dh ,,,,,,ln 3.1=  (6.226)

The tree diameter increment is derived from 

the basal area increment. Updated diameters 

and heights of trees after a 5 year period are 

obtained as the sum of the original values and 

their increments.

6.9.2 Multiplication growth model

A multiplication model uses multipliers of 

tree or stand growth (see Chapter 4.1.3). A new 

value of an individual or population is derived by 

multiplying the initial value and the appropriate 

multiplier. The method has been spread in forest 

modelling thanks to the authors KANGAS (1968) 

and WENK (1972). Multipliers may be derived 

using a continuous model or a discrete model.

A continuous model uses a growth multiplier 

which is derived from a yield function using an 

analytical method. We call it a momentaneous 

multiplier M
t
. Multipliers change based on the 

continuous function. Table 6.33 shows examples 

of four frequently used yield functions with their 

relative growth rates and momentaneous growth 

multipliers. As we can see from the table, there 

is an explicit mathematical relationship between 

relative growth rate and the momentaneous 

growth multiplier. The fi nal value of the growth 

variable (y
t+


t
) is calculated based on the initial 

value of the growth variable (y
t
) and the growth 

multiplier:

  



 

1

.
tt

ti
ittt Myy  (6.227)

This method represents the mathematical 

extension of basic relationships of growth 
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Fig. 6.102 The sample treee method designed by ZAGREJEV (1980).

Fig. 6.101 Scheme of an empirical direction 
scatterplot of the development (SLOBODA, 1971).
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models. If it is applied to the original initial value 

of a growth function, for the selected period 

t we will obtain a value lying along the same 

growth curve. The method therefore copies 

the yield function from which the multiplier was 

derived. However, an advantage is that the 

growth process is relativised. This is because 

the multiplier may also be applied to initial values 

which are not situated at the growth curve 

from which the multiplier was obtained. If we 

determine a new variable only using the original 

regression formula, we could obtain the resulting 

values which can induce non-confi dence (for 

example, stagnation or a decrease in value). 

Growth multipliers eliminate this problem.

A discrete model uses a growth multiplier 

derived from periodic time series, for example, 

yield tables. We call it a periodic multiplier 

M
t
+

t
. Multipliers change in ‘shift’ at regular, 

discrete intervals. They are used if the continuous 

function of a growth variable is not available, 

or if the calculation of a growth variable at a 

selected age is not simple. We may encounter 

the fi rst case in relation to yield tables, in which 

we do not know the algorithm functioning in their 

background, but we only know the resulting 

tabular values. From such tabular outputs, we 

can derive growth multipliers and save them in 

the form of a database table. The model uses the 

table in order to choose the required multiplier. 

The mulitplier is selected on the base of tree 

species, age and stand site class. The second 

case may be related to modelling changes in 

the remainining stand after the previous thinning 

and transferring them into a total stand before 

the next thinning. In this case, we can also 

derive growth multipliers and archive them in 

the form of a database table. Since the period 

of modelled growth changes does not have 

to equal the period of a growth multiplier, we 

recommend using the following method (FABRIKA 

1998, 1999). If modelling of the changes of the 

variable moves from one period to another period 

(fi gure 6.103), we use multipliers derived from all 

the affected periods. For example, fi gure 6.103 

shows updating of the status from age t
1
=47 

years to age t
2
=53 years. The growth process 

occurred during two periods, i.e. from 45 to 50 

years and from 50 to 55 years. We therefore use 

two multipliers: from the fi rst period and from the 

second period. From them, we derive annual 

multipliers, and we use the fi rst multiplier for age 

from 47 to 50 years three times and the second 

multiplier for age from 50 to 53 years three times. 

Generally, following fi gure 6.103, the formula can 

be expressed as:

Tab. 6.33 Example of four frequently used yield functions with their relative growth rates and 
momentaneous growth mutlipliers.

author growth 
function relative growth rate instant growth multiplier 
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To derive the annual multiplier we use the 

fi fth root since the multiplier covers fi ve years. It 

arises from the law of multiplication (see chapter 

4.1.3) which led us to the geometric average.

We will demonstrate a discrete model of 

multipliers using an example of a model by 

FABRIKA (1998, 1999). It is a stand model which 

updates mean height, mean diameter and stand 

stock. We will only focus upon the part of the 

model which derives multipliers. A complete 

model serves for updating all important stand 

characteristics, while it also accounts for thinning 

treatments and numerical changes of mean 

stand characteristics. The model uses annual 

multiplier of mean height growth derived from 

5-year changes in mean heights of a total stand:

  5

,

5,
1,

tZP

tZP
th h

h
M +

+ =  (6.229)

A change in stock between thinning treatments 

is calculated from the change in stock of the 

remaining stand (after thinning) into the stock of 

a total stand (before thinning). It uses the annual 

multiplier of growth in stock:

( )
5

,

,5,,
1,

.

tHP

SPtHtZPtHP
tV V

KVVV
M

−+
= +

+  (6.230)

A multiplier considers response of diameter 

increment activated by growth space release which 

had already been observed in the initial production 

research experiments (MÜLLER 1958, SIOSTRZONEK 

1958). Therefore, it uses the light increment 

coeffi cient K
SP

. This depends upon the stocking of 

the stand. It is derived from reduction factors used 

in German management practice (KRAMER and AKÇA 

1982). The reduction factors for Bavaria were used 

since the production conditions in Bavaria are close 

to those in Slovakia. Coeffi cient K
SP

 represents the 

index of an increment increase depending upon 

the stocking degree (SD). It is calculated using the 

regression model:

3
3

2
210 ... SDaSDaSDaaKSP +++=  (6.231)

The model coeffi cients are given in table 6.34 for 

Norway spruce, Silver fi r, Scotch pine, European 

beech and Sessile/Pedunculate oak. The values 

of the function range from 1 to the maximum value 

of the coeffi cient. The maximum value depends 

upon tree species. If the calculated coeffi cient 

value is lower than 1, the coeffi cient explicitly 

equals 1. Figure 6.104 shows the development 

of coeffi cients depending upon stand stocking. 

European beech reacts to changes in stand 

density most signifi cantly, and with a decrease in 

stocking, it almost linearly increases the increment 

up to the double of the original value at stocking 

of 0.1. Scotch pine has a similar development of 

the index of an increment increase, but its value is 

approximately one quarter lower, and at stocking of 

0.1 it reaches 1.5 multiple. An increase in increment 

for Sessile/Pedunculate oak, Norway spruce 

and Silver fi r has a very similar development, 

culminating at stocking of 0.6 after which it slightly 

decreases. Multiplier of the growth in mean 

diameter is derived from the mutual relationship 

between multipliers:

( )
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 (6.232)

The expression on the left side of the equation 

expresses stand stock at the end of the period, 

tree species a
0

a
1

a
2

a
3

Norway spruce, Silver fi r 0.909133333 0.861872572 0.523543124 -1.3154623

Scotch pine 1.55033333 -0.35453379 -0.28240093 0.0839161

European beech 2.08746667 -0.53525253 -0.94393939 0.3888889

Sessile/Pedunculate oak 0.86333333 1.36173271 -0.77325175 -0.4663947

Tab. 6.34 Regression model coeffi cients for calculating light increment coeffi cient (FABRIKA 1999).
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obtained as a multiplication of mean stem at 

the end of the period derived using partial 

multipliers (M
d,t+t 

, M
h,t+t

 and M
f,t+t

) and the 

number of trees at the end of the period (N
ZP,t+t

). 

The expression on the right side of the equation 

expresses stand stock at the end of the period 

calculated from the stand stock at the beginning 

of the period and a total stand growth multiplier 

(M
V,t+t

). The number of trees at the beginning 

of the period (N
HP,t

) and at the end of the period 

(N
ZP,t+t

) are identical, since they represent a 

change from the remaining stand after thinning 

to the total stand before thinning (i.e. between 

thinning treatments). Based on this reasoning 

and modifi cation of formula 6.232 we can derive 

the equation:

  ttftth

ttV
ttd MM

M
M




 

,,

,
, .  (6.233)

The multiplier of a form factor change can be 

derived from the model of growth tables using the 

form factors of the mean stem of a compound stand 

at the beginning and at the end of the period using:

  

tZP

ttZP
ttf f

f
M

,

,
,

Δ+
Δ+ =  (6.234)

This model can be constructed from any yield 

tables. The multipliers of the growth of particular 

variables need to be calculated with regard to 

tree species, site class and age, and recorded in 

the external database in the tabular form.

6.9.3  A model of reduction of growth potential

A model of reduction of growth potential is one 

of the effi cient models which are currently often 

implemented within tree growth simulators. We 

may encounter them in the following simulators: 

FOREST (EK and MONSERUD 1974, MONSERUD 

1975), MOSES (HASENAUER 1994), BWIN (NAGEL 

1996), SILVA (PRETZSCH et al. 2002), CORKFITS 

(RIBEIRO et al. 2003), SIBYLA (FABRIKA 2005) and 

others. It is basically an extension of regression 

models. A reduction of growth potential is mostly 

linked to tree models. It is based on the increment 

derived from growth potential. Growth potential is 

Fig. 6.103 Method of using a discrete model of growth multipliers if the growth period is not identical to 
the periods of multipliers. Transferring multipliers from one period to another period is resolved using 
algorithm 6.228.

Fig. 6.104 A model of light increment coeffi cients 
(FABRIKA 1999).
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modelled using a regression curve, for example, 

a yield function. It depends upon site conditions. 

The site may be expressed by its ecological site 

index or using stand site class (see Chapters 4.4 

and 4.5). The potential increment is derived from 

a growth curve:

   sitefiPOT
x   (6.235)

The increment is reduced depending on actual 

tree growth conditions using a modifi er (Mod). 

The modifi er depends upon the competition 

pressure, tree vitality, the site conditions and/or 

other characteristics:

,...),,( sitevitalityncompetitiofMod   (6.236)

The actual tree increment is derived by 

reducing the potential increment:

  Modii POT
xx .  (6.237)

The basic ’foundation stone‘ of the model is 

the derivation of growth potential. The most 

frequent approach is interpolation of the curve 

from a range of growth curves from the poorest 

to the most fertile site. Depending upon the 

nature of the algorithm, we distinguish between 

unimorphic, anamorphic and polymorphic 

interpolation (RENNOLLS 1994).

Defi nition 6.15

Unimorphic interpolation is based on a 

fi xed set of parameters of a growth curve (a 

parameter of scaling a modelled variable, 

a parameter of time scaling and a shape 

parameter). A fi xed set of parameters defi ne 

the discrete division of a production space 

into equally wide production segments.

Anamorphic interpolation is based on a 

continuous change of the parameter of scaling 

a modelled variable or a parameter of time 

scaling, which creates a continuous model 

used for changing the position of a curve 

within the production space. This interpolation 

stretches or shrinks the function in the direction 

of the modelled variable or time.

Polymorphic interpolation is based on con-

tinuous change of a function shape parameter 

whilst other parameters may be constant or 

variable. This interpolation bends the curve.

Unimorphic interpolation is defi ned by fi xed 

non-intersecting curves which create a system 

of yield functions with regular spacing. It is a 

discrete model. Interpolation lies in selecting 

the closest curve within their range. Anamorphic 

and polymorphic interpolations are continuous. 

In anamorphic interpolation the parameter of 

scaling a modelled variable or the parameter 

of time scaling change. We demonstrate 

interpolation using an example of the function 
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Fig. 6.105 The principle of anamorphic and 
polymorphic interpolation using an example of the 
Chapman and Richards function:  ctbeay .1.  :
a) anamorphic interpolation with scaling in the 
direction of the y value, b=0.05, c=3, a changes 
from 8 to 28 with a step of 2; b) anamorphic 
interpolation with scaling in the direction of age 
t, a=20, c=3, b changes from 0.01 to 0.05 with 
steps of 0.004; c) polymorphic interpolation, a=20, 
b=0.05, c changes from 0.5 to 5.5 with steps of 0.5.
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by Chapman and Richards (RICHARDS 1959, 

see table 4.2 in Chapter 4.1.6). Parameter 

a expresses the asymptote of a curve and 

represents the parameter of scaling a dependent 

variable y. Parameter b expresses the parameter 

of scaling an independent variable t, is age. One 

of the parameters changes continuously, which 

creates a system of non-intersecting curves. If 

a modelled variable is scaled, with an increase 

in parameter a the function is stretched in the 

direction of the y axis (fi gure 6.105a). The curves 

reach the asymptote at the same age but achieve 

a greater maximum value. They never merge and 

their increment culminates at the same age. If 

age is scaled, an increase in parameter b causes 

shrinkage of the function in the direction of the x 

axis (fi gure 6.105b). The curves have the same 

maximum value but reach the asymptote at a 

lower age. They merge at different ages and their 

increment culminates earlier. If we change the 

shape parameter in the function, we will achieve 

polymorphic interpolation. In the Chapman-

Fig. 6.106 The principle of a model of the reduction of tree growth potential based on ecological site 
classifi cation. The model is tree age independent and, apart from the site conditions, it also considers the 
level of tree competition pressure and tree vitality (KAHN and PRETZSCH 1997)

Mod 
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ih = ihPOT . Mod 
ihPOT = f(site) 
Mod = f(competition, 
             vitality, site) 
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Richards function, it is parameter c. We bend 

the function by changing this parameter (fi gure 

6.105c). If parameters a and b are constant, 

the curves merge at the same age and value, 

but they change their initial steepness. With 

an increasing parameter c the curves are less 

steep. Polymorphic interpolation may be carried 

out without changing other parameters, or by 

changing one or two of the other parameters. 

In terms of modelling a reduction of growth 

potential, polymorphic interpolation with a 

change in all parameters is most suitable.

We demonstrate a reduction of growth 

potential using the model by KAHN (1994) which 

was implemented in SILVA model (PRETZSCH et 

al. 2002) and also later in SIBYLA model (FABRIKA 

2005). The principle is shown in fi gure 6.106. The 

model is based on ecological site classifi cation. 

Nine site characteristics enter the model (s
1
 to s

9
): 

nutrient content in the soil, average temperature 

in a growing season, length of growing season, 

annual temperature amplitude, content of 

atmospheric carbon dioxide, content of nitrogen 

oxides in the atmosphere, aridity index, the 

amount of precipitation per growing season and 

soil humidity. The unimodal function of dose and 

response is constructed for each characteristic 

(see Chapter 4.4.1). Using these functions, all 

nine input values of doses are transformed into 

nine result values (r
1
 to r

9
). The unimodal function 

by KAHN (1994), defi ned by breakpoints, is used 

(see Chapter 4.4.2.3). From the nine result 

values r
1
 to r

9
, we derive a complex result r using 

equation 4.69 in Chapter 4.4.4. Coeffi cients  in 

equation 4.69 express the nature of the mutual 

effect of individual variables (from limiting to 

compensating). Complex result r expresses the 

relative effect upon the size of tree increment 

(from 0 to 1). Using this, we interpolate the curve 

in a range between the maximum and minimum 

tree height growth for the best and worst sites. 

Polymorphic interpolation is used. Therefore, 

all parameters of the function change: the height 

scaling parameter, age scaling parameter and 

the shape parameter. Figure 6.107 displays the 

production range of growth in tree heights for 

SILVA and SIBYLA models. SILVA model uses 

the Chapman and Richards function (RICHARDS 

1959) and SIBYLA model uses the Korf function 

(KORF 1939). Interpolation starts with deriving the 

asymptote of a curve (height scaling parameter) 

based on linear interpolation within the range 

between the minimum and maximum asymptote. 

Then, using a linear method, we interpolate 

the age of increment culmination between the 

minimum and maximum culmination ages. Using 

a regression model, from culmination age we 

fi rstly derive the function shape parameter and, 

from this, we derive the age scaling parameter. 

This is how we create a growth potential curve 

of tree height depending upon its age in given site 

conditions. We derive the potential increment 

from this curve. The principle is shown in fi gure 

6.106. In return, the age of the tree is derived 

from the curve based on the actual tree height. 

The length of the growth period is added to the 

age of the tree. A new tree height is derived for 

the new age of the tree. The difference between 

the new and old heights represents the potential 

increment. This model does not require the age 

of the tree at input and it is therefore an age 

independent model. Based on the site nature 

(expressed by characteristic r), the level of tree 

competition pressure (expressed by competition 

index KKL, see Chapter 6.6.2.8, formula 6.157) 

and tree vitality (expressed by the size of the tree 

crown surface S
c
, see Chapter 6.2.3.2, formula 

6.47), we determine the value of the modifi er 

Mod. The potential tree increment is reduced 

using the modifi er (formula 6.237). We obtain 

the actual tree height increment which considers 

the site conditions, competition pressure and 

tree vitality. The tree diameter increment is 

also modelled using a similar method. A more 

detailed description of the model including 

model coeffi cients can be found in the works of 

PRETZSCH and KAHN (1998), and FABRIKA (2005).

6.10  Variables and parameters in empirical 

models

To conclude the problematics focusing 

upon empirical models, we shall return to the 

variables and parameters of growth simulators 

from Chapter 5.1.1. We will mention how they 

are represented in models and their software 

products.

Exogenous variables express the state 

of the surroundings of the empirical model 

using inputs into the system. They are mainly 

related to the stand or its area and are not 

infl uenced by the forest ecosystem in the short 

term. They are expressed directly or indirectly. 

Direct exogenous variables include climate 

characteristics such as the length of a growing 
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season, average temperatures and temperature 

amplitudes, the sum of precipitation and others, 

soil characteristics such as soil humidity, the 

supply of nutrients, soil horizon widths, etc. 

Direct exogenous variables are used in relation 

to ecological site classifi cation (see Chapter 

4.4.5). They are either explicitly entered by 

the system user or are generated based on 

site generators. Generators are based on 

geographic, geo-morphological, relief and 

typological stand properties, for example, latitude 

and longitude, altitude, forest region, altitudinal 

forest vegetation zone, terrain aspect, terrain 

slope and forest type. The principle of generating 

climatic characteristics using regionalisation 

in geographic information system environment 

will be presented at the end of the publication 

(Chapter 10.6). Indirect exogenous variables 

include stand site class, yield level, growth type, 

etc. They are related to the selection of a control 

relationship in a growth model.

Intermediary variables also express the 

state of the surroundings of system elements 

but are infl uenced by the system in return 

within short time intervals. Typical variables 

include competition indices related to the 

stand or the tree, depending upon the nature 

of the model. Competition indices describe 

0

10

20

30

40

50

60

0 50 100 150

0

10

20

30

40

50

60

0 50 100 150

0

10

20

30

40

50

60

0 50 100 150

0

10

20

30

40

50

60

0 50 100 150

0
5
10
15
20
25

30
35
40
45
50

0 50 100 150

Spruce 

Fir 

Pine 

Beech 

Oak 

t 

t 

t 

t 

t 

hmax hmax 

hmax hmax 

hmax 

SIBYLA 
SILVA 

Fig. 6.107 A comparison of the production range of tree height growth in the most fertile and poorest 
site conditions in SILVA (PRETZSCH et al. 2002) and SIBYLA (FABRIKA 2005) models for Norway spruce, 
Silver fi r, Scotch pine, European beech and Sessile/Pedunculate oak. SILVA model uses the Chapman 
and Richards function (RICHARDS 1959) and SIBYLA model uses the Korf function (KORF 1939). SILVA 
model is applicable for Germany and SIBYLA model is applicable for Slovakia.
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light conditions in a forest stand by which they 

defi ne the microclimate conditions for tree and 

stand growth. Competition indices infl uence the 

increment of trees and stands; they change the 

growth constellation of trees which, in return, 

changes the values of competition indices.

State variables are the target values of trees 

and stands. Models are constructed with the aim 

of capturing their changes and development. 

In empirical models, primary state variables 

include biometric characteristics of trees and 

stands. Empirical relationships directly model 

their changes, whether using main functions, a 

multiplicative approach or using a reduction of 

growth potential. In tree models these are, for 

example, tree diameter and height, stem shape, 

parameters and shape of tree crowns, tree 

volume and others. In stand models these are, 

for example, mean diameter, mean height, the 

volume of the mean stem, basal area, stock and 

others. On one hand, these values form inputs 

into the system in the form of its initial state 

and, on the other hand, also system outputs. 

Some characteristics are often unknown when 

defi ning the initial state. Tree models are mainly 

demanding in terms of input values (diameters 

and heights of trees in the area, their coordinates, 

crown parameters, etc.). We therefore encounter 

structure generators in empirical models. Their 

task is to derive unknown input characteristics 

based on known values. We will briefl y explain 

the principle of generating a structure using 

SIBYLA model (FABRIKA 2005). A generator allows 

the use of input data at various levels of detail 

(table 6.35), starting from the data of individual 

trees with the possibility to generate heights, 

crown parameters, quality and tree coordinates, 

or using the data on diameter classes, quality 

assortment classes, and repeated measurement 

of tree heights, as well as stand data from 

the mensuration survey or the description 

parameters of a selection forest. Of course, 

with a decreasing level of input detail, accuracy 

and conformity between the generated and the 

actual structure also decrease. Figures 6.108 

and 6.109 show fl ow diagrams of the algorithm 

for generating tree data in a simulation plot. The 

algorithm is based on the principle of checking 

the accessibility of data. We fi rst check more 

detailed data, and if they are not available we 

gradually move to more aggregated data sources 

(frequency of categories or average and per area 

characteristics) from which more detailed data 

are generated using algorithms. The method is 

as follows:

1.  If no data on individual tree diameters are 

available, we use a model for generating 

diameters. First, we check the existence 

of diameter frequencies from we which we 

generate tree diameters. It uses random 

generation of a diameter in the diameter 

class, with the number of repetitions equal 

to the frequency of a diameter class. If no 

data on frequencies are available, we use 

mean diameter and a diameter coeffi cient 

of variation for modelling a frequency 

curve using the Weibull function (see the 

model described in Chapter 6.3.2.4). If the 

information about the coeffi cient of variation 

is not available, we use the degree of 

variance (1 to 3) or if this is not available we 

use the mean degree of 2.

2.  If no data on the heights of individual trees 

are available, we use a model for generating 

heights. We fi rstly check the existence of 

repeated measurements of tree heights in 

the stand. If these are not available we use 

data on the mean stand height. If we have 

the measurements of heights in diameter 

classes, we can derive the model of the 

current height curve with the regression 

analysis using the Michajlov function (see 

table 6.11 in Chapter 6.4.2). If we only have 

the measurements of heights for the mean 

stem, or the resulting mean height, we use a 

model of a uniform height curve (see formula 

6.74 and coeffi cients in table 6.12 in Chapter 

6.4.2). Using height curves, we complete the 

calculation of tree heights for tree diameters.

3.  If no data about crown parameters exists 

(height to crown base, crown diameters, 

crown shapes, crown surfaces), we use a 

model to complete their calculation based 

on the diameters and heights of individual 

trees (see formulae 6.38, 6.37, 6.29 and 6.41 

to 6.47 in the appropriate Chapters).

4.  If no data on tree quality (quality grade 

and damage) are available, a model for 

generating quality is used. It is possible 

to directly use the quality grades and the 

proportion of damaged trees in individual 

diameter classes. In this case we generate 

tree quality and the existence of its damage 

with regard to their overall proportions. 

Another option is to use aggregated data on 

the overall percentage presence of quality 
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grades and damaged trees in a stand, from 

which we generate values for individual 

trees. If no aggregated data exists, we use a 

model that calculates them from stand age 

and mean stand height. Due to the restricted 

extent of the publication, we will not address 

the issue of modelling tree quality here. 

General approaches to modelling quality 

can be found in the publications by ŠMELKO 

(2007) and ŠMELKO et al. (2003) and a 

particular method for modelling tree quality 

in SIBYLA model is described in the work by 

FABRIKA (2005).

5.  If no data on tree coordinates are available, a 

model for their generation is used. The model 

is based on the size of the simulation plot 

and the probability of the incidence of a tree 

in the plot (see modelling macrostructures 

and microstructures in Chapter 6.5.7).

For simplifi cation, the fl ow diagrams in fi gures 

6.108 and 6.109 are shown without generating a 

structure for selection forests, where the Weibull 

frequency function is replaced with the algorithm 

of Liocourt or Meyer (see Chapters 6.2.2.5 

and 6.2.2.6) and the standard height curve is 

replaced by a height tariff (see formula 6.75 and 

coeffi cients in table 6.13 in Chapter 6.4.2).

Initial state variables are visualised in empirical 

models using schematic visualisation techniques 

(see fi gures 5.17, 5.18 and 5.20), tables 

(see fi gure 5.19) or graphs (see fi gure 6.97). 

Schematic visualisation is based on drawing a 

horizontal projection of a stand with tree stems 

and crowns, illustrating the stand profi le or a 

view of the forest stand using 3D projection. Tree 

state variables transformed into simpler solids 

are used for illustration. Virtual reality can also 

be used (see fi gure 6.98). We shall address the 

issue of visualisation in Chapter 9.

Secondary state variables include 

characteristics derived using subsequent 

regression, allometric, ratio or dendrometric 

relationships. They are very often described 

using cross functions. A typical secondary 

variable is tree or stand biomass. It is stated in 

kg of dry mass (organic materials in a dry state). 

Methods for the derivation of biomass vary. Two 

methods are most frequently used: allometric 

equations and biomass expansion factors.

Allometric equations (see Chapter 4.2.1) 

describe the relationship between biomass and 

a selected variable, for example, tree diameter, 

tree height, tree volume, etc. Several authors 

have dealt with them (DREXHAGE and COLIN 2001, 

ECKMÜLLNER 2006, FEHRMANN and KLEINN 2006, 

SEIFERT et al. 2006, MUUKKONEN 2007 and others). 

We shall give an example for deriving biomass 

based on the volume of merchantable wood over 

bark (v) using the allometric equation used in the 

Slovak SIBYLA model (FABRIKA 2005):

  ib
ii vaB   (6.238)

Index i indicates the symbolic marking of a 

part of the tree (stem, branch, bark, assimilation 

organs, roots, etc.). For these parts, we use 

different coeffi cients a
i
 and allometric constants 

b
i
 that are derived empirically. They are given in 

table 6.36. Biomass is obtained as a sum of the 

required components i within the column:

Stem wood biomass: 

9

7

5

3

1
biomassbiomassbiomass

i
i

i
i ++∑∑

==

Stem bark biomass:

 1084 biomassbiomassbiomass ++

Biomass of wood and bark of all branches:

∑
=

13

11i
ibiomass

Biomass of assimilation organs: 14biomass

Biomass of roots and stumps: 15biomass

Total aboveground biomass: ∑
=

14

1i
ibiomass

Total tree biomass: ∑
=

15

1i
ibiomass

The biomass of Scotch pine, European beech 

and Sessile/Pedunculate oak was derived in 

accordance with works by SEIFERT et al. (2006), 

whilst the biomass of Scotch pine needles 

was recalculated into a single level model 

depending upon merchantable wood over bark 

instead of an original model depending upon the 

overall biomass of branches over bark. Other 

relationships were used unchanged. The volume 

of Norway spruce stem for wood and bark was 

determined using volume equations by PETRÁŠ 

and PAJTÍK (1991) based on the diameters and 

heights of trees from the overall growth spectrum. 

This was recalculated using the density of 

absolutely dry wood in accordance with Slovak 
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technical standards and the density of absolutely 

dry bark based on works by WILEN et al. (1996) into 

the resulting biomass. The biomass was weighted 

using allometric relationships. Norway spruce 

needles were derived in accordance with PETRÁŠ 

et al. (1985). However, it was transformed from 

the original dependence upon tree diameter and 

height into the dependence upon merchantable 

wood over bark using volume equations (PETRÁŠ 

and PAJTÍK 1991). Norway spruce branches were 

derived using a formula by LEDERMANN and NEUMANN 

(2005), which was given in Chapter 6.2.3.3 

(formula 6.50). Tree diameters and heights from 

the whole production spectrum were used. Crown 

lengths and diameters were added in accordance 

with the model by PRETZSCH (2001, page 205). The 

formulae are given in Chapter 6.2.3.1 (formulae 

6.37 and 6.38) and in Chapter 6.2.2.1 (formula 

6.32). The derived biomass was linked to the 

volume of merchantable wood over bark based 

on volume tables by PETRÁŠ and PAJTÍK (1991) and 

was weighted using an allometric formula. Roots 

with stumps of all tree species were expressed 

in accordance with DREXHAGE and COLIN (2001). 

The original dependences upon diameters were 

transformed into dependences upon the volume 

of merchantable wood over bark. 

Another method for deriving biomass is using 

the biomass expansion factor BEF.

  vBEFB ii .  (6.239)

Factors express the amount of biomass 

contained in a tree volume unit. It is a special 

case of allometry called isometry (see Chapter 

4.2.1). Several authors have addressed the 

factors in their research (LEHTONEN et al. 2004 and 

2007, LEVY et al. 2004, RUBATSCHER et al. 2006, 

TOBIN and NIEUWENHUIS 2007, PAJTÍK et al. 2008, 

ALBAUGH et al. 2009, TEOBALDELLI et al. 2009 and 

others). They are derived empirically and their 

values differ depending upon the particular part 

of the tree (biomass components).

An estimate of the content of elements bound 

in one kilogram of biomass may follow the 

calculation of the amount of biomass using the 

formula:

  21000
10.. iji

ij

JOPB
E =  (6.240)

JOP is the unit content of element j (for 

example, carbon or nitrogen) in biomass 

component i (for example, assimilation organs, 

stem, branches or roots) in 10 mg.kg-1. Table 

6.35 shows the average content of carbon and 

nitrogen in individual biomass components for 

Norway spruce and European beech according 

to BUBLINEC (1994).

From the carbon content, it is also possible 

to calculate the amount of consumed carbon 

dioxide (CO
2
) and produced oxygen (O

2
) 

based on proportional fi gures derived from the 

molecular weights of oxygen and carbon:

nature of input data data source
level of detail 

and precision

tree data
permanent research plots,
permanent monitoring plots,

other research objects

highest

d
a
ta

 o
n

th
e
 f
re

q
u
e
n
c
y

diameter-height-quality
taxation
with measurement of heights in diameter classes

diameter-quality
taxation
with measurement of heights for the mean stem

diameter-height
sampling stand inventory
with measurement of heights in diameter classes

diameter
sampling stand inventory
with measurement of heights for the mean stem

stand data description of stands (forestry management plan)

parameters of selection forests description of the nature of a selection stand lowest

Tab. 6.35 Opt ions for inputs and information sources for generating a forest structure in SIBYLA growth 
simulator (FABRIKA 2005).
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666.3
12

1216.2.2
2

≈
+

≈
+

=
C
COICO  (6.241)

666.21.2
22

≈−≈= COO I
C
OI  (6.242)

The carbon content is multiplied by the given 

ratios and we obtain the amount of consumed 

carbon dioxide and produced oxygen.

System parameters in empirical models 

are numerous and are mainly in the form of 

coeffi cients of regression or allometric equations, 

or in the form of semi-empirical constants or 

breakpoints of fuzzy functions. Of the many, we 

shall mention coeffi cients of a stem taper curve 

(for example, table 6.1), coeffi cients of volume 

equations (for example, table 6.4), coeffi cients 

of a crown morphological curve and tree crown 

parameters (for example, tables 6.5 and 6.6), 

coeffi cients of diameter frequency functions 

(for example, tables 6.8 and 6.9), coeffi cients 

of height curves (for example, tables 6.12 and 

6.13), parameters for calculating competition 

indices (for example, table 6.21), coeffi cients for 

mortality functions (for example, tables 6.22 and 

6.23), coeffi cients of used fuzzy functions (for 

example, table 6.27), coeffi cients of used growth 

functions within control and main functions, 

breakpoints of a unimodal function of dose and 

response, coeffi cients for aggregating unimodal 

functions (see Chapter 4.4.4), etc.

i component
tree species

Norway 
spruce

Silver fi r Scotch pine
European 

beech
Sessile/

Pedunculate oak

1
wood: heartwood 

of the under crown 
part of the stem

a=0.00
b=1.00

a=0.00
b=1.00

a=83.02937
b=1.43455

a=0.00
b=1.00

a=239.35524
b=0.91377

2
wood: sapwood of 
the under crown 
part of the stem

a=0.00
b=1.00

a=0.00
b=1.00

a=231.24992
b=0.81631

a=0.00
b=1.00

a=118.59439
b=0.69621

3
wood: stem under 

crown 
a=0.00
b=1.00

a=0.00
b=1.00

a=0.00
b=1.00

a=210.68760
b=0.77224

a=0.00
b=1.00

4
bark: stem under 

crown 
a=0.00
b=1.00

a=0.00
b=1.00

a=39.16843
b=0.80202

a=10.37506
b=0.64022

a=45.06596
b=0.70382

5
wood: heartwood 
of the crown part 

of the stem

a=0.00

b=1.00
a=0.00
b=1.00

a=0.00
b=1.00

a=0.00
b=1.00

a=20.91876
b=1.41245

6
wood: sapwood of 
the crown part of 

the stem

a=0.00

b=1.00

a=0.00

b=1.00

a=0.00

b=1.00

a=0.00

b=1.00

a=25.29398

b=0.98762

7
wood: crown part 

of the stem
a=0.00
b=1.00

a=0.00
b=1.00

a=30.03737
b=1.03728

a=230.24005
b=1.11706

a=0.00
b=1.00

8
bark: crown part of 

the stem
a=0.00
b=1.00

a=0.00
b=1.00

a=10.34185
b=1.95368

a=13.37899
b=0.94875

a=10.90074
b=1.10815

9 wood: whole stem
a=359.9829
b=1.0109

a=359.9829
b=1.0109

a=0.00
b=1.00

a=0.00

b=1.00

a=0.00

b=1.00

10 bark: whole stem
a=23.42283

b=0.83914

a=23.42283

b=0.83914

a=0.00

b=1.00

a=0.00

b=1.00

a=0.00

b=1.00

11
timber and bark of 

main branches

a=0.00

b=1.00

a=0.00

b=1.00

a=45.39340

b=0.99047

a=141.47996

b=0.98063

a=82.74600

b=1.28756

12
timber and bark of 

side branches

a=0.00

b=1.00

a=0.00

b=1.00

a=9.95603

b=0.61797

a=21.09590

b=1.00518

a=4.76608

b=1.02394

13
timber and bark of 

all branches

a=70.50953

b=0.59141

a=70.50953

b=0.59141

a=0.00

b=1.00

a=0.00

b=1.00

a=0.00

b=1.00

14
needles and 

leaves

a=29.09803

b=0.82284

a=29.09803

b=0.82284

a=8.656895

b=0.458439

a=7.54715

b=0.91214

a=3.53665

b=1.19439

15
roots and stump 

(over bark)

a=114.7132

b=0.8556

a=114.7132

b=0.8556

a=287.7954

b=0.9626

a=189.9271

b=0.8772

a=208.2261

b=0.7839

Tab. 6.36 Parameters of a biomass model in SIBYLA growth simulator (FABRIKA 2005). The grey boxes 
contain existing formulae for the appropriate components. The white boxes indicate the fact that the given 
component is unknown.
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START 

existing 
tree diameters 

? 

existing 
diameter 

distribution ? 
nj(dj) 

existing 
mean diameter ? 

dg 

END 
with fail 

generating tree  
diameters 

nj.random(di)=f(dj) 

existing 
coefficient of variation ? 

sd% 

existing 
degree of variance 

 for diameters ? 
sr 

sr := 2 

tree 
diameters 

di 

existing heights 
of trees ? 

 

existing 
repeated measure- 

ments on tree 
heights ? 

existing 
mean height ? 

hg 

END 
with fail 

frequency diameter 
curve (Weibull f.) 
nj=f(dg ,sd% ,dj) 

sd%:=f(dr,dg 
,sr) 

repeated measurements 

by 
diameter 
classes 

dj 

for 
mean 

diameter 
dg 

regression 
analysis 

 )(ˆ
jj dfh

arithmetic 
average 

 
jg hh

real 
height curve 
Michajlov f. model 

height curve 
JVK=f(dg ,hg) tree 

heights 
hi 

E1 

YES 

NO NO NO 

YES 

YES YES 

NO NO YES 

NO NO NO 

YES 

YES YES 

Fig. 6.108 A fl ow diagram of generating forest structure in SIBYLA model (fi rst part) by FABRIKA (2005).
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E1 

existing 
crown parameters ? 

crown 
parameters 

cdi , chi ,cVi ,cSi 

existing 
tree quality data? 

tree 
quality 

quali  {A,B,C,D} 
dmgi  {0,1} 

existing 
tree coordinates 

? 

tree 
coordinates 

xi ,yi 

END 

generating 
crown 

parameters 
ci=f(di ,hi) 

existing 
 presence of quality 
grades in diameter 

classes ? 

existing 
 presence of quality 

grades in 
stand ? 

existing 
tree species  

age ? 
END 

with fail 

generating tree 
quality 

quali=f{%qualj } 
dmgi=f{%dmgj } 

generating 
presence of quality 

in stand 
%qual=f(t,hg) 

%dmg=f(t) 

existing 
simulation 

plot ? 
END 

with fail 

generating 
tree coordinates 

xi ,yi=random 

NO 

YES 

NO NO NO 

YES YES 
YES 

YES 

NO NO 

YES YES 

generating tree 
quality 

quali=random(%qual) 
dmgi=random(%dmg) 

NO 

biomass component

average content of an element (JOB) in 10 mg.kg-1

carbon nitrogen

Norway spruce European beech Norway spruce European beech

stem wood 52920.000 52860.000 99.750 93.000

stem bark 50050.000 48890.000 487.620 675.000

branches 52582.397 52114.841 265.080 323.964

assimilation organs 49252.000 49410.000 1269.000 2565.000

roots and stump 52320.961 50540.696 111.346 334.632

Fig. 6.109 A fl ow diagram of generating forest structure in SIBYLA model (second part) by FABRIKA (2005).

Tab. 6.37 The average content of carbon and nitrogen in individual components of biomass according to 
research by BUBLINEC (1994) for Norway spruce and European beech.
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Summary

Methods of stem analyses or non-

destructive methods based on geodetic 

or photogrammetric systems are used for 

measuring tree stem shapes. The aim of 

modelling stem shape is to create a taper 

curve of stem. The following methods are 

used for its construction: composite taper 

curves method (fi g. 6.6 to 6.8), taper section 

method (fi g. 6.9), methods of direct or indirect 

smoothing of a taper curve, or a linear model 

(fi g. 6.11). Stem volume is modelled by 

rotating the taper curve (fi g. 6.12) using regular 

sections or based on volume formulae (tab. 6.2 

and 6.3). Destructive analyses of crowns or 

non-destructive geodetic or photogrammetric 

methods are used to measure the tree crown. 

The result of modelling is the morphological 

curve of a crown (e.g. fi g. 6.20). Symmetrical 

or asymmetrical shapes are used for modelling 

the crown (fi g. 6.23). Crown diameter and 

height to crown base, crown surface and 

crown volume and other characteristics are 

modelled from biometric characteristics (fi g. 

6.24). Diameter structure of a stand is used 

for determining the frequency of individual 

diameters or diameter classes in the stand. 

Diameter frequency functions such as 

Charlier A-function, beta function, gamma 

function, Weibull function, Liocourt function 

and Meyer function are used. A change of 

diameter structure over time (dynamics) is 

modelled on the base of regression changes 

of frequency function parameters (fi g. 6.30 

and 6.31) using differential equations or on the 

base of random (stochastic) Markov processes 

(fi g. 6.32 and 6.33). Height structure is used for 

modelling tree heights or heigths of diameter 

classes. Based upon the stand type and the 

nature of the model, the diameter-height 

curve, the height growt curve or the height 

tariff of even-aged or uneven-aged forests 

is selected. Various forms of mathematical 

functions are used for their construction (tab. 

6.11). Within the scope of spatial structure, 

the method of horizontal distribution of trees, 

stand density, differentiation, diversity and 

mixing are evaluated when modelling a forest. 

A list of frequently used characteristics is 

shown in table 6.14. The so called Poisson 

forest is used as a reference for evaluating 

the horizontal structure. To evaluate the 

horizontal structure, the following indices are 

applied: Clark-Evans aggregation index (fi g. 

6.42), Pielou’s distribution index, Clapham’s 

relative variance (fi g. 6.44), Morisita’s index 

of dispersion, Ripley’s K-function (fi g. 6.45a), 

Besag’s L-function (fi g. 6.45b) or Stoyans’ 

pair correlation function (fi g. 6.45c). Stocking 

and canopy cover are modelled within stand 

density. Canopy cover can be estimated using 

rasterisation and ‘dot-count’ method (fi g. 6.48), 

by calculating overlapping areas (fi g. 6.49 and 

tab. 6.16) or on the basis of Crookston and 

Stage empirical relations. Reineke’s Stand 

Density index is often used for expressing 

stand density. Differentiation between trees 

in a stand is evaluated using a coeffi cient of 

variation or Füldner’s differentiation index (fi g. 

6.50). Diversity in a forest stand is calculated 

using Shannon’s entropy, Pretzsch ś species 

profi le index (fi g.6.51) or is expressed using 

Stoyans’ mark correlation function (fi g. 6.53). 

Species mixture in a stand is quantifi ed 

using Füldner’s intermingling index (fi g. 6.54) 

or Pielou’s segregation index (fi g. 6.55). 

The aim of modelling a spatial structure in 

forest simulators is to generate parameters 

and tree coordinates. It often consists of 

generating a macrostructure, which addresses 

the intermingling and mutual arrangement of 

species, and generating a microstructure, 

which deals with the positioning of individual 

trees with the generated parameters. Various 

methods are used for determining tree 

competitors (fi g. 6.59): the fi xed radius method, 

the crown intersection method, the angle count 

method and the light cone method. Various 

competitive indeces and characteristics are 

calculated on the base of these approaches, 

or various methods are used, for example 

Bell’s index (fi g. 6.60), Hegyi’s index (fi g. 6.61), 

Alemdag’s sum of circular segments (fi g. 

6.62), Martin and Ek’s index, horizontal cross-

section method (fi g.6.63), crown competition 

factor (fi g. 6.64), Biging’s and Dobbertin’s 

index (fi g. 6.65), Pretzsch’s index of crown 

light competition (fi g. 6.66), rasterisation of 

stand area (fi g. 6.67), Thiessen’s growth 

area polygons (fi g. 6.69 and 6.70), spatial 

rasterisation and counting points (fi g. 6.71, 6.72 
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and 6.73), calculating spatial distances (fi g. 

6.74) or diffusion site factor from hemispherical 

projection (fi g. 6.75 and 6.76). Edge effect 

correction is often used due to the nature of 

competitive indeces. The following methods 

are available: the mirroring method (fi g. 6.77), 

the shift method (fi g. 6.78), the method of 

structure generation (fi g. 6.79) and the linear 

expansion method (fi g. 6.81). In terms of dying 

trees, natural mortality of trees and withering 

of trees caued by hazards/diturbances are 

modelled. Natural mortality can be simulated 

using Logit model (fi g. 6.83), discriminant 

function, threshold competition pressure (fi g. 

6.84) and threshold stand density. Methods of 

factor and regression analysis, Monte Carlo 

method, planary geometry, fuzzy based rules 

or the chaos theory are used for modelling 

the tree mortality due to injuruious agents. 

Frequent components of these models 

are determination of hazard, exposure, 

vulnerability, resistance, resilience, risk and 

loss. Fuzzy based rules are often applied to 

select individual dead trees using selectors, 

indicators or quantifi ers (tab. 6.28). Various 

methods are applied to connect several fuzzy 

based functions (tab. 6.29). In modelling tree 

mortality, the chaos theory can be applied 

based on a phase diagram (fi g. 6.89), strange 

attractors and orbit. Another important element 

of forest simulators is modelling the impact 

of forest felling. Frequently, these models 

comprise a part determining the sociobiology 

position of trees, which can be performed 

using the discrete BIOSOC method (fi g. 6.90) 

or the continuous PCT method (fi g. 6.91). The 

selection of trees during thinnings is frequently 

based on remaining or removal scores of 

trees. For modelling of felling operations, 

various methods were proposed: based on the 

sociobiology position of the trees, the support 

of crop trees (fi g. 6.93), target tree dimensions, 

target frequency curve of the stand (fi g. 6.94), 

the removal function (fi g. 6.95), the thinning 

line (fi g. 6.96), thinning indices, geometric 

thinning, interactive method (fi g. 6.97 and 6.98) 

or regeneration elements (fi g. 6.99). Modelling 

the growth of trees and stands can be 

addressed using regression models which 

contain control, main and cross functions. A 

typical example are yield tables. Strip, tangent 

and combined methods are used to derive 

control functions. Another method for growth 

modelling is the use of multipliers. There are 

continuous and discrete models. A frequently 

applied method is the reduction of growth 

potential (fi g. 6.106). Within total production 

range, growth potential is interpolated on the 

base of actual climatic characteristics and 

site conditions. Unimorphic, anamorphic or 

polymorphic methods are used for interpolation 

(fi g. 6.105).
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How did a fractal infl uence forest modelling?

Whilst studying the reasons for war, scientist 

Lewis Fry Richardson decided to investigate 

the relationship between the probability of 

war between two countries and the length of 

the border separating them. When collecting 

information, he discovered that there are 

signifi cant differences between various sources 

stating the lengths of borders between countries. 

For example, the border between Spain and 

Portugal was stated to be from 987 to 1214km, 

whilst the border between the Netherlands and 

Belgium was supposed to be from 380 to 449km 

long. He discovered that the border length varies 

with the unit of measurement of length. He 

discovered an empirical relationship which was 

later used by the mathematician and founder 

of fractal theory, Benoît Mandelbrot, in his 

article from 1967 entitled: ’How long is Britain’s 

coastline?‘. Richardson measured the coastline 

of Britain using a ruler with a length equal to 

200 km on the map. The ends of the ruler had to 

touch the coastline and he counted the number 

of ruler lengths to cover the circumference of 

the country. He then cut the ruler in half and 

repeated the measurement. He repeated this 

method several times (fi gure 7.1a). He realised 

that the smaller the ruler, the larger the result. 

We can suppose that these values would 

gradually converge to a number representing 

the ‘right’ length of the coastline. However, 

Richardson demonstrated that the measured 

length of coastlines and of other natural features 

appears to increase without limit as the unit of 

measurement is made infi nitely smaller. This is 

known as the Richardson effect. At that time, 

Richardson’s research was ignored by the 

scientifi c community. Today, this knowledge is 

considered to be one of the key elements in the 

modern study of fractals. In Euclidean geometry, 

objects have integer dimensions. For example, 

length has a dimension of 1, area has a dimension 

of 2 and volume has a dimension of 3. Fractals 

have fl oating point dimensions. For example, the 

dimension of the British coast is circa 1.24 and 

therefore it cannot be measured using common 

tools such as a ruler or a compass. The basic 

property of a fractal is its self-similarity. It 

works in such a way that if we enlarge a part of 

a fractal pattern, we will obtain detail similar to 

the original image. Natural objects have similar 

properties. If we break a branch from a tree 

and consider the base of the branch as the tree 

foot, the branch will resemble the tree. If we 

break a smaller twig from the branch, it will also 

resemble the original tree (fi gure 7.1b). In 1968, 

Aristid Lindenmayer used this principle to defi ne 

L-systems and used them fi rst for modelling the 

development of simple multi-cellular organisms. 

His colleague, Przemyslaw Prusinkiewicz, 

studied the principles of growth, branching and 

the creation of buds, leaves and fl owers in more 

detail and transformed these into a developed 

form of L-system. They later published the book 

‘The Algorithmic Beauty of Plants’ (PRUSINKIEWICZ 

and LINDENMAYER 1990). This book still forms the 

basis for structural modelling of plants, although 

Lindenmayer had passed away from serious 

disease before it was fi rst published.

What will we learn in this chapter?

Derivation of the basic rules of plant formation 

in a space by mathematicians provided the 

basis for structural modelling of trees. In this 

chapter, we will describe L-systems applicable 

for modelling of plant morphology. We will defi ne 

terms such as fractal, morpheme and graftal, 

using which we are able to create a morphology 

of more complicated images and plants, and 

transform it into visual form. We will become 

familiar with ’turtle‘ and ’eagle‘ graphics which 

assist in the visualisation of plants in two or three 

dimensional form. Graphics create a transfer 

mechanism to rewrite strings into the form of 

7.  Methods of structural modelling of forest 

ecosystems

’Like a great poet, Nature knows how to produce the greatest effects with the most limited means.‘

(H. Heine)
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replacement images. As a fi nal result, they 

produce the overall appearance of the plant. We 

will address the basic types of L-systems from 

context-free, through deterministic, bracketed, 

stochastic, and context-sensitive up to parametric 

systems. We will show how we can utilise their 

properties in plant modelling. We will address 

methodological approaches for generating 

plant organs such as leaves, fl owers or fruit. 

Finally, we will concentrate upon tree modelling. 

We will address the modelling of morphology 

based on acrotonous, basitonous, mesotonic 

and monotonous growth. We will show how to 

model the monopodial or sympodial growth of 

trees. We will also apply L-systems in modelling 

tropisms. We will express the competition 

between individuals and senescence (ageing) 

of organs using L-system methods. Finally, we 

will explain the possibility to model biometric 

tree variables within tree morphology. This 

chapter will lead us through these issues only 

in basic features and principles. More detailed 

information about structural modelling of plants 

may be found in specialised publications, from 

which we mainly recommend the fundamental 

book by PRUSINKIEWICZ and LINDENMAYER (1990) or 

the book by KURTH (1999).

7.1 Lindenmayer systems (L-systems).

Defi nition 7.1

L-systems are parallel rewriting systems as 

a variant of a formal grammar. They are used 

for the production of fractals. The basis of 

their production is rewriting strings following 

certain rules. The rules are defi ned in advance 

in a set of rules known as grammar.

The Hungarian theoretical biologist and 

botanist, Aristid Lindenmayer, whilst at the 

University of Utrecht in 1968, introduced the 

a) 

b) 

Fig.7.1 Basic principle of fractal geometry: a) fl oating point dimension in an example of measuring the 
length of the British coastline (with a decreasing measurement unit, the length of the coastline increases, 
its fractal dimension is 1.24), b) tree, branch, twig and shoot is an example for self-similarity (by gradual 
reducing the detail we obtain similar shapes).
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concept of L-systems, also called Lindenmayer 

systems (LINDENMAYER 1968). The systems were 

created as a result of modifying the original formal 

grammars used in mathematics so that they 

could be used for modelling the development of 

simple, multi-cellular organisms. The systems 

originate from dynamic cellular automata (CA). 

The principle is to replace one cell by the fi nal 

number of cells with a defi ned state in the 

next generation. This replacement is known 

as rewriting. It uses fi rmly stated simple rules 

which have recursive properties. This means 

that at each step, all original cells are replaced 

by a group of new cells in accordance with given 

rules. This ensures that the new generation is 

similar to the previous but it continues to grow. 

This is the property known as self-similarity.

We will demonstrate L-systems in an example 

of the blue-green cyanobacteria Anabaena 

catenula which LINDENMAYER used (1968) as the fi rst 

example of applying his system. Cyaonbacteria 

consists of cells with various cytological statuses. 

The cytological status expresses their readiness 

to divide and, at the same time, is represented 

by their physical size. Cells also have polarity 

which determines the course of their joining. 

The resulting organism then consists of a set of 

symbols (V). In our case, these symbols are a 

and b which represent the cytological statuses of 

the cell and their indices l and r which represent 

the polarity of the cells. In fi gure 7.3, a type cells 

are shown as a larger polygon and b type cells 

as a smaller polygon. Their polarity is illustrated 

with an arrow whilst the arrow to the right is for 

polarity r and to the left for polarity l. Polarities are 

also differentiated with colour. Right polarity is 

grey and left polarity is white. At the beginning of 

the initial division of the cyanobacteria, we have 

one cell, cell a
r
,
 
for example. This initial status is 

called axiom (A). In L-system terminology, this 

expresses the starting word or string of symbols. 

The axiom can be written as:

  ra:  (7.1)

The method of division or reproduction of cells 

is expressed by a set of rules (P).

  

ll

rr

rll

rlr

abp
abp

abap
baap






:
:
:
:

4

3

2

1

 (7.2)

The rule expresses the growth grammar of 

an organism. In our case, we have four simple 

rules. The fi rst two rules speak of the fact that 

cells with a cytological status ready for division 

(type a in the form of larger polygons) will 

change their polarity and create another cell 

(type b in the form of smaller polygons). New 

cells join the original cells in the direction of 

appropriate polarity (from right or left). New 

cells are not yet able to divide. However, the 

third and fourth rules state that these cells will, 

in the subsequent step, change from the status 

of unable to divide (type b) to the status ready 

for division (type a). At the same time, they will 

maintain their polarity. These four simple rules 

ensure that the cyanobacteria develop in the 

required way. If we repeat the growth in fi ve 

steps, we would obtain the following sequence 

of symbols based on replacing symbols with 

new strings:

 

.......
:5  
:4  
:3  
:2  
:1  

rrlrrlrl

rlrll

rrl

rl

r

aabaababstep
babaastep

aabstep
bastep

astep

 (7.3)

If we replace this sequence of symbols with a 

graphical representation and, at the same time, 

we connect the cells created by dividing the 

original cells or cells whose cytological status 

changed with line segments, we will obtain the 

graph shown in fi gure 7.3.

Lindenmayer’s younger colleague, 

Przemyslaw Prusinkiewicz, Polish specialist 

at computer science, applied L-systems to the 

growth of plants based on a detailed study of 

the rules of their growth, branching, the creation 

of buds, leaves, fl owers and fruit. He enhanced 

L-systems into a profound form more suitable for 

plant modelling. Subsequently, they published 

the results of their work in a monograph, 

PRUSINKIEWICZ and LINDENMAYER (1990). They 

defi ned several improved levels of L-system, 

which we will address in the following text. 

These are:

• context-free deterministic L-systems (D0L),

• bracketed L-systems,

• stochastic L-systems,

• parametric L-systems.

• context-sensitive L-systems (1L, 2L, IL).
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Anabaena catenula 

Fig.7.2 Founders of structural plant modelling. Left: ARISTID LINDENMAYER (1925-1989). Right: his younger 
colleague, PRZEMYSLAW PRUSINKIEWICZ.

Fig.7.3 Principles of L-systems for modelling the growth of Anabaena catenula cyanobacteria based on 
axiom 7.1 and growth grammar 7.2.
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7.1.1 Geometric interpretation of strings

Defi nition 7.2

Turtle graphics is a term in computer 

graphics for the method of programming 

vector graphics using a relative cursor (a 

’turtle‘) in a planar (two dimensional) Cartesian 

coordinate system. It is a key feature of the 

LOGO programming language.

Eagle graphics is an extension of turtle 

graphics in a spatial (three dimensional) 

Cartesian system.

Parallel rewriting of strings results in gradually 

growing string structures (for example, see the 

previous sequence 7.3). In order to transform 

these string structures, which represent the 

morphology of an organism, into a visual 

form of the organism, geometric interpretation 

of strings was implemented in L-systems. 

It originates from the LOGO programming 

language. The language uses a virtual turtle 

which serves for immediate visualisation of 

the programmed process. The turtle has its 

own position and orientation. The position and 

orientation change via movement of the turtle. 

Turtle movement creates lines. These have 

defi ned colour and thickness. The turtle moves 

in defi ned length steps. The initial orientation 

of a turtle is usually from down upwards or from 

left to right in a vertical plane perpendicular to 

the observer’s view. The method for drawing 

objects is based on the symbols used. 

Symbols are used in rewritten strings instead 

of marks. These graphics are called 2D turtle 

graphics. Its principle is shown in fi gure 7.4a. 

Turtle orientation is given by the orientation 

of the turtle’s head. The following graphical 

symbols are used to illustrate the movement 

of the turtle:

F  the turtle moves forward a unit length, while 

drawing a line,

f  the turtle moves forward a unit length, 

without drawing a line,

+ rotation left by angle ,
– rotation right by angle ,
| rotation by 180°.

Apart from graphical symbols, non-graphical 

symbols are also used represented by other 

unused letters of the alphabet (A - E, H - Z). 

Angle  is a pre-defi ned angle constant.

To enable drawing of objects in space rather than 

in a plane, turtle graphics was amended to include 

other graphical symbols defi ning movement in 

other directions. This is how eagle 3D graphics 

was created. This principle is shown in fi gure 7.4b. 

The initial position of an eagle is usually facing 

forward, which means in a horizontal direction 

from the observer’s position. Its next position is 

defi ned by three axes. Axis H


is identical to the 

eagle’s initial position. It expresses the horizontal 

direction heading forwards (heading). Axis U


expresses the vertical in an upward direction (up). 

Axis L


represents the horizontal lateral direction 

to the left. The axes may easily be imagined using 

fi ngers of the right hand (fi gure 7.5). We mimic 

shooting from a revolver with the hand. This 

means that we aim forwards with the index fi nger, 

the thumb points upwards and the middle fi nger is 

perpendicular to the index fi nger and, at the same 

time, to the thumb and pointing left. The eagle 

position is defi ned by rotating around the axes. 

Side incline is made around the index fi nger (axis

H


). The lateral rotation is carried out around the 

thumb (U


). An incline or decline is made around 

the middle fi nger (axis L


). The following graphical 

symbols are used to illustrate the movement of the 

eagle:

F  the eagle moves forward a unit length, 

drawing a line,

f  the eagle moves forward a unit length, 

without drawing a line,

+  the eagle rotates left by angle  (around axis

U


),

–  the eagle rotates right by angle  (around 

axis U


),

^  the eagle rotates upwards by angle  (around 

axis L


),

&  the eagle rotates downwards by angle  

(around axis L


),

\  the eagle rolls left by angle  (around axis 

H


),

/  the eagle rolls right by angle  (around axis H


),

$  the eagle rotates around axis H


 so that 

axis L


is horizontal and around axis L


 so 

that axis U


 is vertical.
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7.1.2  Fractals, growth grammars, morphemes, 

and graftals

Defi nition 7.3

A fractal is a geometrical object built using 

recursion. It is an irregular, fragmented, 

geometric shape which can be split into parts, 

each of which is at least approximately a similar 

reduced-size copy of the whole geometric 

shape. This feature is called self-similarity. 

A morpheme is a text string in the form of a 

word or set of symbols which generate plant 

morphology based on a geometric image with 

fractal properties.

A graftal is a graphic expression of a 

morpheme based on turtle or eagle graphics, 

producing a visual form of plant morphology.

Growth grammar is a rule in the form of 

L-systems for the production of morphemes. It 

contains an axiom, rules and initial parameters.

Mathematician Benoît Mandelbrot pointed 

out at a regular event in nature which can be 

observed in many living or non-living objects. 

He discovered that they have certain features 

which he called fractal properties. Today, this 

mathematician is considered to be the founder of 

fractal geometry (MANDELBROT 1978, 1982). Many 

objects with these properties exist in nature, for 

example, fern leaves, heads of caulifl ower, tree 

cones, snowfl akes, sea shells, etc. All these 

objects consist of smaller parts which are an 

approximate copy of the whole from which they 

come from. This similarity reaches several levels 

of detail. This feature is called self-similarity. 

Mathematicians noticed this event and attempted 

to describe it using certain rules. We will explain 

a fractal using the Koch’s snowfl ake as an 

example. At the beginning of each fractal, we 

have an initiator (axiom). In this case, it is an 

initial triangle. We may use the convention of 

turtle graphics to draw it. We defi ne rotation  = 

60° and axiom  in the form of F - - F - - F. At the 

start, the turtle is turned in the direction of the 

arrow in fi gure 7.6a. It will draw a line segment 

(F) and turns 120° to the right (- -). Again, it will 

draw a line segment (F) and turn 120° to the right 

(- -). Finally, it will draw the fi nal side (F) of the 

triangle. We are now going to defi ne a generator 

(rule). Let us say that the original line segment 

is replaced by a new graphic image. Its central 

third will be replaced by two new line segments 

which would create an equilateral triangle with 

the replaced line segment. This will create a 

a) b) b)b

U 

H 

L 

Fig.7.4 Principle of geometric interpretation of strings: a) turtle graphics, b) eagle graphics.

Fig.7.5 Tool to express the axes for the movement 
of an object in eagle graphics.
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sharp protuberance in the centre of the original 

line segment. Let us label the rule p
1
 which will 

replace F symbol with a sequence of symbols: 

F + F – – F + F. The length of the original line 

segment F will be shortened to one third. At the 

beginning of replacing the original line segment, 

the turtle is turned in the direction of its original 

drawing. Firstly, a new line segment is created 

that has the third of the original length (F). Then 

the turtle turns by 60° to the left (+), draws an 

inclined third of the line segment (F), turns by 

120° to the right (- -) and draws a declined line 

segment (F), then turns by 60° to the right (+) 

again and draws the fi nal third of the line segment 

(F). The grammar of the Koch snowfl ake can be 

described as follows:

  

FFFFF:
FFF:

60

+−−+→
−−−−

°=

p
ω
δ

 (7.4)

If we repeat the process four times (n = 4), after 

four iterations we will obtain the shapes shown 

in fi gure 7.6 (c to f) which resemble a snowfl ake.

Another example is Sierpinski’s triangle. The 

grammar of its generation is as follows:

FFF:
FXFFXFFXFX:

FFFFFXF:
60

2

1

→
++−−−−++→

++++
°=

p
p
ω
δ

 (7.5)

Firstly, an initiator is created (fi gure 7.7a) as 

an equilateral triangle whose sides consist of 

two line segments of equal length (FF). The fi rst 

side is the base side since at the beginning of 

drawing the turtle is turned in the direction of 

the arrow shown in fi gure 7.7a, i.e. from left to 

right. The base side is assigned a non-graphic 

symbol (X) between the line segments. When 

drawing, the turtle ’ignores‘ this symbol. It serves 

for the generator (fi gure 7.7b). In the fi rst rule, 

this symbol is used as a point (shown as a small 

circle) for connecting a new triangle which will 

actually be removed from the original triangle. 

The new triangle is inscribed in the original 

triangle. The sides of the inscribed triangle are 

again divided using non-graphic symbols X. 

The second principle replaces the original line 

segment (F) with two new line segments (FF). 

After fi ve iterations (n=5), a new object is created 

as shown in fi gure 7.7c.

Other well-known planar fractals include, 

for example, Cantor’s discontinuum, quadratic 

Koch’s island, dragon curve, Sierpinski’s carpet, 

hexagonal Gosper’s curve and quadratic 

Gosper’s curve. We can see them in fi gure 7.8 (a 

to f). We present the examples together with the 

number of iterations (n) and the grammar (, , p
i
). 

Cantor discontinuum is displayed in all iterations, 

while other fractals only after the fi nal iteration. 

Dragon curve, Sierpinski’s carpet, hexagonal 

Gosper’s curve and quadratic Gosper’s curve 

use left and right edges (F
l
, F

r
). We will address 

them in subsequent text when describing the 

edge rewriting in D0L-systems.

We usually divide geometric objects into one 

dimensional (1D), two dimensional (2D) and three 

dimensional (3D). Such a classical view of object 

dimensions is called a topological dimension. 

The topological dimension is not suffi cient when 

characterising fractals since fractals have some 

unusual properties. If we measure a line segment 

fi rst with a measuring tape with 1 m division and 

then with 1cm division, we will always obtain the 

same results. However, if we measure the length 

of a coastline, it matters which measuring device 

is used. A measuring device with a greater unit 

length is not able to capture the fi ne irregularities 

of a coastline as the one with a smaller unit 

length and, therefore, the coastline seems to 

be shorter. This is since a measuring device 

with a fi ner scale also captures the lengths of 

the irregularities and therefore increases the 

result. Therefore, for objects which have fractal 

properties, a fractal dimension is used instead 

of a topological dimension. One method for 

defi ning a fractal dimension is the following. Let 

us have object X. We rescale it using coeffi cient 

d. Let N(d) be the number of such rescaled 

objects which should be used to fully cover the 

original object. The fractal dimension is then 

defi ned by the following formula:

  
( )[ ]

⎥⎦
⎤

⎢⎣
⎡

=
→

d

dND
d 1ln

lnlim
0

 (7.6)

The topological dimensions of the objects 

that are not fractals are equal to the fractal 

dimensions. If, for example, we rescale a line 

segment using a coeffi cient of 1/3, we will obtain 

a line segment with a third of the original length. 

We need three new line segments to cover the 
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original line segment. If we use a coeffi cient of 

1/4, we will need four new line segments, etc. It 

is therefore valid that:

( ) ( ) 1
1ln

1ln
lim

4/1
1ln

4ln

3/1
1ln

3ln
0
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⎜
⎝
⎛

=
⎟
⎠
⎞

⎜
⎝
⎛

=
→

d

dD
d

 (7.7)

The fractal dimension of a line segment is 

equal to its topological dimension, which has 

a value of 1. If we rescale a triangle using a 

coeffi cient of 1/2 we will need four new triangles 

to cover the original triangle. If we rescale it using 

a coeffi cient of 1/4, we will need 16 new triangles 

(see fi gure 7.9). The fractal dimension will be:
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Therefore, the triangle also has a fractal 

dimension equal to its topological dimension, with 

a value of 2. If we rescale Cantor’s discontinuum 

using a coeffi cient of 1/3, two rescaled shapes 

are suffi cient to cover it. If we rescale it with a 

coeffi cient of 1/9, we will need 4 smaller shapes, 

etc. The fractal dimension will be:

( ) ( ) ( )
( ) 631.0
3ln
2lnlim

9/1
1ln

4ln

3/1
1ln

2ln
0

≈=
⎟
⎠
⎞

⎜
⎝
⎛

=
⎟
⎠
⎞

⎜
⎝
⎛

=
→ k

k

d
D  (7.9)

The topological dimension of Cantor’s 

discontinuum is 0 since it consists of points only. 

However, the fractal dimension is greater. If we 

rescale Koch’s snowfl ake using a coeffi cient of 

1/3, we need four new line segments to cover the 

original edges. If we rescale it with a coeffi cient 

of 1/9, we will need 16 rescaled line segments. 

The fractal dimension will be:

( ) ( ) ( )
( ) 262.1
3ln
4lnlim

9/1
1ln

16ln

3/1
1ln

4ln
0

≈=
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→ k

k

d
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This dimension is again greater than the 

topological dimension, which is 1. If we rescale 

Sierpinski’s triangle with a coeffi cient of 1/2, we 

will need three new triangles to cover the original 

triangle, since the inner triangle is removed. If we 

rescale it with a coeffi cient of 1/4, we will need 

nine new triangles. The fractal dimension will be:

( ) ( ) ( )
( ) 585.1
2ln
3lnlim

4/1
1ln

9ln

2/1
1ln

3ln
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≈=
⎟
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=
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⎠
⎞

⎜
⎝
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=
→ k

k

d
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After the eternal number of removed triangles, 

Sierpinski’s triangle will only be an eternal 

network of lines. Its area is 0 and its topological 

dimension is 1. This results in the conclusion that 

fractals are formations whose fractal dimension 

is greater than their topological dimension. For 

example, the topological dimension of a coastline 

length is 1 and its fractal dimension is 1.24, the 

topological dimension of the surface of a human 

brain is 2 and its fractal dimension is 2.76, the 

topological dimension of the surface of a rock is 2 

and its fractal dimension is 2.2, or the topological 

dimension of the circumference of 2D cross cut 

of a cloud is 1 and its fractal dimension is 1.33.

Fractal properties were used by PRUSINKIEWICZ 

and LINDENMAYER (1990) for modelling the 

morphology of plants. They defi ned so called 

growth grammars which contain parameters 

(for example ), axioms () and rules (p
1
) using 

a) 

c) 

e) 

b) 

d) 

f) 

Fig.7.6 Koch’s snowfl ake and the method of 
its creation with the number of iterations n = 4: 
a) initiator (axiom) in the form of a triangle, b) 
generator (rule), c) fractal after the fi rst iteration, d) 
fractal after the second iteration, e) fractal after the 
third iteration, f) fractal after the fourth iteration.



377

FOREST ECOSYSTEM ANALYSIS AND MODELLING

which it is possible to generate the fi nal structure 

of a plant. The actual structure of a plant can 

be described using the same convention of 

symbols. We call it a morpheme. The number 

of iterations n usually determines the number 

of created internodes of the main axis of the 

plant, which are in trees identical to the number 

of years. We will demonstrate growth grammar 

using the example of a bush from the publication 

by PRUSINKIEWICZ and LINDENMAYER (1990, page 

24):

[ ]

f}]ff|fff{^^''['L:
FLS:

F ///// SF:
A][&FL!' /////// A][&FL!' ///// AFL!&A:

A:
5.22   ,7

4

3

2

1

++−−++−→
→
→
→

°==

p
p
p
p

n
ω

δ

 (7.12)

F F 

F 

F F 

F 

X 

a) b) 

c) 

: 
p: 

: 
p1: 
p2: 

: 
p1: 
p2: 

: 
p1: 
p2: 

: 
p1: 

p2: 

       n = 6 
 :  F 
P1:  F  FfF 

a) b) c) 

d) e) f) 

a) b) c) 

Fig.7.7 Sierpinski’s triangle: a) initiator (axiom) in 
the form of a triangle, b) generator (rule), c) fractal 
after fi ve iterations (n = 5).

Fig.7.8 Examples of other well-known planar fractals: a) Cantor’s discontinuum, b) quadratic Koch’s island, 
c) dragon curve, d) Sierpinski’s carpet, e) hexagonal Gosper’s curve, f) quadratic Gosper’s curve.

Fig.7.9 The relationship between topological 
and fractal dimensions in a triangle: a) original 
triangle, b) triangle rescaled with a coeffi cient of 
1/2 containing 4 new triangles, c) triangle rescaled 
with a coeffi cient of 1/4 containing 16 new 
triangles.
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The result of such a defi ned growth grammar 

is the plant morphology shown in fi gure 7.10. It 

was created by applying eagle 3D graphics. The 

plant is produced based on bracketed L-systems 

which will be described later. The graphic 

expression of a morpheme is called a graftal. In 

our case, rule p
1
 creates three new branches from 

the bud of an old branch. The branch consists 

of an edge F formed by an initial internode from 

leaf L and from bud A. The bud subsequently 

produces three new branches. Rules p
2
 and p

3
 

specify the growth of the internode. Internodes 

are lengthening and obtaining new leaves. Rule 

p
4
 defi nes a leaf as a fi lled polygon with six 

edges. Its borders are formed by edges f closed 

between brackets { and }. We will address this 

issue in the chapter on modelling plant organs. 

Symbols ! and ‘ are used to reduce the width of 

a segment and to increase the colour index from 

the colour table.

Modelling tree morphology is based on the 

defi nition of growth grammars. The aim is to 

determine suitable grammars for individual 

tree species. Grammars produce morphemes. 

Conversion of a morpheme into a graftal is 

performed using turtle or eagle graphics. 

Selection of graphics depends upon the 

needs to visualise a tree, and mainly upon 

the construction of growth rules. Suitable 

modelling tools are used for the visualisation 

of morphology and they interpret the rules and 

transform them into a graphic form. These are 

Fig.7.10 The three dimensional architecture of 
a bush (morpheme transformed into a graftal) 
generated using growth grammar 7.12 (extracted 
from the publication by PRUSINKIEWICZ and 
LINDENMAYER 1990, fi gure 1.25, page 26).

Fig.7.11 GroIMP program environment (KNIEMEYER et al. 2006, HEMMERLING et al. 2008) for the modelling and 
interpreting of growth grammars using L-systems.
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mainly environments in which the rules are 

edited. They are subsequently applied based 

upon the number of given steps (iterations). The 

most famous modelling tools include: VIRTUAL 

Laboratory, L-studio, CPFG, GROGRA, GroIMP, 

L-Parser, LSysEdit, LSysMaker, Graphtal, LSYS, 

LSDraw, L-system, PFG 2D and others. Figure 

7.11 shows an example of GroIMP program 

which was developed by a team of Winfried Kurth 

(KNIEMEYER et al. 2006, HEMMERLING et al. 2008). 

The environment originates from the original 

GROGRA environment as a result of the works 

of KURTH (1994).

7.1.3 Context-free deterministic L-systems

Context-free deterministic L-systems are one 

of the basic L-systems from which higher level 

systems are derived. They are also known 

as D0L systems. Rewriting symbols in these 

systems does not depend upon the context 

before or after the symbol. Each symbol has just 

one rule. If a symbol does not have a defi ned 

rule, the implicit rule X  X applies. To create 

the same resulting object, it is possible to use 

two different methods which are rewriting edges 

or rewriting nodes. The method depends upon 

selecting formal grammar. This will result in 

the same graftal. However, they use different 

morphemes. We will show the principle of both.

Edge rewriting extends the methods used 

in Koch’s snowfl ake to include the defi nition of 

the right and left edges. An edge is a line drawn 

by command F (’move forward‘) in turtle or 

eagle graphics. This edge may have a defi ned 

attribute of left or right orientation. The left 

edge is marked as F
l
 and the right edge as F

r
. 

In graphic expression, a short line is used in the 

centre of the edge orientated towards left or right 

from the direction of cursor movement (turtle or 

eagle). We will use a different rule for each edge 

orientation. Let us present an example using a 

fractal called an E-curve:

r

2p

p

FFFFFFFFFFFFF                
FFFFFFFFFFFFF:

FFFFFFFFFFFF               
FFFFFFFFFFFFFF:

90

rllrrllrlrrl

rlrrlrllrrllr

rrllrrlrllrl

rllrlrrllrrlll1

−−++−−++
−+++−−−++−→

+−−+++−−−
+−−++−−++→

°=δ

 (7.13)

The initial axiom of such a fractal may be left or 

right edge:  :F
l
 or  : F

r
. The principle is shown 

in fi gure 7.12. Suitable examples for generating 

a fractal using edge rewriting are: dragon curve, 

Sierpinski’s carpet, hexagonal Gosper’s curve 

and quadratic Gosper’s curve shown in fi gure 

7.8 (c to f).

Node rewriting implements nodes into 

grammar. Nodes represent objects. Objects 

have a defi ned shape. They are marked with 

non-graphic symbols (for example A, L or R), i.e. 

symbols which do not defi ne the movement of 

the turtle (or eagle) but determine the insertion 

of an object in the actual position of the turtle 

(or eagle). Entry point P and exit point Q are 

determined on the node. The point contains the 

index labelling the node, for example P
A
 or Q

A
. For 

each entry and exit points, vectors are defi ned, 

for example, Ap  and Aq , which determine the 

linking to the movement of the turtle (or eagle). 

The principle of the shape and the orientation of 

the node is shown in fi gure 7.13. When modelling 

plants, the node may, for example, represent a 

bud, leaf, fl ower or fruit. In these morphemes, 

nodes are replaced with new structures. For 

example, from a bud on a branch, a new shoot is 

created with a bud at its end. A suitable example 

of node rewriting may be Hilbert’s curve (fi gure 

7.14). It contains two nodes. They are graphically 

visualised with blue and green squares. For the 

blue node, connection to the turtle’s direction of 

movement is via its right side and for the green 

node via its left side. We label the blue node 

as L and the green as R. We defi ne the growth 

grammar:

   

−++−→
+−−+→

°=

FLRFRLFR:
FRLFLRFL:

L:
90

2

1

p
p
ω
δ

 (7.14)

Figure 7.14 shows the initiator (blue node) and 

the generator on the base of rules p
1
 and p

2
 for 

rewriting blue node L and green node R. The 

fi gure shows the resulting structure after the fi rst 

(n = 1) and second (n = 2) iteration.

There is a conversion relationship between 

edge and node rewriting. For example, we have 

the following grammar for edge rewriting:

  

rlr2

rll1

l

FFF:
FFF:

F:




p
p


 (7.15)
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We can also achieve an equivalent result using 

the grammar of node rewriting:

  

RFLR:
RFLL:

FL:

2

1

−−→
++→

p
p
ω

 (7.16)

It depends only upon the nature of the modelled 

object and the selected convention of growth 

grammar. If the node is to be only of a fi ctitive 

nature, which means that it is not shown in the 

fi nal graftal, we prefer edge rewriting. In such a 

case, the node would only serve for recognising 

the edge orientation (left or right). However, 

if the node is also represented graphically (for 

example, as a terminal or lateral bud) we prefer 

to select a node rewriting algorithm.

The approach of edge or node rewriting can 

also be used for three dimensional objects. In 

this case we use symbols of eagle graphics. 

The methods remain unchanged. Figure 7.15 

introduces an example of a three dimensional 

Hilbert’s curve created by rewriting nodes. It 

contains four nodes which are red (A), blue (B), 

green (C) and yellow (D). The only difference 

lies in the orientation of entry-exit vectors. 

The initiator is a red node and the number of 

iterations is 2.

7.1.4 Bracketed L-systems

Tree growth produces complicated mor-

phological structures which are very often well 

branched. Lindenmayer and Prusinkiewicz 

therefore introduced the term axial trees. They 

replace the theoretical graphic notation of a 

classical tree structure (PREPARATA and YEH 1973) 

with a botanically motivated notation (LINDENMAYER 

and PRUSINKIEWICZ 1989, PRUSINKIEWICZ et al. 1988) 

which we came across in Chapter 1.3.1 in fi gure 

1.25. Within the morphology of an individual, they 

introduced terms used in modelling morphology 

using L-systems. The terms are graphically 

explained in fi gure 7.16a. Trees create axes 

which can be of n-th order. The basis of the tree 

is a zero order axis. It is the main axis of a tree, 

i.e. its stem. Axes of higher orders represent the 

axes of tree branches. First order axes are the 

axes of the main branches growing from the tree 

Fr ... right edge 

Fl ... left edge 

Fig.7.12 The principle of the method of edge rewriting from example 7.13 based on the use of an E-curve. 
The arrow indicates the initial orientation of the turtle (extracted from the publication by PRUSINKIEWICZ and 
LINDENMAYER 1990, fi gure 1.12, page 13).

Fig.7.13 Importance of nodes in growth grammars. 
A node has a defi ned shape, entry and exit point 
together with an entry and exit vector. Vectors 
determine the method of linking a node to the 
turtle’s or eagle’s movement (extracted from the 
publication by PRUSINKIEWICZ and LINDENMAYER 1990, 
fi gure 1.14, page 14).
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stem. Axes of the second, third and other orders 

represent lateral branches, which are created 

by branching of the previous order. Each axis 

has its base and apex. The base on the zero 

order axis (the main axis) is given the term ’root‘. 

Axes consist of segments. A segment is apart 

created by one movement of the turtle or eagle. 

Segments on the main axis are termed direct. 

They usually have a negative geotropic direction, 

i.e. vertical upwards from below. Segments on 

axes of higher orders are called side or lateral. 

Segments created at the end of the last iteration 

are termed apex (marked with a dashed line 

in fi gure 7.16). Older segments are called 

internodes (marked with a solid line in fi gure 

7.16). Branches are unifi cation of all objects 

from the point of branching on the previous order 

axis to the last branching object. They contain 

all objects that were created from the branching 

iteration. Branches also have a base and a 

peak. A branch base is created at a branching 

point in the axis of the previous order. A branch 

peak is defi ned by the peak of the axis of the 

lowest order within the branch, meaning the main 

branch axis. All segments start and fi nish with 

nodes. Nodes from which the axes are branched 

are called branching points (marked with a 

Fig.7.14 Principle of the method of node rewriting nodes from example 7.14 based on the use of 
Hilbert’s curve (carried out in accordance with the publication by PRUSINKIEWICZ and LINDENMAYER 1990, 
fi gure 1.15, page 15).

Fig.7.15 A three dimensional Hilbert curve 
created by rewriting nodes. It contains four 
nodes: red (A), blue (B), green (C) and yellow (D). 
Extracted from the publication by PRUSINKIEWICZ 
and LINDENMAYER (1990), fi gure 1.19, page 20.

L L R 
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generator 
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 : 
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fi lled circle in fi gure 7.16). Nodes which form the 

end of axes are called terminal points (marked 

with an empty circle in fi gure 7.16). These are 

nodes which are at the end of segments from the 

last iteration. Figure 7.16b gives an example of an 

axial tree created using L-systems.

For the purposes of modelling branching 

structures, a rewriting mechanism suitable 

for axial trees is used. Rewriting tree rule (p) 

replaces the previous edge (segment) using the 

next axial tree in such a way that the starting point 

of the segment becomes identical to the base of 

the axial tree and the end point of the segment 

becomes identical to the apex of the axial tree 

(fi gure 7.17). A proposed scheme of branch 

arrangement in axial trees was fi rst introduced by 

GRAVELIUS (1914). MACDONALD (1983) investigated 

this method together with other methods usable 

for biological and geographical data such as 

network diagrams. The most interesting method 

was found to be the method designed by HORTON 

(1945, 1952) which is still used as a basis for 

tree top axis of zero degree (main) 

axis of first degree 

branch apex 

tree root 

direct 
segment 

branch 
base 

branch of second 
degree 

side  
(lateral) 
segment 

terminal point 

branching point 

apex 

internode 
segments 

a) b) 

p 
start 

end 

S 

A 

C 

D 

B 

E 

apex 

base 
(root) 

T1 

T2 

S 

E D 

C 

A 
B 

Fig.7.17 Tree rule p and its application on edge S in tree T
1
. The result is a new tree T

2
 (drawing from the 

publication by PRUSINKIEWICZ and LINDENMAYER 1990, fi gure 1.22, page 23).

Fig.7.16 Axial trees in accordance with PRUSINKIEWICZ and LINDENMAYER (1990): a) defi nition of basic terms, b) 
an example of an axial tree generated using L-systems.
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the synthesis of morphology of botanic tree 

structures (for example, fi gure 7.16b).

In order to draw a graftal based on growth 

grammar, it is necessary to modify the turtle or 

eagle graphics. In the opposite case, the cursor 

would have to frequently return via f command 

(’move without drawing‘) and it would also often 

have to be turned in the opposite direction (|). 

Therefore, the recursive rules were amended 

to include a stack (PRUSINKIEWICZ 1986, 1987). 

During branching, turtle or eagle parameters 

are placed in the stack. These are the position, 

orientation or also the colour and the thickness 

of the line. The data is stored using a square 

bracket ([) in growth grammar. The structure 

of a new branch is given behind the square 

bracket. The structure is fi nished with another 

square bracket (]). The symbol means that the 

data is withdrawn from the stack. By this, the 

cursor (turtle or eagle) is placed in the original 

position and proceeds to where the previous 

branching started. In this way, it is possible to 

draw a greater number of branches from one 

point (for example, an entire new whorl of a 

coniferous tree) using the minimum size of text 

string. The stack was selected because it allows 

inserting several bracketed structures into the 

bracketed structure, which enables the creation 

of branches of further degrees in one iteration 

cycle. The stack ensures that the position 

returns in the opposite order as it was inserted 

in the stack, which means that the previous 

branching points are renewed.

Fig.7.18 Generating an axial tree based on growth 
grammar 7.17 using bracketed L-systems. The 
fi gure illustrates an initiator and the result in the 
fi rst, second and third step of iteration.

n=1 n=2 n=3 

n=5, =25.7° 
: F 

p: F F[+F]F[-F]F 

n=5, =20° 
: F 

p: F F[+F]F[-F][F] 

n=4, =22.5° 
: F 

p: F FF-[-F+F+F]+[+F-F-F] 

n=7, =20° 
: X 

p1: X F[+X]F[-X]+X 
p2: F FF 

n=7, =25.7° 
: X 

p1: X F[+X][-X]FX 
p2: F FF 

n=5, =22.5° 
: X 

p1: X F-[[X]+X]+F[+FX]-X 
p2: F FF 

Fig.7.19 Examples 
of plant structures 

generated using 
bracketed L-systems. In 
the upper row there are 

morphologies generated 
by rewriting edges 

and in the bottom row, 
there are morphologies 
generated by rewriting 

nodes (extracted 
from the publication 
by PRUSINKIEWICZ and 

LINDENMAYER 1990, fi gure 
1.24, page 25).
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We will demonstrate an example of bracketed 

L-systems using the following growth grammar:

[ ] [ ]FFFFFFFFF:
F:

5.22   ,3

−−++++−−→

°==

p

n
ω

δ
 (7.17)

The sequence of generated graftals is shown 

in fi gure 7.18. Figure 7.19 shows other examples 

of plants generated using branching structures.

7.1.5 Stochastic L-systems

Plants produced on the base of the previous 

types of L-systems are always identical. This is 

because growth grammars are deterministic. 

Therefore, stochastic features were implemented 

into L-systems as proposed by YOKOMORI (1980) 

and EICHHORST and SAVITCH (1980). They use 

more rules for replacing one symbol. Every rule 

has an assigned probability value. The sum of 

rules´ probabilities is 1.00, i.e. 100%. We will 

explain the principle in two examples. In the fi rst 

example, two rules are used for rewriting edge F, 

both with the same probabilities of 0.5, i.e. 50%. 

The fi rst rule describes double branching, where 

each branch is twisted twice. The second rule 

uses branches twisted only once. The probability 

of the rules is stated behind the arrow in brackets.

( ) [ ] [ ]
( ) [ ] [ ]FFFFFF 5.0F:

FFFFFFFF 5.0F:
F:

5.22

2

1

+−−−++→
++−−−++→

°=

p
p
ω
δ

 (7.18)

The second example uses three rules. The 

fi rst rule draws branching to both sides, fi rst to 

the left and then higher to the right. The second 

and third rules draw branching only to one side, 

left or right. The rules have probabilities of 0.33, 

0.33 and 0.34:

( ) [ ] [ ]
( ) [ ]
( ) [ ]F F F 34.0F:

F F F 33.0F:
F FF F F 33.0F:

5.22

2

1

−→
+→

−+→
°=

p
p
ω
δ

 (7.19)

The principle of interpreting growth grammar 

is that based on selected probabilities, a rule 

is randomly selected for each iteration and this 

rule is used for drawing using turtle or eagle 

graphics. The results of both grammars can be 

seen in fi gures 7.20 and 7.21. The fi gures show 

several variants of the fi nal plant which were 

created during several generating cycles whilst 

maintaining the same number of iterations.

7.1.6 Parametric L-systems

Although the L-systems mentioned so far 

are able to model a large range of interesting 

features starting from abstract fractals up to 

the structures similar to plants, their modelling 

power is quite limited. This is because they are 

only able to model features where all the lines 

are only a multiplication of the selected length 

of a segment. Therefore, they are of a discrete 

character. However, plants are objects typical for 

their continuous character (length and width of 

internodes, length and width of leaves, diameter 

Fig.7.20 Generating a plant using stochastic L-system 7.18 in three cycles with equal number of iterations.
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of fl owers, etc.). To resolve these problems, 

LINDENMAYER (1974) proposed numeric properties 

associated with L-systems. He illustrated 

this idea using the continuous development 

of branching structures and the diffusion of 

chemical substances in cyanobacteria Anabaena 

catenula. Both problems were addressed later by 

DE KOSTER and LINDENMAYER (1987) and JANSSEN and 

LINDENMAYER (1987). The fi nal form of parametric 

L-systems was formulated by PRUSINKIEWICZ and 

HANAN (1990). We will now familiarise ourselves 

with their principles.

Parametric L-systems enrich the set of 

commands with the addition of other symbols 

(see growth grammar 7.12):

! -  parameter of line thickness, line thickness 

is stated in round brackets, e.g. !(2), or the 

brackets are omitted and the thickness of 

the line is decreased by the value of 1 (it 

decrements),

‘ -  parameter of line colour, line colour is stated 

in round brackets or the brackets are omitted 

and the colour index in the defi ned table is 

increased by the value of 1 (it increments).

At the same time, a parameter stating the value 

of movement and rotation was added to symbols 

for movement and rotation. Parameters are given 

in round brackets behind the stated symbol of 

movement and rotation and can also contain 

real (continuous) numbers or variables. Even 

arithmetic operators are permitted (addition +, 

subtraction -, multiplication * and division /) and 

an exponential operator (the power of ^). Since 

some are identical to graphical interpretation of 

the movement of the turtle or eagle (see Chapter 

7.1.1), their meaning is used depending upon 

the context in the string. For example, their 

placement in brackets indicates an arithmetic 

operation. The following example shows line 

length as a parameter in growth grammar (fi gure 

7.22):

  

[ ] ( )[ ]X 0.2F F(0.5) F:
X:

35  ,3

−+

°==

p

n
ω

δ
 (7.20)

Parameters can also act as arguments (values 

or variables). The following example shows how 

the branch length can be gradually contracted 

(fi gure 7.23):

( )
( ) ( ) ( )[ ] ( )[ ] ( )a*0.7X aF aF aFaX:
1X:

30  ,3

−+→

°==

p

n
ω

δ
 (7.21)

In each iteration, the length is contracted to 

70% of the original length which was given as 

the argument of non-graphic symbol X. Its value 

was 1, whilst in the principle the actual value is 

passed on via variable a.

Conditional rules were also implemented 

in parametric L-systems. They are amended 

to include a conditional part. The conditional 

part is stated after the rewritten symbol with an 

argument in the form of a variable. It is divided 

by a colon. The condition includes a variable, 

relation (or also logical) operators and compared 

values, or other variables. The following relation 

operators, commonly used in programming 

languages, are used: <, >, =, <=, >= and <>. It is 

also possible to use the logical operators: !, &, | 

(not, and, or). The following example shows the 

development of a plant which produces a fl ower 

under suitable conditions (fi gure 7.24).

( )
( ) [ ][ ] ( )
( ) [ ][ ]

K*:B:
B L L F2:A:

1A L L F2:A:
0A:

45  ,3

3

2

1

→
−+→>=

+−+→<

°==

p
xxp

xxxp

n
ω

δ

 (7.22)

An axiom of growth grammar defi nes the 

initial non-graphic symbol A with an argument x 

equal to 0 value. The fi rst rule is implemented if 

the value of argument x is lower than 2. In such 

Fig.7.21 Generating a plant using stochastic 
L-system 7.19 in six cycles with equal number of 
iterations.
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a case, internode F is drawn with two leaves 

L. At its end, non-graphic symbol A is placed 

whose argument x is increased by the value of 

1. The second rule is implemented if argument x 

reaches a value of 2. In this case, the internode 

is drawn with two leaves ending with non-graphic 

symbol B. The third rule replaces non-graphic 

symbol B for fl ower K. Since it is a process which 

is independent from the condition, a colon and * 

symbol are written behind symbol B. Symbol * 

means that the rule applies to all B cases. Nodes 

L and K express plant organs which can be 

defi ned using pre-defi ned surfaces, developing 

surfaces or other methods. We will address this 

issue in the part on modelling plant organs. 

7.1.7 Context-sensitive L-systems

The rules presented so far were independent 

from the context, which means that they were 

applicable regardless of the context containing the 

symbol to be replaced. We spoke of 0L-systems. 

However, rules may also sometimes depend 

upon the context of the symbol. This effect is 

useful when simulating interaction between 

the parts of a plant, for example, in the fl ow of 

nutrients or hormones. Various context-sensitive 

extensions of L-systems were implemented and 

intensively studied due to these needs (SALOMAA 

1973, HERMAN and ROZENBERG 1975, LINDENMAYER 

and ROZENBERG 1976). 2L-systems use the rule 

in the form of a
l
 < a > a

r
   where symbol a is 

called a strict predecessor and expresses that 

it may be replaced by string  only if preceded 

by symbol a
l
 and, at the same time, followed 

by symbol a
r
. This means that symbols a

l
 and 

a
r
 create left and right contexts of symbol a in 

the rule. Rules in 1L-systems have only one-

sided context and therefore a
l
 < a   or a > 

a
r
   Generally, 0L-systems, 1L-systems and 

2L-systems belong to the category of IL-systems 

which are also known as (k,l)-systems. In (k,l)-

systems, the left context is a word with length k 

and the right context is a word with length l.

The following example of 1L-system uses the 

context to simulate the propagation of a signal 

along a string of symbols.

  

abp
babp

baaaaaaaa




       :
:
:

2

1


 (7.23)

Fig.7.22 A change in line length when drawing a 
graftal using growth grammar 7.20 based on a 
fi xed parameter.

Fig.7.23 A change in line length when drawing a 
graftal using growth grammar 7.21 based on the 
parameter in the argument.

Fig.7.24 Creation 
of a fl ower in 
plant’s graftal if 
suitable conditions 
exist using growth 
grammar 7.22.
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Strings produced in the fi rst grammar iterations 

would look like the following:

 

...
aaaabaaaa
aaabaaaaa
aabaaaaaa
abaaaaaaa
baaaaaaaa

 (7.24)

Symbol b is moved from left to right in the 

string of symbols a.

Extending L-systems with context sensitivity 

requires that the rewritten edge be tested for 

the existence of neighbouring edges. In fi gure 

7.25a, the rule condition consists of three parts: 

direct structure l forming the left context, strict 

predecessor S and branched structure (axial 

tree) r forming the right context. The asymmetry 

between left and right contexts refl ects the fact 

that there is only one route from the root to edge 

S whilst from this position, there are several 

routes to terminal points. Figure 7.25b shows 

the frequency of edge S in tree T, where l is the 

sought direct route ending with edge S, and r is 

a subset of tree T with a sought structure that 

starts at the end of edge S. This means that the 

rule can replace edge S with a new structure. 

Implementation of context sensitivity in bracketed 

systems is slightly more complicated than in 

systems without a stack. In this case, the seeking 

context must prevail over symbols representing 

particular branches or their parts. For example, 

fi gure 7.25 demonstrates that the context part of 

rule BC < S > G[H]M (fi gure 7.25a) can be applied 

to symbol S in string

 ABC[DE]SG[HI[JK]L]MNO] (fi gure 7.25b),

in which symbols [DE] are skipped when 

seeking left context, and symbols I[JK]L are 

skipped when seeking right context.

Using formalism of bracketed L-systems, even 

processes such as propagation signals can be 

expressed. Acropetal propagation expresses 

the movement of signals (nutrients or hormones) 

from the root to the apexes and basipetal 

propagation expresses the movement of 

signals (nutrients or hormones) from the apexes 

to the roots. The following 1L-system simulates 

acropetal propagation in a branched structure 

which does not grow (fi gure 7.26a):

  

[ ] [ ] [ ]

( ) ( )1F! 4! E:
EFE:

F FF FF F E:
45

!:#

2

1

→
→<

+−+
°=

+−

p
p

ignore

ω
δ  (7.25)

a) b) 
right context 

left context 

strict predecessor 

Fig.7.25 The context 
principle in an 

axial tree. Strict 
predecessor S and 

its left and right 
contexts (a) identify 

edge S in tree T 
(b). Extracted from 
the publication by 
PRUSINKIEWICZ and 

LINDENMAYER (1990), 
fi gure 1.29, page 31.
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In growth grammar, there is a part #ignore. It 

marks the set of symbols which are not taken into 

account when searching the context. An axiom 

describes the initial non-growing structure. The 

fi rst rule describes the method of replacing an 

edge without signal F with and edge with signal 

E if there is an edge E before edge F. The second 

rule draws edge E with a thickness of 4. Edge F 

is drawn with a thickness of 1.

Using a similar method, we could simulate 

a basipetal propagation of a signal in the 

same branched structure (fi gure 7.26b) as in 

1L-systems.

  [ ] [ ] [ ]

( ) ( )1! F 4! E:
EEF:

E FF FF F F:
45

!:#

2

1

→
→>

+−+
°=

+−

p
p

ignore

ω
δ

 (7.26)

7.2 Modelling plant organs

In the previous chapter we described concepts 

for modelling the morphology of plants. We 

mainly focused upon the rough structure 

of a plant, expressed using the distribution 

of internodes, apexes, terminal points and 

branching points. Although the stated rules are 

complicated branching structures using edges 

and nodes, they cannot be applied to model 

more complicated parts of plants. For example 

they are parts which have a typical shape and an 

irreplaceable function in the plant as leaves and 

fl owers. In this chapter, we will show how more 

complicated plant organs can be modelled using 

L-systems. 

7.2.1 Modelling pre-defi ned surfaces

Plant organs can be expressed using pre-

defi ned surfaces. Pre-defi ned surfaces are 
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a

b
Fig.7.26 Propagation of a signal in a branched structure: a) acropetal (growth grammar 7.25), b) basipetal 
(growth grammar 7.26). Illustrated in accordance with the publication by PRUSINKIEWICZ and LINDENMAYER 
(1990), fi gure 1.30, page 33.
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inserted into plant morphology using the ~ 

symbol. They are linked to contact points in 

the direction of appropriate vectors of the turtle 

or eagle. These are basically pre-established 

features which have the function of a node. 

We described them in Chapter 7.1.3 and in 

fi gure 7.13. Terminal organs have only input 

points and vectors. There is only one contact 

point. They are joined to the end of edge of 

the apex type. Organs inside of structures 

also have output points and vectors. There 

are two contact points and organs lie between 

two internodes. Organs are modelled using 

surfaces. One of the most frequent methods of 

their modelling is the use of bicubic patches 

(BARSKY 1981, FOLEY and VAN DAM 1982, BARTELS 

et al. 1987). We will address them in Chapter 

9. The spatial coordinates (x, y, z) of the points 

on the patch are determined based upon the 

parametric shape of the surface defi ned by two 

input parameters u and v.

( )

4443
2

42
3

41

3433
2

32
3

31

2
24

2
23

22
22

32
21

3
14

3
13

23
12

33
11

...              

.......              

.......              

.......,

avavava
uavuavuavua
uavuavuavua

uavuavuatuavux

++++

+++++

+++++

++++=

 (7.27)

Analogical equations defi ne coordinates 

y(u,v) and z(u,v). Coeffi cients a
ij
 are derived, for 

example, by the interactive design of the surface 

on the computer screen in a graphic program. A 

complex surface consists of several patches. An 

example of a leaf defi ned using bicubic patches 

including a contact point is shown in fi gure 7.27.

Defi nition 7.3

Phyllotaxis is the botanic term for the regular 

arrangement of plant organs. For example, 

leaves can be arranged around the stem 

opposite to each other, alternately, in a spiral, 

in a whorl, etc. 

Regular arrangement of side organs (leaves 

on the stem, outer petals, seeds around a 

cone axis) is an important aspect of plant 

forms. This feature is known under the term 

phyllotaxis. The principles of leaf arrangement 

were already being addressed in the 1830s 

and 1840s by French scientists, brothers Louis 

and Antoine Bravais (BRAVAIS and BRAVAIS 1837) 

and German morphologists Karl Schimper 

(SCHIMPER 1831, 1836) and Alexander Braun 

(BRAUN 1831). These botanists developed a 

discipline to explain the position of leaves using 

mathematical formulations. An overview of the 

numerous literature generated by botanists 

and mathematicians addressing phyllotaxis 

can be found in the works of ERICKSON (1983) 

and JEAN (1983). Designed models vary from 

a purely geometrical description (for example 

COXETER 1961, 1972) to complex physiological 

hypotheses tested using computer simulations 

(HELLENDOORN and LINDENMAYER 1974, VEEN and 

LINDENMAYER 1977, YOUNG 1978).

We will illustrate modelling of phyllotaxis 

using the example of the structure of a 

sunfl ower introduced by VOGEL (1979). The 

phyllotaxis of positioning organs in modelling 

is based on theory of Fibonacci numbers. 

This Italian mathematician from 13th century 

(fi gure 7.28) signifi cantly infl uenced current 

modelling of phyllotaxis. He set up the so-

called Fibonacci sequence, where the next 

number is achieved by summing the two 

previous numbers. 0, 1, 1, 2, 3, 5, 8, 13, 21, 34, 

55, 89, ... If we divide each number with the 

previous number we obtain a series of ratios. 

With increasing the length of series to infi nity, 

this ratio converges to value:

  618.1
2

15
≈

+
=τ  (7.28)

In honour of the famous sculptor, Feidias,  
number is also called the ‘golden section’ since 

it was already used in antique architecture. It is 

considered to be the prettiest number in nature 

since it has very important features and we can 

meet it, for example, in the anatomy of plants, 

the anatomy of living creatures and people, in 

the chemistry of crystalline structures, in the 

content of compounds, in astronomy in the 

position of stars, etc. It expresses the optimal 

arrangement. Mathematicians prefer the less 

expressive term ‘golden ratio’. In phyllotaxis 

modelling, it is used in the form of the Fibonacci 

angle.

  °≈°= − 5.137.360 2τϕ  (7.29)

If we defi ne the following growth grammar, we 

will obtain the structure shown in fi gure 7.29:
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( )
( ) ( ) ( )[ ] ( )1A D~^0.5f     *:A:
0A:

/*  ionspecificat shapedisk   * /             Dinclude#
/*  angle divergence  *   /137.5      define#

++→ nnanp

a

ω
 (7.30)

At the beginning of the growth grammar, 

variable a is defi ned that expresses the 

divergence angle. This is the Fibonacci angle. 

The command #defi ne is used to defi ne a 

variable. At the same time, grammar uses 

a disk shaped object which is specifi ed in 

another grammar. This will be received using 

#include command. They are the small circles 

in fi gure 7.29. Text written between /* and 

*/ symbols represents commentary, which 

is ignored in the interpretation of growth 

grammar. At the start, we have axiom ω which 

consists of node A with initial parameter 0. 

This rule expresses the rotation of the turtle 

by the Fibonacci angle and the position of the 

disk shape at radius:

  nr   (7.31)

The new node is placed at the end with a 

parameter increased by the value of 1. Gradual 

rewriting of nodes A creates regularly arranged 

structure from fi gure 7.29. Let us now defi ne 

objects for seeds (S), the inner edge leaves (R) 

and petals of various sizes (M, N, O, P). Let us 

create the following growth grammar:

( )
( ) ( ) ( ) ( )[ ] ( )
( )
( )
( )
( )
( )
( ) P~                            610  :C:

O~       610  &  595  :C:
N~       595  &  580  :C:
M~       580  &  565  :C:
R~       565  &  440  :C:
S~                         440  :C:

1AC^0.5f137.5*  :A:
0A:

/*  shapes petal  *     /P O N M  include#
/*  shapefloret ray   *       /          R   define#

/*  shape seed  *        /          S   define#

7

6

5

4

3

2

1

→<
→<=<
→<=<
→<=<
→<=<
→<=

++→

nnp
nnnp
nnnp
nnnp
nnnp

nnp
nnnnp

ω

 (7.32)

Via its interpretation, we can model the 

sunfl ower from fi gure 7.30. For illustration, this 

is rendered in a graphic program environment 

including light and shade.

7.2.2 Modelling developmental surfaces

Modelling organs using pre-defi ned surfaces 

or possibly linked with phyllotaxis can create 

realistically seemed products; however it has 

one disadvantage. Such created organs are 

unable to grow and change their shape, which is 

a typical feature of a plant. This problem can only 

be avoided using a series of organs of various 

ages. However, this does not correspond with the 

principles of growth grammars. We will therefore 

illustrate how it is possible to achieve modelling of 

developmental surfaces using growth grammars. A 

set of commands for the movement of the turtle or 

eagle amended for new symbols is used:

{  it starts to generate a polygon, which means 

that after each move of the turtle (or eagle) 

using F and f commands, turtle’s (or eagle’s) 

position is recorded as the apex of the polygon.

}  it fi nishes the generation of the polygon and 

includes it in the created image, for example, 

it fi lls it with a pre-defi ned colour.

G  it has the same meaning as F symbol with the 

difference that turtle’s (or eagle’s) position is 

not recorded as the apex of the polygon.

g  it has the same meaning as f symbol with the 

difference that turtle’s (or eagle’s) position is 

not recorded as the apex of the polygon.

.  it marks the actual position of the turtle (or 

eagle) as the apex of the polygon.

Two methods can be used when generating a 

surface:

a)  using F and f commands we will create an 

outline of the polygon by recording all its 

vertices, for example:

{ }
FXX:

FXXFX|FXXFXL:
:

20

2

1

→
++−−−+−→

°=

p
p
Lω

δ

 (7.33)

b)  using G and g commands, we create a 

skeleton of the polygon (for example, leaf 

venation) and peaks are recorded using the 

point symbol, for example:

  

[ ] [ ]
]{[ }
]{[ }

GCC:
 . C .  . BB:
 . C .  . AA:

B  A:
10

3

2

1

→
−→
+→

°=

p
p
p
ω
δ

 (7.34)



391

FOREST ECOSYSTEM ANALYSIS AND MODELLING

In the fi rst case, we modelled the leaves of 

the fern in fi gure 7.31. Rule p
1
 defi nes leaf L as 

a closed polygon. Composed brackets { and } 

indicate that the polygon should be fi lled with 

colour. Rule p
2
 linearly elongates leaf edges. In 

the second case, we generated the developing 

leaf in fi gure 7.32. The axiom contains nodes A 

and B which initialise the left and right sides of 

the leaf blade. Rules p
1
 and p

2
 create a sequence 

of axes emanating from the leaf base (leaf stem) 

which gradually spread from the central rib of the 

leaf. Rule p
3
 elongates the axis. The central rib 

axis is the longest since it was created fi rst. The 

leaf blade is therefore defi ned as a unifi cation of 

triangles created by the axes of veins and the 

blade edge.

VS 

HS PS 

Fig.7.27 An example of a leaf defi ned with bicubic patches including a contact point with connecting 
vectors (extracted from the publication by PRUSINKIEWICZ and LINDENMAYER 1990, fi gure 5.1, page 120). 

Fig.7.28 LEONARDO FIBONACCI (1170-1250), Italian 
mathematician, who signifi cantly infl uenced 
modern phyllotaxis modelling with his theory of 
numbers and ‘golden ratio’.

Fig.7.29 A regularly arranged structure modelled 
using the Fibonacci angle and growth grammar 
7.30.

Fig.7.30 An example of a sunfl ower modelled 
using growth grammar 7.32 (VOGEL 1979).
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Fig.7.31 A fern whose leaves are modelled using growth grammar 7.33 (extracted from the publication by 
PRUSINKIEWICZ and LINDENMAYER 1990, fi gure 5.3, page 121).

Fig.7.32 Developmental sequence of a heart shaped leaf (in the direction of the arrow) using growth 
grammar 7.34 (extracted from the publication by PRUSINKIEWICZ and LINDENMAYER 1990, fi gure 5.5, page 123).
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7.2.3 Modelling composite leaves

In some cases it is also possible to model 

organs based on L-systems even without using 

polygons and pre-defi ned features. This is mainly 

related to leaves with a complicated structure 

which, however, arise from a basic shape. 

The basic shape is reproduced based on self-

similarity principles. A typical example is a fern 

leaf. Figure 7.33 shows a composite leaf which 

often appears in Umbelliferae family. The leaf is 

modelled on the base of the growth grammar.

a) b) 

c) d) e) 

Fig.7.33 Composite leaves modelled using growth grammar 7.35 and the constants from table 7.1 
(extracted from the publication by PRUSINKIEWICZ and LINDENMAYER 1990, fi gure 5.11, page 129).
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( )
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δ

 (7.35)

In accordance with rule p
2
, node A(0) creates 

two segments F(1) and a pair of lateral nodes 

A(D) in each iteration step. Rule p
1
 ensures a 

delay in the development of daughter branches 

in accordance with step D in relation to the 

mother branch. Step D therefore expresses 

the apical delay. Rule p
3
 gradually elongates 

the internodes and in this way it ensures the 

proportions between the parts of the leaf. The 

internode elongation rate is controlled by 

constant R. The values of constants given in 

table 7.1 generate the structures shown in fi gure 

7.33.

Another type of a composite leaf with 

alternative branches will produce the following 

growth grammar:

( )
( ) ( )
( ) ( ) ( )[ ] ( ) ( )
( ) ( )
( ) ( ) ( )[ ] ( ) ( )
( ) ( )Raap

Dddp
dddp

Dddp
dddp

R
D

*F*:F:
0A 1F B 1F0:B:

1B0:B:
0B 1F A 1F0:A:

1A0:A:
0A:

50
/*  rate elongation internode  *  /          1.36      define#

/*delay   apical  *       /          1      define#

5

4

3

2

1

→
−→=
−→>
+→=
−→>

°=
ω
δ

 (7.36)

Leaves shown in fi gure 7.34 are in three 

variations depending upon the values of 

constants from table 7.2.

Tab. 7.1 Values of constants used for generating 
composite leaves in accordance with growth 
grammar 7.35.

Figure 
7.33

D R
number of 

steps

a 0 2.00 10

b 1 1.50 16

c 2 1.36 21

d 4 1.23 30

e 7 1.17 45

a) b) c) 

Fig.7.34 Composite leaves modelled using growth grammar 7.36 and the constants from table 7.2 
(extracted from the publication by PRUSINKIEWICZ and LINDENMAYER 1990, fi gure 5.12, page 130).
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Tab. 7.2 Values of constants used in generating 
composite leaves in accordance with growth 
grammar 7.36.

fi gure 7.34 D R
number of 

steps

a 1 1.36 20

b 4 1.18 34

c 7 1.13 46

7.3 Tree modelling

Modelling trees is much more complicated 

than modelling herbs or shrubs. The reasons 

lie in the complications in data collecting due 

to large dimensions of individuals and great 

variability in their morphology. Therefore, we 

are going to explain the current options for 

collecting data for constructing models. Figure 

7.35 gives an example of a model of three 

Norway spruces belonging to different classes 

of sociobiology position (see Chapter 6.8.1). 

The trees were generated using formal growth 

grammars defi ned in GROGRA program (KURTH 

1994). The trees are 112 years old and were 

generated based on a number of steps n = 

114. The example is from the works of SLOBODA 

et al. (1996). The fi gure presents the overall 

habitus of trees. It also shows the detail in 

the crown morphology of a dominant Norway 

spruce. The fi gure demonstrates the nature 

of the problems that are necessary to address 

when modelling trees. It is mainly necessary 

to capture the basic tree architecture and the 

topology of organs. A tree can have acrotonous, 

basitonous, mesotonic or monotonous growth. 

The growth can be monopodial or sympodial. In 

our case, it is monopodial, basitonous growth. 

At the same time, it is necessary to capture the 

type of branch rotation via tropisms. The fi gure 

shows the positive geotropism of Norway spruce 

branches which forms their typical habitus. 

During the growth process some branches die 

due to natural ageing (senescence), which is 

supported by the competition between trees 

for resources and by mechanical abrasio. 

This event is shown by gradual falling of lower 

branches, leaving only residues on the stem. It 

is also necessary to capture the correct growth 

proportions, which means widths and lengths 

of individual segments, so that the tree obtains 

credible dendrometric values. We will address 

the given issues in subsequent text.

Fig.7.35 The result of growth grammar from GROGRA program (KURTH 1994) for three Norway spruce 
trees (from left to right: dominant, co-dominant and suppressed) after 114 steps. The trees are 112 years 
old (the example is extracted from the works of SLOBODA et al. 1996).

monopodial basitonous growth 

geotropism 
senescence 
of branches 
 

biometric 
values 
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7.3.1  Obtaining data for the construction of 

tree growth grammar

The construction of tree growth grammars 

requires thorough understanding of the genesis of 

tree organ development. It is necessary to collect 

very detailed information about the development 

of morphology. Classical stem analyses are not 

suffi cient for that purpose (see Chapter 6.1.1 

and 2.1.1) and nor are tree crown analyses (see 

Chapter 6.2.1). Destructive methods are used 

for a detailed analysis of morphology. Samples of 

branches are taken. The height of branching on 

the tree stem is recorded and, under laboratory 

conditions, distances of lateral branches from 

the base of the mother branch, together with 

branching angles, lengths and diameters 

of branches are analysed on taken branch 

samples (fi gure 7.36). All levels of branching are 

recorded including the end apical shoots. The 

data is then statistically processed. Average 

values and variability are stated, or regression 

relationships between values are derived. These 

characteristics are used, for example, within 

stochastic L-systems. This method is relatively 

accurate but very demanding in terms of manual 

work and precise documentation.

Manual measurement can be replaced by 

handheld laser scanning. A handheld 3D 

scanner (fi gure 7.37) records the spatial image of 

a branch. A laser beam scans the object, similar 

to an electronic beam on a television screen, 

from left to right and from top to bottom. It can 

also record the colour of recorded points. In real 

time, the object is transformed into a 3D model 

on the screen of the connected computer. A great 

advantage of this method is high accuracy and 

robustness of the method in relation to software. 

On the other hand, a disadvantage is fi xed screen 

defi nition which depends upon the thickness of 

the laser beam. In addition, the laser beam does 

not pass through the objects but only moves along 

their surface. This can be critical when scanning 

branches with assimilation organs (leaves and 

needles) which often overlap. This method can 

be substituted with touch sensors. This method 

uses a touch digitiser. We attach a digitiser to the 

measured object (fi gure 7.38). By pressing the 

button, a signal is transferred to a receiver. The 

receiver calculates the spatial (3D) coordinates 

of the scanned point in sync with the receipt of 

information from another two fi xed points. This 

is known as three-point measurement. The 

magnetic or sonic (ultrasound) principle is used. 

The method records 3D coordinates of touched 

points in a database and draws the points on 

the computer screen. Another operator can add 

various attributes to the points (for example, 

Fig.7.36 The destructive method for the analysis of tree branching for the purposes of constructing 
L-systems (sample taken at the University of Georg-August in Göttingen for defi ning the growth grammar 
of Norway spruce in GROGRA environment).
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widths of branches, branch order number, 

branching level, etc.). Since the object is drawn 

directly, it is possible to repair errors during the 

measurement itself. The magnetic approach also 

allows the transfer of a signal through obstacles, 

but it is very sensitive to metal items and humidity. 

On the other hand, the sonic approach is sensitive 

to surrounding background noise. A disadvantage 

of touch measurement lies in the fact that it is 

very time and work-demanding. The fi nal objects 

are usually digitalised only in a schematic form. 

Figure 7.39 shows the reconstruction of the 

development of a stone pine (Pinus pinea) crown. 

Crown reconstruction was carried out using touch 

measurement with a magnetic digitiser (SUROVÝ 

et al. 2010). It illustrates crown morphology from 

2008 to 2004.

Another alternative for measuring plant 

morphology is to scan profi les. With this 

method, a silhouette of the plant is isolated from 

the monochromatic background (blue or green) 

by fi ltering digital images. Two dimensional 

(2D) silhouettes are taken from various angles 

by rotating the plant on a special table of the 

scanning station (fi gure 7.40). The silhouettes 

are used to derive a three dimensional (3D) cloud 

of points representing the three dimensional 

geometry of the plant. Plant geometry is recorded 

in the form of a wire frame. The colour and the 

texture of individual frames of plants are taken 

from photographic images. Textures are mapped 

on the polygons of objects defi ned by their 

wire frames. This method is more suitable for 

herbaceous plants. Trees can only be recorded 

in smaller dimensions, particularly young 

individuals cultivated in artifi cial conditions, for 

example, in greenhouse conditions. The method 

is not able to reconstruct concave objects 

such as holes on the surface or kind of space 

fi lling behind the parts situated in front. These 

shapes are not captured in silhouettes. Hence, 

amorphous artefacts are created. Their removal 

in 3D programmes is very time consuming. 

The same applies for thin objects such as fi ne 

branches or leaf stems which sometimes cannot 

be captured using a silhouette. This may result 

in the creation of empty spaces in plant models, 

which must be artifi cially fi lled in.

Fig.7.37 Examples of equipment for manual 3D laser scanning (fi gures are extracted from websites of 
producers and distributors).



398

FOREST ECOSYSTEM ANALYSIS AND MODELLING

Other methods such as the use of structured 

light or photogrammetry methods can also be 

used. When using the structured light method, 

light is cast upon the object. Light deformation 

produces (renders) 3D information. This method 

is suitable for larger, full objects, for example, a 

human face. The method is not very suitable for 

complicated objects such as plants, since it fi nds 

it very diffi cult to capture fi ne structures such as 

stems and branches; therefore, the method has 

not yet been proved successful. Photogrammetry 

methods are very demanding in terms of manual 

processing. A plant is photographed from several 

positions. This creates images photographed 

a) b) 

c) 
Fig.7.38 Spatial digitalisation of a tree based on magnetic touch sensors (photo P. SUROVÝ): a) receiver 
connected to a fi eld computer with a digitiser, b) reference point, c) point digitalisation.

Fig.7.39 Reconstruction of tree growth from data measured using magnetic touch digitalisation. The 
fi gure shows reverse construction of the morphology of stone pine (Pinus pinea) from 2008 to 2004 
(SUROVÝ et al. 2010).
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from several angles, which capture the same 

objects. The images are transferred into a 

three dimensional form based on stereometric 

principles (see Chapter 9.6.2). By manual clicking 

of points (for example, using a PC mouse), a 

three dimensional scheme of the plant is created. 

The method is very time demanding and is not 

suitable for complicated structures which very 

often appear in plants.

7.3.2 Modelling tree morphology

Defi nition 7.4

Tree architecture is a description of the 

expected development of tree morphology 

based on the genetic code encoded in the tree 

genotype.

An architectonic model of a tree is a genetic 

growth program consisting of one or several 

subsequent architectonic phases.

The topology of tree organs is a method 

of physical connection between individual 

morphological elements of a particular tree. It 

describes the geometric relationships between 

direct and lateral segments (edges) and 

terminal points and branching points (nodes). 

This refl ects tree’s phenotype. 

A topological model describes the order in 

which individual morphological elements of a 

tree occur (types of edges and nodes) along 

its axes.

Analysis of architecture is an important part in 

modelling the development of tree morphology. 

Research to date has created a wide conceptual 

and methodological base for the analysis of 

tree architecture. An overview of concepts 

and ideas can be found, for example, in the 

works of BARTHÉLÉMY and CARAGLIO (2007). 

The fundamental basis for understanding tree 

morphology was created in the works of two 

European botanists, Francis Hallé and Roelof 

Oldeman. They performed a large comparative 

study of tropical plant species (HALLÉ and 

OLDEMAN, 1970) and they later extended the 

analysis to the entire composition of the forest 

(HALLÉ et al. 1978) based on the development 

of trees from seeds in their natural ecosystems 

and in artifi cial gardens. The relatively easily 

observable features contained the criteria 

of growth dynamics, branching processes, 

morphological variability of axes and the 

position of reproductive organs. They answered 

the questions of whether a stem remains 

unbranched, whether tree growth is seasonal 

(rhythmic or continuous), whether fl owering 

is a lateral or terminal process, and they also 

observed factors infl uencing branch orientation 

(TOMLINSON 1983). HALLÉ et al. (1978) developed 

a concept of tree architecture, meaning simple 

architectonic phases and an architectonic model 

as an abstraction of a genetic code defi ning the 

plan of tree growth. Older concepts are static, 

but new are dynamic and stress development. 

Hallé and Oldeman originally identifi ed 21 

architectonic models in tropical rain forests 

and assumed the existence of another three 

models. One was soon discovered and included 

in the database in 1978. At present, Hallé and 

Oldeman’s system consists of 23 existing (found) 

architectonic models. The system uses a neutral 

method for naming them, based on the name 

of the botanist who contributed in the study of 

the species related to tree architecture. Details 

of each architectonic model can be found in the 

works of HALLÉ and OLDEMAN (1970) and HALLÉ 

et al. (1978). Of course, it cannot be expected 

that each tree can be explicitly ranked in the 

named architectonic model. A tree follows an 

architectonic model only if it is young (BELL 

1991). Later, its development is infl uenced by 

other phenomena such as various damages 

which affect further development of the crown. 

Some species share the properties of several 

architectonic models, and trees of the same 

Fig.7.40 Scanning station for recording plant 
profi les (left) and one of a series of images of 
shepherd’s purse (Capsella bursa pastoris, right). 
The image is from the Virtual Plant Network 
Wageningen UR (http://www.virtualplant.wur.nl) 
website.
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species can achieve the fi nal form from a series 

of different models (TOMLINSON 1983). Surprisingly, 

despite the above said, only 23 models provide 

a suitable reference base for studying plant 

morphology. The system is applicable for tree 

as well as herb species from tropical zones to 

temperate zones (BARTHÉLÉMY and CARAGLIO 2007). 

Figure 7.41 gives an example of an architectonic 

model of the Cupressus sempervirens species 

which was observed in three forms of crown 

morphology (tapered, transitional and horizontal) 

by BARTHÉLÉMY et al. (1999).

Whilst tree architecture deals with the general 

idea about the morphology of a tree crown of 

a particular species or about its form, the 

topology of tree organs describes a particular 

arrangement of individual morphological parts 

of a tree and the geometric relationships 

between them. The topology is an expression 

of the real infl uences upon an individual. It is the 

result of site conditions, competition processes, 

management treatments and various disturbing 

factors which infl uence the dynamics and 

formation of a tree crown. Tree architecture 

refl ects tree’s genotype and the topology of 

tree organs expresses tree ś phenotype. If 

we compare this with the architecture in the 

building industry, tree architecture may conform 

to the architectural style and topology of tree 

organs with a particular design of an existing 

building created in a given architectural style. 

Several cathedrals can be built in the Gothic 

style but each can have a different appearance. 

It may have a different number of towers, 

windows or doors, different composition of 

inner areas and arches. The same applies to 

trees. Several trees can belong to the same 

architectonic model but each has a different 

topology of organs. Branches, buds, leaves 

and fl owers have different dimensions and 

arrangement, even if the trees maintain the 

same morphological style. A topological 

model describes a particular arrangement of 

individual morphological parts of a tree. These 

are structures produced in the iteration process. 

New structures are created within individual 

steps in interpreting growth grammars. These 

can be expressed in the form of syntactic strings 

called morphemes. For example, tree topology 

shown in fi gure 7.25b will be expressed by the 

following morpheme:

ABC[++DE]–SG[++HI[– –JK]L]MNO] (7.37)

Defi nition 7.5

Acrotonic structure occurs when the 

development of lateral branches is intensifi ed 

in an upward direction of the plant.

Basitonic structure occurs when the 

development of lateral branches is slowed 

down in an upward direction.

Mesotonic structure represents a mixed 

growth pattern when the development of 

lateral branches is fi rst intensifi ed and then 

decelerated in an upward direction.

Monotonous structure is regular structure 

when lateral branches in an upward direction 

maintain the same length.

In axial trees, four typical ways of tree axis 

branching exist. Depending upon whether the 

lateral branches created above old branches are 

elongated or contracted, or retain their length, 

we talk about acrotonic, basitonic, mesotonic 

and monotonous structures. The principle is 

illustrated in fi gure 7.42. These types of tree 

structural development signifi cantly infl uence 

tree architecture. Using L-systems, acrotonic 

structure can be written using the following 

growth grammar:

  
[ ][ ]

[ ][ ]
FBB:

F FB FBA A:
F FB FBFA :

60

2

1

→
+−→

+−
=

p
p
ω
δ

 (7.38)

Basitonic structure can, for example, be 

achieved using the growth grammar:

  [ ][ ]
FBB:

FA FB FBA:
FA:
60

2

1

→
+−→

=

p
p
ω
δ

 (7.39)

Mesotonic structure can be described, for 

example, by:

( )
( ) ( )[ ] ( )[ ] ( )
( ) ( )1FB0:B:

1FA FB FB*:A:
0FA:

60

2

1

−→>
++−→

=

vvvp
vvvvp

ω
δ  (7.40)
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Monotonous structure only needs one rule:

  

[ ][ ]FA F FA:
FA:
60

+−→

=

p
ω
δ

 (7.41)

Graftals shown in fi gure 7.42 with the use 

of three iteration steps were also produced in 

accordance with the previous growth grammars.

Defi nition 7.6

Monopodial development is characterised 

by the creation of one main axial tree axis, 

around which lateral (side) branches are 

created.

Sympodial development is characterised 

by the creation of several parallel axes of 

a stem which may further branch into the 

lateral branches. It is also called coaxial 

development.

Another typical sign of tree morphology is 

the number of main stem axes. If a tree creates 

just one main axis, we speak of monopodial 

development. This branching pattern is typical 

for tree species in temperate zones and boreal 

zones. For these tree species, several axes are 

created only if they are so-called forks or if the 

trees originated from sprouting capacity of the 

stem or root. HONDA (1971) attempted to describe 

monopodial growth using growth grammars. He 

used the following grammar:

( )
( ) ( ) ( ) ( ) ( )[ ] ( ) ( )
( ) ( ) ( ) ( ) ( )[ ] ( )
( ) ( ) ( ) ( ) ( )[ ] ( )rr

rr

rr

r

wwrlwwrlalwwlp
wwrlwwrlalwwlp

wwrldwwrlalwwlp

w
d
a
a
r
r

n

*,*B *,*$B  F !    *:,C:
*,*C *,*$C  F !    *:,B:

*,*A  / *,*B & F !    *:,A:
1,10A:

/*  rate decrease  width *   /0.707     define#
/*  angle divergence  *    /137.5       define#

/*  axes lateralfor  angle branching  *        /45      define#
/* trunk   thefrom angle branching  *        /45      define#

/*  branchesfor  ration contractio  *        /0.6      define#
/* trunk  for the ration contractio  *        /0.9      define#

10

1223

1222

1201

2

0

2

1

+→
−→

→

=

ω

 (7.42)

In accordance with rule p
1
, the apex of the 

main axis A produces internode F and lateral 

branches B in each step. Constants r
1
 and r

2
 

specify the contraction ratio for the trunk and 

the contraction ratio for branches. Constants a
0
 

and a
2
 express the branching angle from the 

trunk and the branching angle for lateral axes, 

respectively. Parameter d defi nes the divergence 

angle. Command !(w) sets line width to be equal 

to value w, rule p
1
 therefore decreases the width 

of the daughter segment in relation to the mother 

segment by factor w
r
 = 0.707 (width decrease 

rate). This constant comes from the postulate of 

Leonardo da Vinci regarding the divergence of 

the mother branch to daughter branches, which 

we will address in Chapter 7.3.5. Rules p
2
 and p

3
 

describe the subsequent development of lateral 

branches. In each iteration step, it produces a 

direct segment (B or C), lateral segments of the 

subsequent grade with angle a
2
 or -a

2
 in relation 

to the mother branch. Two rules are used for 

the creation of lateral branches - left and right. 

The $ symbol rotates the eagle around axis H


 

while axis L


 is horizontal, and around axis L


 

while axis U


 is vertical (see Chapter 7.1.1). The 

plane of the branch in Honda’s model is therefore 

horizontal. From a technical viewpoint, rotation 

in the space is implemented using the following 

formula:

  LHU
HV
HVL







.   a   
.
.

  (7.43)

Vectors H


, L


 and U


 represent directions 

forward, left and upward connected to the eagle 

and V


 is the direction opposite to gravitation. 

The tree structures shown in fi gure 7.43 use the 

parameter values from table 7.3.

 A slightly different L-system captures the 

sympodial development of trees (AONO and 

KUNII 1984):

( )
( ) ( ) ( ) ( ) ( )[ ]

( ) ( ) ( )[ ]
( ) ( ) ( ) ( ) ( )[ ]

( ) ( )[ ]r22

112

r22

111

2

1

2

1

*,*$B                             
*,*$B  F !    *:,B:

*,*B & 180        /                    
*,*B & F !    *:,A:

1,10A:
/*  rate decrease  width *   /0.707     define#

/*  2 angle branching  *        /60      define#
/*  1 angle branching  *        /10      define#

/*  2 ration contractio  *        /0.7      define#
/*  1 ration contractio  *        /0.9      define#

10

wwrla
wwrlalwwlp

wwrla
wwrlalwwlp

w
a
a
r
r

n

r

r

r

−
+→

→

=

ω
 (7.44)
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This growth is typical for the some tree species 

of sub-tropical (Mediterranean) and tropical 

zones. These species do not produce distinctive 

stems. The main axis produces mother segments 

always with a non-zero angle so it is not explicitly 

possible to distinguish the main axis of the stem. 

The tree therefore creates several parallel axes. 

In accordance with growth grammar, the activity 

of the main apical segment is reduced, forming 

stem F and a pair of lateral segments B (rule p
1
). 

Subsequent divergent structures are covered 

with rule p
2
. The tree structures presented in 

fi gure 7.44 use the values of parameters from 

table 7.4.

Tab. 7.3 Values of constants for monopodial 
development (fi gure 7.43) following growth 
grammar 7.42 (HONDA 1971).

fi gure 
7.43

r
1

r
2

a
0

a
2

a 0.9 0.6 45 45

b 0.9 0.9 45 45

c 0.9 0.8 45 45

d 0.9 0.7 30 -30

Tab. 7.4 Values of constants for sympodial 
development (fi gure 7.44) following growth 
grammar 7.44 (AONO and KUNII 1984).

fi gure 
7.44

r
1

r
2

a
1

a
2

a 0.9 0.7 5 65

b 0.9 0.7 10 60

c 0.9 0.8 20 50

d 0.9 0.8 35 35

Fig.7.41 Architectonic model of Cupressus 
sempervirens species observed in three 
morphological forms of a crown (BARTHÉLÉMY et al. 
1999): tapered form (A), transitional form (B and 
C), horizontal form (D). Characteristic features of 
an architectonic model are: length of branches 
(compare A on the left with D), their straightness 
(A and B on the left) or curvature (A and B on the 
right), their initial angle (differences between D on 
the left and D on the right), homogeneity (A, B and 
D) or heterogeneity (C) of branching type within an 
individual, occurrence and importance of reiteration 
processes (A on the right and C). The black arrows 
indicate the reiteration structures of branches.

Fig.7.42 Illustration of acrotonic, basitonic, mesotonic and monotonous types of tree structure.

acrotonic growth basitonic growth mesotonic growth monotonous 
growth 
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7.3.3 Modelling tropisms

The development of tree organs often follows 

tropisms which determine the direction of bending 

or growth. We addressed tropisms in Chapter 

1.3.2 (see Defi nition 1.7). We will show how they 

can be modelled using L-systems. The bending 

of branches is simulated by a slight rotation of the 

cursor (turtle or eagle) in the direction of a pre-

defi ned tropism vector T


 after drawing each 

segment (fi gure 7.45). Orientation of bending  

is calculated using the following formula:

  THe


..  (7.45)

Parameter e describes susceptibility of axis 

to bending. It is a heuristic (purpose orientated) 

vector which is physically motivated. If T


 

is interpreted as a force acting at the end of 

vector H


and H


can rotate around its initial 

point, the torque is equal to the multiplication 

of both vectors. The following example of 

growth grammar describes tree morphology 

development containing tropism mechanism:

( ) ( ) ( )
( ) ( ) ( ) ( )[ ] ( )

( ) ( )[ ] ( ) ( ) ( )[ ]
( ) ( )
( ) ( )r

r

r

r

r

vwwp
lllp

ada
davp

v
l
a
d
d

n

*!    *:!  :
*F    *:F:

A50F&  / A50F &                     
 / A50F& 50F !    *:A:

A45/200F1!  :
/*  rate increase  width *       /1.732      define#

/*  rate elongation  *       /1.109       define#
/*  angle branching  *       /18.95       define#

/*  2 angle divergence  *     /132.63      define#
/*  1 angle divergence  *      /94.74      define#

6

3

2

2

11

2

1

→
→

→

=

ω

 (7.46)

Tab. 7.5 Values of the constants for geotropic growth of branches (fi gure 7.46) in accordance with growth 
grammar 7.46.

Fig.7.43 Examples of trees with monopodial 
development (HONDA 1971) generated based upon 
growth grammar 7.42 and parameters from table 7.3.

Fig.7.44 Examples of trees with sympodial 
development (AONO and KUNII 1984) generated 
based upon growth grammar 7.44 and parameters 
from table 7.4.

a) 
b) 

c) d) 

a) b) 

c) d) 

fi gure 7.46 d
1

d
2

a l
r T

r
e n

a 94.74 132.63 18.95 1.109 0.00; -1.00; 0.00 0.22 6

b 137.50 137.50 18.95 1.109 0.00; -1.00; 0.00 0.14 8

c 112.50 157.50 22.50 1.790 -0.02; -1.00; 0.00 0.27 8

d 180.00 252.00 36.00 1.070 -0.61; 0.77; -0.19 0.40 6
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The entire tree structure is defi ned by rule p
1
. 

In each iteration step, node A produces three 

new segments terminated by their own node 

A. Parameter w and constant v
r 
is related to the 

widths of segments. According to Leonardo da 

Vinci’s postulate, the width of the mother branch 

is 1.732 times greater since there are three 

new daughter branches. We will address this 

postulate in chapter 7.3.5. Rules p
2
 and p

3
 provide 

regular elongation of segments depending upon 

the elongation rate and widening segments 

depending upon the width increase rate in each 

iteration step. The result of growth grammar is 

shown in fi gure 7.46 in relation to changing input 

parameters (table 7.5).

7.3.4  Modelling competition and 

senescence

The growth of tree organs depends upon the 

sources supply, capture and use effi ciency. In 

a stand space, it is mainly the source of light. 

Light therefore predetermines the competitive 

relationships between individuals. A lack of 

light may also accelerate the ageing process of 

organs - senescence. It is shown in the mortality 

of organs and entire trees. The competition 

process is most frequently modelled by detecting 

the collisions between assimilation organs and 

terminating buds. Small branches with leaves 

(or needles) are shading segments, and buds 

represent nodes which will produce further 

segments (fi gure 7.47). The length of produced 

segments depends upon the amount of light 

which penetrates shading segments to productive 

nodes. This algorithm mainly considers the light 

cone of a given apical bud (node) with the peak 

pointing downwards, it originates in the centre of 

the bud and has a pre-determined divergence 

angle  (fi gure 7.47). The fi rst simulation which 

took the local light environment into account 

was carried out by GREENE (1989). He called this 

principle ’voxel space automata‘. He divided the 

surroundings of the plant into large cubic parts 

using spatial rasterisation (see Chapter 6.6.2.11). 

Cubic units are called voxels. He analysed this 

area with regard to the hit of voxels by individual 

parts of the plant (branches, buds, leaves). 

The principle is shown in fi gure 7.48. When 

modelling, he took the entire sky hemisphere into 

consideration, and also considered the amount 

of light penetrating in individual directions into 

the evaluated producing nodes. The hemisphere 

was placed in the position of an evaluated node 

and was divided into sectors for calculation. Each 

sector is represented by one central point. Light 

beams were passed through the central points 

of sectors and the centres of the hemisphere. 

Based on the number of obstacles in the voxel 

space, direction vectors with an index of the 

amount of penetrating light were obtained (fi gure 

7.49).

A similar approach was used by KANAMARU et 

al. (1992). They made hemispheric projections 

Fig. 7.45 Divergence angle 
 for the orientation of 
segment H


 in accordance 

with tropism T


 (extracted 
from the publication 
by PRUSINKIEWICZ and 
LINDENMAYER 1990, fi gure 
2.9, page 61).

Fig. 7.46 An example of tree structure with tropism 
properties based on growth grammar 7.46 and 
parameters from table 7.5 (extracted from the 
publication by PRUSINKIEWICZ and LINDENMAYER 1990, 
fi gure 2.8, page 60).

a) b) 

c) d) 
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(see Chapters 6.6.2.13 and 9.5.3) of voxels with 

assimilation organs. The projection centre was at 

the point of the evaluated production node. The 

level of covering the hemisphere with assimilation 

organs determined the amount of light received 

by the given node. Both cases used the principle 

of heliotropism which is defi ned by the growth 

direction vector. New segments grow in the 

direction of the highest intensity of incident light. 

This principle can be modelled using the method 

from the previous chapter.

Subsequently, CHIBA et al. (1994a, b) extended 

the model by KANAMARU et al. (1992) using a more 

complicated method. It included a mechanism 

for simulating the fl ow of hypothetical internal 

information in the tree structure. An even better 

biologically reasoned model was designed 

by TAKENAKA (1994). It simulated production 

considering photosynthesis by assimilation 

organs. An example of more complex growth 

grammar considering competition can be found 

in the works of MECH and PRUSINKIEWICZ (1996). 

Figure 7.50 shows an example of modelling 

spruce in a competitive environment based on 

the mentioned grammar.

The main tool for forming a tree crown is therefore 

a change in incremental rates (elongation rate l
r
, 

width increase rate v
r
, width decrease rate w

r
, 

etc.) and the introduction of a tropism vector in the 

direction of the largest source of light. Senescence 

of organs (ageing) which may even cause their 

mortality (for example, falling off a branch) is 

modelled by introducing % symbol into growth 

grammar. It means the removal of the residue of 

the structure (part of morpheme) situated after the 

Fig. 7.47 A cone of relevant light with angle  
infl uences the development of a producing node 
(a bud) based on shading segments (branches 
with assimilation organs) occurring in the light 
cone. 

Fig. 7.49 Division of the sky hemisphere into 46 
sectors. A direction vector with an index from 0 to 
45 passes through the central point of each sector. 
The direction vector accounts for the light intensity 
passing through obstacles in a given direction 
(extracted from the work of BLAISE 1991, according 
to DULKA 1989).

Fig. 7.48 The environment of a plant is divided in 
cubic units - voxels - using spatial rasterisation. 
Voxels are affected by individual tree organs. 
They are used for stating the amount of shading 
biomass. The fi gure only shows one row of 
voxels in the horizontal plane (extracted from the 
publication by KURTH 1999, fi gure 64, page 146).

VOXEL 
volume-x-element

2 

22 13 

28 32 

 = -90° 

 = 0° 
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symbol. The activation of the symbol is carried 

out using a similar mechanism as for modelling 

competition. Figure 7.51 shows an example of 

modelling the senescence of three trees with the 

growth grammar of GROGRA model stated in the 

publication by KURTH (1999) on page 207. 

Fig. 7.50 An example of modelling Norway spruce in a competitive environment: a) two spruce trees 
competing for light, in the picture above they are in their original position and below they are separated, b) 
relationship between the shape of spruce crowns and their position in the stand. The fi gures are extracted 
from the publication by MECH and PRUSINKIEWICZ (1996).

Fig. 7.51 Modelling senescence in an example of three trees. Senescence is expressed by stopping the 
growth of branches and their gradual falling off up to the mortality of the central individual (extracted from 
the publication by KURTH 1999, fi gure 94, page 208).

a) 

b) 
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7.3.5  Modelling dendrometric variables of 

trees

All the already mentioned methods focus 

upon the development of tree morphology. 

However, from the practical viewpoint, we 

are also interested in the basic dendrometric 

characteristics of a tree (see Chapter 3.3.1) such 

as tree diameter d
1.3

, tree height h or tree volume 

v. We will demonstrate how these parameters 

can be derived from tree morphology. Growth 

grammars should react to environmental 

conditions, for example, using the methods from 

the previous chapter, so that the trees will reach 

credible parameters. Tree height is the result 

of the apical growth of direct segments and 

tree diameter is the result of the lateral growth 

of direct segments. Growth conditions are 

responsible for growth proportions. For example, 

the correct length of internodes can be achieved 

using the rule:

     ri lllp *F     *:F:   (7.47)

The rule replaces the original segments with 

the new segments whose length is multiplied with 

index l
r
. This is the elongation rate. This rate can 

be included in the relationship to environmental 

conditions and the competitive situation in the 

stand space. The width of segments is modelled 

using a similar method:

  

( ) ( )

( ) ( )rj

rj

wwwp

vwwp

*!      *:!  :
resp.

*!      *:!  :

→

→

 (7.48)

The original width of segments is replaced with 

a new one on the base of the width increase 

rate v
r
 or the width decrease rate w

r
. The fi rst 

variant is used when rewriting edges. This is 

because old segments are wider than newly 

created segments. The second variant is used 

when nodes are rewritten. Newly created 

segments are thinner than older segments. 

Rates can be derived empirically, for example, 

depending upon site or can also consider the 

competitive situation of the tree. A specifi c case 

is when branching of segments occurs. In such 

a case, it is necessary to determine the width 

of the daughter branches based on the width 

of the mother branch. Of course, widths also 

depend upon how many branches the mother 

segment produces. A general discussion about 

this problem can be found in the publication by 

MACDONALD (1983, pages 131-135). For these 

purposes, today’s mathematicians use the rule 

derived by Leonardo da Vinci (fi gure 7.52) in 15th 

Fig. 7.52 LEONARDO DA VINCI (1452-1519), Italian 
Renaissance architect, musician, inventor, sculptor, 
and painter who affected current modelling of 
tree architecture with his postulate for deriving the 
width of branches.

Fig. 7.53 The principle of Da Vinci’s postulate for 
defi ning the widths of daughter branches w

2
 based 

on their number k and the width of the mother 
branch w

1
.

k=2 k=3 

w1 

w2 

w1 

w2 
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century based on the observation of nature. He 

used it to paint trees in order to correctly capture 

the proportions of branches in his paintings. At 

present we call this rule Da Vinci postulate 

(MANDELBROT 1982). The postulate says that 

the width of daughter branches is in such a 

proportion to the width of the mother branch that 

the addition of their cross-sectional areas at the 

branching point equals the total cross-sectional 

area of the mother branch at this point:

  
2

2
2

1 .wkw   (7.49)

The diameter of the mother branch at the 

branching point is marked w
1
 and the diameter 

of daughter branches at the branching point is 

marked w
2
. The diameters of daughter branches 

are equal and, apart from the diameter of the 

mother branch it also depends upon their number 

k (fi gure 7.53). The following example shows 

the rates for two and three daughter branches. 

The fi rst rate expresses the width increase rate 

v
r
 used in rewriting edges and the second rate 

expresses the width decrease rate w
r
 used in 

rewriting nodes.
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The tree shown in the form of graftal (fi gure 

7.54) creates the only base for deriving its 

dendrometric values. Tree height h can be 

determined by summing the lengths of all 

segments of the main (zero) axis of the tree (fi gure 

7.54a). The segments of the direct axis are shown 

as cylinders (fi gure 7.54b). The morphology 

section method and Huber’s principle of volume 

segments is used to derive the diameters at 

individual stem heights (see Chapter 6.1.3.2 and 

6.1.4.2, formula 6.17). Cylinders are replaced by 

truncated cones (fi gure 7.54c). The bottom and 

modeled 
segment 
 

w1 

w0 

w1/2 l 

actual 
part of stem,  
or branch 

h 

d1.3 d1.3 

b) a) c) 

Fig. 7.54 Principle of deriving tree height (h) and 
tree diameter (d

1.3
): a) tree height is determined as 

a sum of segment lengths of a zero degree axis of 
a tree, b) cylindrically shaped individual segments, 
c) segments are replaced by truncated cones so 
that their volume is identical to the volume of the 
original cylinders, so that they follow each other 
and copy the theoretical morphological curve of 
the stem; tree diameter is interpolated from the 
cone of the appropriate section.
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the upper base of each cone is determined in 

such a way that its mid basal area is identical 

to the diameter of the original cylinder and that 

the basal areas of individual segments follow 

each other, which means that the upper basal 

area of the previous segment is identical to 

the bottom basal area of the next segment. A 

suitable morphological curve of a stem is used 

to harmonise the sections. The ideal shape is 

where the absolute form quotient of tree diameter 

at relative tree height is a function of its relative 

height.

  

 
















3,13.1 h
hhf

d
d

hfq

ii

reli

 (7.52)

The method of indirect smoothing of a 

morphological curve is very suitable (see 

chapter 6.1.3.4). However, other models can 

also be used, for example, direct alignment of 

the morphological curve (see chapter 6.1.3.3) or 

a linear model of the morphological curve (see 

chapter 6.1.3.5). It is suffi cient to use suitable 

transformation. This principle ensures that the 

volumes of the original cylinders will be identical 

to the volumes of the created cones (see Huber’s 

formula 6.17 in Chapter 6.1.4.2), and that the stem 

shape will copy the theoretical morphological 

curve of the stem. Tree diameter d
1.3

 will be 

derived from the stem segment situated at this 

height, based on the interpolation between the 

upper and bottom basal areas of the cone. 

7.4  Variables and parameters in structural 

models

Like empirical models, structural models also 

use variables and parameters; therefore, we will 

return to them. They are similar in many features. 

Exogenous variables describe the conditions 

of the surroundings of the modelled individuals. 

These are site characteristics which, with their 

values, infl uence the parameters of growth 

grammars, for example, growth rates. They are 

either related to the entire modelled population 

(stand) or are distributed between the voxels of 

the stand area. For example, at stand level, these 

are temperature and precipitation conditions. 

They are usually given in averages or totals per 

annum or per growing season. This is because 

the model mainly uses one year period (iteration 

step). At voxel level, they are the characteristics, 

which signifi cantly change their distribution in the 

production space. A typical example is forest soil. 

The area under the forest stand is divided into 

cubic units where each unit contains information 

about the amount of nutrients and accessible 

water. These models use growth grammars for 

the development of roots which, for example, 

follow positive geotropic and hydrotropic growth. 

Exogenous variables are most frequently 

entered in the form of a three dimensional 

matrix. The matrix can be pictured as a cube 

consisting of a large number of identical small 

cubes placed close to each other so that they 

create a regular spatial raster in the directions of 

x, y and z axes. Each elementary cube has the 

attribute of an exogenous variable. For example, 

a brown shade speaks of the amount of nutrients 

in the soil, or a blue shade shows the amount of 

accessible water. The shade of the elementary 

unit expresses the value of a matrix cell, and the 

index in the direction of x, y and z axes expresses 

the position of the elementary unit in the soil 

space. Exogenous variables are not infl uenced 

by tree structure in return. If we implement their 

change into the system, for example, the change 

of the attributes of soil space voxels, they will 

become intermediary variables. The process 

could be achieved using context-sensitive 

grammars for propagation a signal (see Chapter 

7.1.7). A typical example of an intermediary 

variable is light in the aboveground stand space. 

It is modelled based on voxel space automata 

and hemispheric projection (see Chapter 7.3.4). 

Each voxel of the aboveground space contains 

a specifi c value of accessible light based on 

the structure of trees which fi ll the space. The 

distribution of light in individual voxels also 

changes with a change of structure.

State variables have a slightly different 

nature in structural models. This is because the 

results are the strings of symbols as the products 

of individual iterations within grammars. 

These are the created morphemes. Primary 

information is encoded in them. Their form is 

refl ected in graftals which better illustrate 

the stored information using turtle or eagle 

graphics. This is depicted in tree morphology. 

Classical dendrometric variables such as tree 

diameters and heights, or crown parameters, 

are derived secondarily, for example, using the 

methods described in the previous chapter. 
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Biomass and the content of elements are 

calculated if necessary as a tertiary output 

of models using the methods described in 

Chapter 6.10. Visualisation of state variables 

is most frequently carried out when drawing 

the morphology of individuals. We either use 

the primary form as the direct output of turtle 

or eagle graphics (see fi gure 7.55a) or we use 

more advanced methods of computer graphics 

(see fi gure 7.56). Some models also allow the 

visualisation of secondarily derived information 

in the form of a schematic illustration of trees 

(fi gure 7.55c). Generated outlines of tree crowns 

are used based on approximated objects 

(wireframes).

Structural models require a large set of 

system parameters. System parameters are 

part of growth grammars. These are initial values 

of growth grammar parameters which direct the 

development of tree morphology. They are either 

constants, which do not change during iteration, 

or starting values, which are modifi ed using 

iteration or algorithmic methods. The following 

table 7.6 presents some of the frequently used 

system parameters, which also appeared in our 

growth grammars. We give their name and the 

Slovak translation and the most frequently used 

symbol. System parameters also include pre-

defi ned objects such as pre-defi ned surfaces 

(see Chapter 7.2.1).

a) b) c) 
Fig. 7.55 Visualisation of the population status based on structural models using GROGRA environment 
(KURTH 1999, pages 246 - 248): a) primary status of trees, b) horizontal projection of trees, c) secondarily 
derived schematic status of trees.

name symbol used

turn angle 
divergence angle 

apical delay D

initial branch length l

initial branch width w

elongation rate l
r

contraction ratio c
r

width increase rate v
r

width decrease rate w
r

branching angle 
i

tropism vector T


susceptibility to bending e

Tab. 7.6 Some of the frequently used system parameters in structural models.
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Fig. 7.56 Simulation of the development of a spruce-beech stand with GroIMP environment (KNIEMEYER 
2008, fi gure 10.19, page 327) using the most advanced computer graphics.
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Summary

L-systems are systems which are able to 

model plant development based on rewriting 

strings. They  use the fractal principle (fi g. 7.6 

to 7.8). By recursive rewriting, morphemes 

are created using plant growth grammar 

which consists of axioms, rules and initial 

parameters. By implementing turtle or eagle 

graphics (fi g. 7.4), morphemes may be 

transformed into graftals (fi g. 7.10). The result 

is plant morphology. Special tools for recording 

growth grammars and the subsequent 

production of morphemes and graftals are 

used for modelling (fi g. 7.11). L-systems have 

gradually developed from the simplest to more 

complex in order to meet the requirements for 

plant modelling. Deterministic context-free 

L-systems represent the simplest form which 

provides recursive rewriting of edges (fi g. 7.12) 

or nodes (fi g. 7.14). Bracketed L-systems 

allow the creation of branching structures 

of edges (internodes), which enables 

modelling of so called axial trees (fi g. 7.16) 

with segments that may be direct, lateral or 

apex. Stochastic L-systems enrich rewriting 

by making it possible to create alternative 

structures with defi ned probability of rule 

activation. By repeating plant generation, 

various morphologies are created which retain 

the same form (fi g. 7.20 and7.21). Parametric 

L-systems are used to modify plant growth 

using pre-defi ned or gradually updated (re-

calculated) parameters (fi g. 7.22 to 7.24), by 

which, for example, growth intensity may be 

regulated. Context sensitive L-systems 

allow application of principles for creating a 

plant structure based on context (appearance) 

of a partial plant structure before and/or after 

a rewritten structure. This allows modelling of 

dynamic processes such as spreading signals 

in a plant (fi g. 7.26). Modelling plant organs 

(leaves, fl owers) can be carried out using 

pre-defi ned surfaces. Various formulae 

describing planar or spatial objects can be 

used, for example, bicubic patches (fi g. 7.27). 

Objects are then inserted into plant structures. 

Some organs have regular distribution. 

Phyllotaxy produced by for example a 

Fibonnaci angle is applied (fi g.7.29 and 7.30). 

Apart from static surfaces, developmental 

surfaces can also be modelled (fi g. 7.32). 

Special symbols for drawing polygons are 

inserted into growth grammar for these 

purposes. Classic L-systems also allow 

modelling of composite leaves (fi g. 7.33 

and 7.34). Data for the construction of tree 

growth grammar is obtained using destruction 

methods (fi g. 7.36), or manual laser scanners 

(fi g. 7.37), contact magnetic or sonic sensores 

(fi g. 7.38), scan profi les (fi g. 7.40), recording 

structured light or photogrammetry methods. 

A selected architectonic model is applied 

within tree morphology (fi g. 7.41) which forms a 

particular topological model. The model can 

produce acrotonous, basitonous, mesotonic 

and monotonous structures (fi g. 7.42). At the 

same time, it can generate monopodial (fi g. 

7.43) or sympodial (fi g. 7.44) tree shapes. 

Bends in tree internodes can be modelled 

using tropisms (fi g. 7.45 and 7.46). The growth 

rate of trees and their parts can be regulated 

using competition (fi g. 7.47). Voxel space 

automata (fi g. 7.48), hemispherical projections 

(fi g. 7.49) and heliotropism are used. The result 

is a modifi ed shape and plant size (fi g. 7.50). 

Extreme competition may lead to senescence 

processes, even mortality of trees and 

their organs (fi g. 7.51). When modelling tree 

dendrometric values, elongation rate, width 

increase rate or decrease rate are included in 

growth grammar and postulate by Leonardo 

da Vinci is used for branching structures (fi g. 

7.53) etc.
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What is the source of energy for plants?

Nowadays, children in primary schools are 

taught that the basic process that allows plants to 

live is called photosynthesis. However, the path 

to photosynthesis discovery and understanding 

was long, and all its secrets are still not clear. 

We try to describe this path. In 17th century, 

Jan Baptista van Helmont, Flemish physiologist, 

physicist and chemist, performed the well-known 

experiment on growing a willow in a pot over a 

fi ve year period. At the end of the experiment, 

he discovered that the weight of the willow had 

increased by 74 kg whilst the weight of the soil 

changed only slightly. Since the willow was only 

watered, he estimated that the water was the 

source of this weight and therefore, the source 

of plant’s life. At the end of 17th century, John 

Woodward, Professor of Physiology at Cambridge 

University, proposed an experiment to test van 

Helmont’s hypothesis. In a series of experiments, 

he measured the amount of water consumed by 

a plant throughout 77 days. He discovered that 

to obtain 1 gram of plant weight, around 76,000 

grams of water was necessary. From this, he 

correctly concluded that the majority of water 

obtained from soil is transferred to leaf pores and 

from there, it evaporates into the atmosphere. 

Based on this, he rejected van Helmont’s 

hypotheses that water is the source of nutrients 

for plants. In August 1711, Joseph Priestley, 

English chemist and philosopher, placed a mint 

stalk into a glass enclosed space together with 

a burning candle. The candle consumed all the 

oxygen (at that time oxygen had not yet been 

discovered) and burned out. After 27 days, he 

focused sunbeams onto the wick in the closed 

space using a mirror, lit the wick and discovered 

that the candle burned again. He concluded that 

plants somehow change air. Later, in 1712, he 

performed another well know experiment (fi gure 

8.1). First, he placed a mouse into a closed, glass 

container. After some time, the mouse collapsed. 

He then placed a plant in the closed container 

together with a mouse and discovered that, 

together with the plant, the mouse could survive 

(we do not recommend repeating this experiment 

due to violence on animals). Based on this, he 

confi rmed the hypothesis that plants regenerate 

the air necessary for the life of living creatures. He 

had had no idea how this experiment contributed 

towards the discovery of oxygen by Carl Wilhelm 

Scheel in 1772 and, at the same time, he laid the 

foundations for the discovery of photosynthesis. 

Jan Ingenhousz, Dutch physiologist, biologist and 

chemist, followed Priestley’s experiments and 

thanks to the successful vaccination of Habsburg 

family members against the pox, he became the 

personal clerk and physician of Maria Theresia. 

In 1779, he placed a plant and candle into a glass 

enclosed space. He kept the glass container 

in the sunlight for three days so it would have 

enough oxygen for the candle to burn. However, 

he did not light the candle. He covered the 

container with a black cloth and kept it covered 

for several days. When he then tried to light the 

candle, the candle would not burn. This led him 

to the conclusion that at night a plant behaves 

similarly to an animal, which means it breathes. 

A plant needs light to produce oxygen throughout 

8.  Methods of process modelling of forest 

ecosystems

’The history of human knowledge has shown that we are indebted for the most numerous and most 

valuable discoveries to incidental or accidental events and unexpected results.‘

(E. Poe)

’History of science is full of examples of how scientists thousands of miles apart discover the same thing 

independently... Nature cannot hide its secrets from a farsighted scientist.‘

(R. Lepp)
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the day. In another experiment, he placed a 

small, green water plant into a glass container 

fi lled with water. He exposed it to sunlight. He 

observed gas bubbles around the leaves and 

the green parts of the stem. The creation of 

bubbles ceased when he placed the container 

into darkness. Again he came to the conclusion 

that bubbles are a cleaning element of air which 

is polluted by animals and fl ames. Therefore, 

these experiments demonstrated that plants are 

dependent upon light which is needed for the 

creation of nutrients and energy. In 1796, Jean 

Seneibier, Swiss pastor, botanist and naturalist, 

demonstrated that green plants consume 

carbon dioxide and release oxygen under the 

infl uence of light. Soon after, Nicolas-Théodore 

de Saussure, Swiss chemist and physiologist, 

proved that the growth of plant biomass does not 

only depend upon carbon dioxide but also on the 

presence of water. This is how the foundations for 

the future chemical equation of photosynthesis 

were established. Cornelis Bernardus van Niel, 

German-American microbiologist, made key 

discoveries for explaining the chemical nature 

of photosynthesis. By studying purple sulphur 

bacteria and green bacteria, he was fi rst to prove 

that photosynthesis is an oxidation-reduction 

light-dependent reaction, in which hydrogen is 

reduced to carbon dioxide. American biochemist 

Robert Emerson tested plant productivity using 

various wavelengths of light. In red light, the 

reaction was suppressed. When he combined 

red and blue wavelengths, production was much 

more substantial. That is how he discovered two 

photosystems - fi rst up to 700 nm and the second 

to 680 nm wavelengths. Other experiments 

performed from 1937 to 1939 by the British 

biochemist Robert Hill confi rmed that the oxygen 

produced during photosynthesis originated from 

water. The conclusions were also confi rmed by 

Samuel Ruben and Martin Kamen who used 

radioactive isotopes for tracking oxygen. The 

American chemist and biochemist Melvin Calvin, 

American biologist Alm Benson and American 

chemist James Alan Bassham mapped the 

complete route of how carbon travels through 

a plant during photosynthesis, starting with 

atmospheric carbon dioxide up to transformation 

into carbohydrates and other organic compounds 

using a carbon-14 isotope. In this way, they 

discovered the cycle which is known today as 

the Calvin-Benson cycle. In 1961, Calvin was 

awarded the Nobel Prize for Biochemistry for 

this discovery. Another Nobel Prize was awarded 

in 1992 to the American chemist of Canadian 

origin, Rudolph Marcus, for the discovery of a 

chain reaction with the transport of electrons 

in the photosynthesis process. The complete 

photosynthesis process has still not yet been fully 

disclosed. Its disclosure will only happen when 

people are able to repeat the photosynthesis 

process under artifi cial laboratory conditions. 

Despite that, in 1980 Graham D. Farquhar, 

Susanne von Caemmerer and Joseph A. Berry, 

Fig. 8.1 JOSEPH PRIESTLEY (1733 - 1804), English chemist and philosopher, discovered that green plants 
release gas necessary for the life of animals, which strongly contributed towards the discovery of oxygen 
and establishment for the later discovery of photosynthesis.
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published a simplifi ed but functional model of 

photosynthesis for C
3
 type plants in FARQUHAR et 

al. (1980). This event triggered an era of process-

based models which, instead of empirical 

relationships, prefer causal, chemical, physical 

and physiological relationships.

What will we learn in this chapter?

Figure 8.2 illustrates the interaction between 

a tree and basic processes in the atmosphere 

(climatic processes), in soil (percolation, 

drainage, carbon and nitrogen soil balance) 

and in plants (photosynthesis, respiration, 

allocation, mortality, transpiration, translocation, 

nutrients uptake). This chapter addresses the 

modelling of these processes. We will present 

the methods used in forest modelling, which 

are typical for process-based models. Tree 

growth depends upon light, carbon dioxide, 

water and nutrients. At the beginning of this 

chapter, we therefore address modelling of the 

sun movement across the sky, the amount of 

radiation and its absorption by tree assimilation 

organs. We will explain approaches to modelling 

water movement starting from water uptake, 

through transpiration fl ow to transpiration. At the 

same time, we will clarify the basic methods for 

modelling the movement of nutrients until their 

uptake by tree roots. The basic keystone of tree 

growth is assimilation. We will therefore address 

the energy balance of a leaf and algorithms for 

modelling photosynthesis. The opposite process 

to assimilation is dissimilation. We will show how 

dissimilation is refl ected in plant development via 

modelling growth and maintaining respiration. 

The process of photosynthesis and respiration 

is refl ected in the production of a tree. We will 

explain how the production is distributed between 

individual parts of the tree (roots, stem, branches, 

assimilation organs). This process is resulting 

to allocation. We will provide several methods 

for its description. Finally, we will also address 

modelling of other important processes such as 

the onset of phenological phases, senescence 

and mortality, and all this will be based on 

process approaches. At the end, similarly as in 

the chapters about the methods of empirical and 

structural forest modelling, we will focus upon the 

nature of variables and parameters in process-

based models. Since the area of process-based 

models is currently developing dynamically, 
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Fig. 8.2 Interaction in the soil - plant - atmosphere system (processed in accordance with GROTE and 
SUCKOW 1998).
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it is more diverse compared to empirical and 

structural modelling. Current classifi cation and 

modelling approaches differentiate greatly. We 

attempted to make our own classifi cation of 

modelled processes and logical classifi cation of 

approaches and methods based on a summary 

of accessible literature. In this Chapter, we will 

only describe the basic features and principles 

to allow the reader to obtain a general overview. 

In case of interest in details, we recommend 

appropriate sources, for example, from the newer 

bound publications the monographs by SHULZE et 

al. (2005), LAMBERS et al. (2008)  and LANDSBERG 

and SANDS (2011), which address plant ecology 

and plant physiological ecology, or appropriate 

scientifi c articles, for example, LACOINTE (2000), 

MÄKELÄ et al. (2000) or LE ROUX et al. (2001) or 

the manuals of particular process-based models 

(see Chapters 5.2.3.2, 5.2.3.12 and 5.2.3.13).

8.1 Modelling the uptake of solar radiation

Solar radiation represents the main source of 

plant energy. The photosynthesis process takes 

place if there is access to light. The intensity of 

solar radiation changes depending upon location, 

date and time. It is related to the movement of the 

Earth around the Sun and to the rotation of the 

Earth around its axis (see Chapter 1.2.5). The 

movement of the Sun across the sky during a day 

can be described using a trajectory. The position 

of the Sun infl uences the incidence angle of 

sun rays on the earth’s surface. Therefore, we 

will address possibilities for modelling the sun’s 

trajectory. At the same time, the incidence angle 

of sun rays infl uences the amount of direct, 

diffusion and refl ected solar radiation. We will 

show algorithms to determine their values. 

The intensity of radiation changes also inside 

the stand canopy. The absorption of radiation 

changes dynamically depending upon the point 

within the stand profi le and the environment 

stand situation. We will also mention methods, 

which are nowadays available, for modelling 

these events.

8.1.1. Sun trajectory

The sun trajectory is the path the sun takes 

across the sky throughout a day. The position 

of the sun in the sky changes depending upon 

the calendar day (date) and hour during the day 

(time). To describe the trajectory, we can use 

equations based on astronomical relationships 

(ASTRONOMICAL ALMANAC ONLINE 2008, IQBAL 1983, 

REDA and ANDREAS 2008). To use an astronomical 

formula, it is often necessary to state the date in 

accordance with the Julian calendar (introduced 

in 45 B.C. by Julius Caesar), which differs from 

the current Gregorian calendar (introduced on 

24.2.1582 by Pope Gregory XIII). According to 

the Gregorian calendar, the year is a leap year if 

divisible by 4, but it is not a leap year if it is also 

divisible by 100, but if it is divisible by 400 it is a 

leap year. Conversion can be carried out using 

the following method:
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 (8.1)

The variables year, month and day in the 

equations obtain the values in accordance with 

the currently valid Gregorian calendar. Values 

y
J
 and m

J
 represent the year and the month 

in accordance with the Julian calendar. The 

JDN value is the ordinal number of the day in 

accordance with the Julian calendar (Julian 

Day Number), which starts on 1st January 4712 

B.C. at noon (12:00:00 UTC). The fl oor function 

expresses the largest integer number lower than 

or equal to the argument function stated in the 

brackets of the function. This means rounding to 

the closest lower integer number, i.e. cutting the 

decimal numbers. The following equation is used 

for the calculation of the complete Julian date 

(JD - Julian Date) including the time of the day 

(hour:minute:second):

86400144024
12 secondminutehourJDNJD ++

−
+=  (8.2)

For example, the date 25 April 2011 at 10:30:00 

would be 2455676.9375 according to the Julian 

date. At the same time, we must realise that the 

whole algorithm works with UTC – Coordinated 

Universal Time identical to Greenwich Mean 
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Time at Prime Meridian. Hence, it does not 

consider time shifts between time zone and 

summertime.

In order to calculate the sun’s position in 

the sky, it is necessary to calculate supporting 

characteristics such as the Current Julian Cycle 

(CJC), the Approximate Solar Noon (ASN), the 

Solar Mean Anomaly (SMA), the Equation of 

Centre (EC), Solar Transit (ST) or local solar 

noon:

⎟
⎠
⎞

⎜
⎝
⎛ −−−=

360
0009.02451545 longitudeJDroundCJC  (8.3)

CJClongitudeASN +++=
360

0009.02451545  (8.4)

( ) 360  mod  .98560028.05291.357 ASNSMA +=  (8.5)

( ) ( ) ( )SMASMASMAEC .3sin.0003.0.2sin.02.0sin.1948.1 ++=  (8.6)

( ) ( )α.2sin.0069.0sin.0053.0 −+= SMAASNST  (8.7)

The round function means rounding to the 

closest integer number, the mod function means 

the remainder of the integer division and the 

angles in degrees are inserted into goniometric 

functions. The longitude variable expresses the 

longitude which is positive in a westerly direction 

from the prime meridian and negative in an 

easterly direction. The inserted value is in the 

decimal system.

It is also necessary to calculate the actual 

angle of the sun’s position against the local 

solar noon. The variable is labelled as ω and its 

calculation requires converting the value of the 

solar transit from the Julian date to the hour in 

accordance with the Gregorian calendar (hour 

(ST)):

  ( )( )15.SThourhour −=°ω  (8.8)

If the sun’s position is before the local solar 

noon, the value is negative, if it is at local noon 

it is zero, and if it is after noon it is positive. A 

difference of one hour means a shift of the sun 

by 15°.

We can subsequently recalculate the cha-

racteristics of the sun’s position such as solar 

rectascence (), solar declination (), angular 

height of the sun (h), zenith angle of the sun (z), 

geographical azimuth of the sun (a) and solar 

inclination (i): 

( ) 360  mod  1809372.102 +++= ECSMAα  (8.9)

( ) ( )( )45.23sin.sinarcsin αδ =  (8.10)

            cos.cos.cossin.sinarcsin latitudelatitudeh  (8.11)

hz −= 90  (8.12)
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 (8.13)

          slopehslopeaspectahi cos.sinsin.cos.cosarccos   (8.14)

All values are given in degrees. See Chapter 1.2.5 

for their interpretation. For their determination, 

we need the longitude, the latitude, the aspect 

of the slope in degrees measured in a direction 

from north to east and the slope of the hang in 

degrees. Latitude in the direction northward 

from the Equator is positive and negative in the 

direction southward from the Equator. It is also 

expressed using the decimal system.

The activity of plant assimilation processes 

starts with sunrise and ends with sunset. Sunrise 

starts when the sun’s angular height exceeds 

zero degrees and sunset takes place if it falls 

below zero degrees. It can be calculated using 

time difference of solar noon from sunrise (ω):

( ) ( ) ( )
( ) ( )

15
cos.cos

sin.sin83.0sinarccos ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −−

=
δ

δ

ω
latitude

latitude

 (8.15)

ω−= )(SThoursunrise  (8.16)

ω+= )(SThoursunset  (8.17)

Sunrise and sunset can also be infl uenced 

by obstacles in the direction of the horizon. 

Obstacles can also create a barrier for direct 

sunlight during the movement of the sun on 

its daily trajectory. Many models therefore 

also address skyline modelling. The skyline 

defi nition principle is shown in fi gure 8.3. It is most 

frequently estimated based upon angles between 

the horizontal plane passing the observer’s eye 

and the intersection of the highest point of the 

obstacle and the observer’s eye. These angles 
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are determined in the direction of the actual 

geographical azimuth of the sun (a). Since it is a 

complicated system, it is often approximated by 

determining the angles in eight directions: north 

(0°), north east (45°), east (90°), south east (135°), 

south (180°), south west (225°), west (270°) and 

north west (315°). The required angles (a) in 

the remaining azimuths are determined using 

interpolation, for example, using spline functions 

(see the algorithm in Chapter 6.1.2). Skyline 

angles in eight directions are entered by the 

model user or can be derived using geographic 

information system tools. We will present an 

example in Chapter 10.6. Figure 8.4 gives an 

example of the sun’s trajectory modelled for 

point in space and time. The fi gure also shows 

the horizon and the sun’s position at the selected 

time. The algorithms stated in this Chapter were 

used to calculate the characteristics of the sun’s 

position in this fi gure.

8.1.2 Solar radiation

The amount of solar radiation is not only 

infl uenced by the sun’s position in the sky, 

but also by transmittance of the atmosphere. 

The most important factors include the level 

of atmospheric pollution and cloudiness. 

The transmittance of a cloudless, clean 

atmosphere (
A
) can be calculated using 

atmospheric transmittance (t
0
) depending upon 

the wavelength (coeffi cient 0.223 for visible 

radiation), and the relative optical length of 

radiation () in accordance with RICH (1989, 

1990), depending upon the altitude and the 

zenith angle (z) of the sun’s position:

  
223.0

0
 e  (8.18)

Fig. 8.3 Principle 
of the defi nition 
of skyline using 
skyline angles () 
in the required 
direction (azimuth).

Fig. 8.4 An example of the sun’s trajectory modelled 
for a location in Slovakia (latitude 48.8, longitude 
-19.7, aspect 135° - south east, slope 20°) on 25 
April 2011. The sun’s trajectory is shown with the red 
curve. The skyline is shown with the green curve. 
It is modelled using spline functions and skyline 
angles ε in eight azimuths (in the direction from 
north to east with 45° step: 5, 0, 10, 15, 20, 10, 5, 0). 
The sunrise in the free skyline is at 05:33 local time, 
and the sunset at 19:47 local time. The position of 
the skyline on this day causes that the real sunrise 
occurs later and the real sunset occurs earlier than in 
a free skyline. The shown sun’s position is modelled 
at 10:30:00. At this time, the characteristics of the 
sun’s position are the following: α = 34.7°, δ = 13.1°, 
h = 45.3°, z = 44.7°, a = 131.7°, i = 24.7°.

N
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( )z
altitudealtitude

e cos
.10.638.1.000118.0 29−−−

=λ  (8.19)

  
 0A  (8.20)

The Linke coeffi cient  (LINKE, 1922) is 

used for stating the transmittance of non-

clean atmosphere and it expresses relative 

atmospheric transmittance depending upon the 

concentration of aerosols in the atmosphere. It 

equals 1 for clean-dry atmosphere. For non-clean 

atmosphere it is less than 1. This index is stated 

by the model user or is derived from accessible 

sources, e.g. from the global database published 

by REMUND et al. (2003).

The amount of radiation is also infl uenced by 

the distance of the Earth from the sun. Since the 

Earth’s orbit is elliptical and is eccentric to the 

sun, this distance changes throughout the year 

(see Chapter 1.2.5). The tropical length of the 

year modifi ed using a correction factor for a so-

called anomalistic year is:

29632596296296.1
86400

52
1440

13
24
6365 ++++=ay  (8.21)

The angle between the Earth’s perihelion, 

the centre of the Earth’s elliptical orbit and the 

Earth’s actual position (v) is calculated based on 

the ordinal day of the year (x) in accordance with:

  

ay
x 3.360 

  (8.22)

The Earth’s eccentricity orbit is  = 

0.016716658836846. In astronomical units (AU), 

the relative distance of the Earth from the sun is 

determined using Kepler’s equation:

     sin.cos.1 reldist  (8.23)

The distance of the Earth in absolute units 

(km) is:

  avgrelabs DISTdistDIST .  (8.24)

where DIST
avg

 is the average distance of 

the Earth from the sun (149,597,926.5 km). In 

accordance with equation 8.24, the distance of 

the Earth from the sun is minimum in the perihelion 

on January 3rd (147,097,149 km) and maximum 

in the aphelion on July 4th (152,098,704 km). The 

total average amount of solar radiation within the 

entire spectrum (wavelengths) before entering 

the atmosphere is equal to the solar constant  

= 1367 W.m-2. This constant expresses the value 

of radiation at the distance of DIST
avg

. 

For a cloudless atmosphere, we can calculate 

the amount of direct radiation (0)
DIR

 and 

diffuse radiation (0)
DIF

:

   idist ArelDIR cos....0    (8.25)

( ) ( )
⎟
⎠
⎞

⎜
⎝
⎛ +

=
2

cos1....06.00 slopedist ArelDIF τσϕ  (8.26)

Global radiation (0) in open space with a 

cloudless sky is calculated as the sum of direct 

and diffuse radiation.

     DIFDIR 000    (8.27)

The level of cloudiness is another factor 

which signifi cantly changes the intensity of 

global radiation and the ratio between direct and 

diffuse radiation. This factor also causes the 

greatest fl uctuation in radiation throughout a day, 

month and year. At input, models often require 

percentage coverage of the sky by clouds in 

individual hours. Since this characteristic is only 

very rarely part of meteorological observations 

(airports are an exception), it is necessary 

to approximate it somehow. Most frequently, 

average monthly relative cloudiness and its 

standard deviation is used or modelled (see 

for example, GOTILWA model by GRACIA et al. 

1999). In such a case, a random (Monte Carlo) 

cloudiness generator is used, based, for example, 

on Gauss’ frequency distribution described by 

the average value and standard deviation (see 

Chapter 3.5). For Slovak conditions, a model 

based on long term meteorological observations 

was constructed (ZBORNÍK PRÁC SHMÚ 1991), 

which calculates relative cloudiness in per cents 

(%c) depending on altitude and the calendar 

month of the year according to: 

2
54

2
3210

...         

...%

monthamonthaltitudea
altitudeamonthaaltitudeaac




 (8.28)

The coeffi cients of equation 8.28 are shown in 

table 8.1a. A more detailed approach is to defi ne 
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the number of clear and cloudy days within a 

calendar month. Clear days can, for example, 

be defi ned as the days when the average daily 

cloudiness does not exceed 20%, and cloudy 

days are those when the average daily cloudiness 

does not drop below 80%. From the numbers of 

such defi ned days we can derive the frequency 

function of relative cloudiness, which has to meet 

the following criteria: the number of days within 

the categories of clear and cloudy days, and the 

conformance of the total number of days with 

the number of days in the given month has to be 

maintained. Based on the Monte Carlo method, 

the cloudiness of individual hours in a month 

can be generated from the frequency function 

(FABRIKA and MERGANIČ 2010). Table 8.1b states 

the coeffi cients of model 8.28 for calculating 

the number of clear days in a month (up to 20% 

cloudiness) and table 8.1c states the coeffi cients 

of model 8.28 for calculating cloudy days in a 

month (over 80% cloudiness) derived for Slovak 

conditions. In the stated equation, it is only the 

type of the dependent variable on the left side 

that changes. Figure 8.5 shows both models.

The authors BRISTOW and CAMPBELL (1984) 

present another empirical model, in which 

cloudiness is related to the average daily 

temperature amplitude and the average daily 

temperature in the month. They derived a model 

for the conditions of the United States of America 

whilst the model clarifi ed 70-90% of the observed 

variability of daily radiation.

a) model of relative monthly cloudiness as a percentage

a
0

a
1

a
2

a
3

a
4

a
5

77.1919 0.0121 -8.5538 -3.1816.10-6 -0.0001 0.6578

b) a model of the number of clear days in a month (up to 20% cloud)

a
0

a
1

a
2

a
3

a
4

a
5

2.218 -0.0022 0.8728 7.2878.10-7 6.6197.10-6 -0.0648

c) a model of the number of cloudy days in a month (over 80% cloud)

a
0

a
1

a
2

a
3

a
4

a
5

19.3611 0.0049 -4.4057 -1.2422.10-6 -7.5751.10-5 0.3447

Tab. 8.1 The cloudiness model (equation 8.28) derived for Slovak conditions from long term 
measurements using 78 meteorological stations (the data were taken from the ZBORNÍK PRÁC SHMÚ 1991)..

Fig. 8.5 The model of the number of clear days in a month (up to 20% cloudiness) and the number of cloudy 
days in a month (over 80% cloudiness) based on altitude and the calendar month applicable for the area 
of Slovakia.
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Using the stated relative cloudiness, we can 

calculate actual global radiation in accordance 

with:

  )0(.
100
%%  cc   (8.29)

We divide global radiation into diffuse (%c)
DIF

 

and direct (%c)
DIR

 radiation using the following 

equations:

   cfractionc DIF %.%    (8.30)

     DIFDIR ccc %%%    (8.31)

The fraction of the diffuse radiation (fraction) 

used in equation 8.30 is derived using 

interpolation techniques based on the cloudiness 

in accordance with the formula:

( )
( )

( )
( ) 100

%.
0

07.0
0

0 cfraction DIFDIF
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−+=

ϕ
ϕ

ϕ
ϕ

 (8.32)

The last element of radiation is refl ected 

radiation (%c)
REF,

 which is refl ected from 

assimilation organs, soil, vegetation and 

surrounding objects. In forest stands, this radiation 

usually forms a very small part of radiation. We 

can use a simple formula for its calculation:

     .
100

%.%% albcc REF   (8.33)

It is derived from the percentage of refl ected 

radiation (%alb) from total global radiation (direct 

and diffuse). This is corrected using ratio  The 

percentage fraction of refl ected radiation is called 

albedo and depends mainly upon the surface 

character, particularly the type of the stand or the 

roughness of assimilation organs. It also changes 

depending upon the sun’s position and the date. 

JARVIS et al. (1976) state the average daily value 

of 10% for coniferous stands, and RAUNER (1976) 

states 16% for deciduous stands. Several works 

addressed the study of radiation balance (for 

example STEWARD and THOM 1973, MOORE 1976). 

Some models use a value of 11% with a standard 

deviation of ±1% for all angular heights of the sun. 

Coeffi cient  expresses the proportion between 

the surface that refl ects radiation and the total 

surface which receives radiation. According to 

research, it varies between approximately 0.1 

and 0.2. Note that in all the equations stated in 

this chapter, the value of direct radiation is zero 

if the sun is situated behind an obstacle on the 

horizon. In such a case, global radiation consists 

of only the diffuse and the refl ected radiation if 

occurring. 

The model that was introduced in this chapter is 

used in the process-based refi ning (downscaling) 

Fig. 8.6 Examples of devices 
for plant canopy analysis (Plant 
Canopy Analyser) used for 
measuring the parameters of light 
conditions in crown canopy: a) 
LAI-2200 by LI-COR Biosciences 
is based on the principle of 
optical scanning of light in 
part of the hemisphere and its 
comparison above and below 
vegetation, b) Win SCANOPY 
from Regent Instruments works 
on the principle of analysing 
an image of the photographed 
upper hemisphere (images are 
extracted from the websites of 
producers and distributors).

a) b) 

lenses 

optical filter sensor 

mirror 

adapter with compass 
mini adapter 
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of simulations in SIBYLA model (FABRIKA 2005). 

There are also other mathematical methods 

available, which lead to the same results (IQBAL 

1983, GRACIA et al. 1999, RIGOLLIER et al. 2000).

8.1.3 Absorption of solar radiation

Solar radiation in open space is signifi cantly 

modifi ed by the canopy of a forest stand. 

Process-based models are based on calculating 

the amount of solar radiation either at the level 

of individual stories of a forest stand or at the 

level of the given points of tree crowns or their 

leaves. It is a very complicated problem, which 

is very diffi cult to measure in reality. Due to this, 

there are complications with its modelling. In 

Chapter 6.5.3.2 we talked about the methods 

for measuring the percentage of crown canopy 

based on hemispheric images (see fi gure 

6.47b). These methods were found to be also 

very suitable for determining the amount of 

penetrating radiation in a forest stand. Commonly 

used equipment based either on optical imaging 

of parts of the hemisphere or on the analysis of 

images of the upper hemisphere is available. The 

instruments are called plant canopy analysers 

and are used for deriving leaf area index (LAI), 

photosynthetically active radiation (PAR), for 

determining diffused radiation, leaf incline angle, 

size of the gaps in stand canopy (gap fractions) 

and other characteristics. Figure 8.6 shows 

an example of devices for both methods. The 

amount of solar radiation between tree crowns 

can be derived, for example, using the diffuse site 

factor method from the hemispheric projection 

addressed in Chapter 6.6.2.13. Although this 

method was primarily derived for determining 

stand density and competition situation in 

empirical models, it can also be used in process-

based models. In the following chapters we will 

present other methods for determining light in 

crown canopy, which were created especially for 

the purposes of process-based models. 

8.1.3.1 The Lambert-Beer law

Despite great heterogeneity of stand canopy 

and the variability of solar radiation, a lot of 

empirical research experiments showed that if 

we measure radiation profi le at different heights 

of the stand canopy and the foliage density above 

the particular height, there is an exponential 

relationship between them. This relationship is 

analogous to the Lambert-Beer physical law. It 

is a mathematical expression of the dependence 

of electro-magnetic radiation absorption upon 

the properties of the material through which the 

radiation passes. The law was derived empirically 

by physicists BOUGUER (1729), LAMBERT (1760) and 

BEER (1852). Its adaptation to stand conditions 

confi rmed by empirical measurements gives the 

equation:

  
LAIke .

0.   (8.34)

This formula was used for modelling solar 

radiation in a stand by MONSI and SAEKI already 

in 1953. The formula shows that the amount of 

radiation inside a stand () is equal to the radiation 

above the stand (
0
) reduced by the amount of 

assimilation organs (leaves or needles) through 

which the light passes using an exponential 

function. The amount of assimilation organs is 

expressed by the leaf area index (LAI). The leaf 

area index is modifi ed with extinction coeffi cient k. 

The coeffi cient depends upon the properties of the 

assimilation organs and therefore upon the type 

of the forest. JARVIS and LEVERENZ (1983) proved 

this assumption with empirical measurements in 

various types of forests. The average value of k for 

deciduous and coniferous tree species is 0.5. The 

most important characteristic of the model is the 

leaf area index which plays a key role in applying 

equation 8.34.

Defi nition 8.1

The leaf area index (LAI) is the ratio between 

the surface of the leaves of vegetation and 

the ground surface area where the given 

vegetation grows. It is a dimensionless 

number that most frequently varies from 0 

for an area without vegetation to 10 in dense 

forests.

The leaf area index can be calculated in the 

following way: fi rst we ascertain the surface 

area of one side of each leaf, next we sum up 

the surface areas of leaves and divide the sum 

with the ground area, on which the trees with 

the measured leaves grow. The surface areas 

of leaves and of the stand are measured in the 

same units. This dimensionless number can be 

imagined as follows: if we place leaves next to 

each other on the ground area without any gaps, 

a certain number of layers will be created. The 
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number of layers is LAI. Of course, this is an 

abstract idea since due to their oval and irregular 

shapes leaves cannot be placed next to each 

other without any gaps. The number represents 

the size of the obstacle for light penetration 

well and thanks to its dimensionless nature and 

independence from the stand area, it is very 

universal. However, methods for its determination 

are more complicated. We will address methods 

for determining LAI at the end of Chapter 8.

The Lambert-Beer law is very often used 

for modelling the absorption of radiation by 

tree crowns. In literature we can also fi nd the 

term ’radiation interception‘. We will show two 

different methods for its application in process-

based models. The fi rst is a stand model and the 

second is a tree model. The stand approach 

does not require horizontal distribution of the 

trees only the vertical layering. It assumes regular 

distribution of tree crown biomass in the stand 

area, or it divides the crown into several layers, 

which have different foliage density, but also in 

this case, regular distribution of biomass in each 

layer of the stand is assumed (fi gure 8.7a). A 

separate leaf area index (LAI) is determined for 

each layer. Figure 8.7a shows a stand with four 

stand layers distinguished by different shades of 

green colour depending upon the value of the 

leaf area index. Its value for each layer is given 

on the left side of the fi gure. The cumulated 

sums of LAI of individual layers are calculated 

in order to ascertain the gradual accumulation of 

obstacles to radiation in an inward direction of the 

stand. They are given on the right side of fi gure 

8.7a. The value of the cumulated LAI is used in 

function 8.34 for each layer of tree crowns. It is a 

discrete model. However, a discrete model also 

allows the construction of a continuous model by 

fi tting a suitable function to cumulative sums, for 

example, a polynomial of such a degree that the 

function will pass through all points (see fi gure 

8.7b). The percentage value of solar radiation 

at any height within the crown canopy from the 

situation above the stand is determined based 

on the interpolation of LAI from the continuous 

function. The individual tree approach is much 

more complex. It requires the information about 
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a) 

Fig. 8.7 Stand model of radiation absorption based on the Lambert-Beer law: a) discrete model, b) continuous 
model.

Fig. 8.8 Tree model of radiation absorption using an 
example of the model by Pfreundt (PFREUNDT 1988, 
SLOBODA and PFREUNDT 1989): a) a model of shading 
biomass, b) a model of the biomass profi le of 
individual trees depending upon individual needle 
year classes.

a) b)



426

FOREST ECOSYSTEM ANALYSIS AND MODELLING

3D vertical and horizontal distribution pattern 

of stems and crowns. We will demonstrate this 

approach using an example of the model by 

Pfreundt (PFREUNDT 1988, SLOBODA and PFREUNDT 

1989). The mentioned model determines the 

shading biomass for each necessary point 

defi ned by x, y and z coordinates (fi gure 8.8). 

The cone of the upper light is placed above the 

given point. Its vertex is at point x, y, z and it 

opens in an upward direction under angle of  

= 69°. The biomass of the surrounding trees that 

occur inside the competition cone is ascertained. 

Figure 8.8a shows an example of the two 

evaluated points. For the fi rst tree, there is a 

group of fi ve trees that occur inside the evaluated 

cone. The second tree is not infl uenced by any 

competitors. The affected biomass is evaluated 

based on the profi le of individual year class 

of needles (fi gure 8.8b). The biomass of year 

classes is modelled with beta function (see 

table 3.2 and Chapter 6.3.2.2). Figure 8.8b 

shows the development of a spruce crown from 

year k (last on the top) to year n (last on the 

bottom). The fi rst graph (on the left) presents the 

morphological curve of the crown (see Chapter 

6.2.2.1) in individual years (k to n). The second 

graph (in the middle) shows the biomass amount 

of individual needle year classes. The curves 

of younger year classes are placed higher than 

the curves of older year classes. Each curve 

describes the needle surface in square metres 

per regular height meter depending upon the 

position on the tree. By summing the curves of 

needle year classes, we will obtain an overall 

curve of tree crown biomass. The last graph 

(on the right) describes the distribution of a 

tree crown into individual needle layers (I to V) 

including the ratio between the inner and the 

outer part of the tree crown. The layers, as well 

as the inner and outer parts of the tree crown, 

infl uence light transmittance differently, and have 

therefore a different extinction coeffi cient k. Leaf 

area indices are derived based on the surface of 

the tree crown in individual crown layers. Beta 

functions are used for the calculations. These 

indices are then accumulated inside the affected 

parts of the competition cone. They are inserted 

in the Lambert-Beer law from which we obtain 

the percentage of radiation in the stand from the 

radiation above the stand. Different extinction 

coeffi cients of a competing tree are taken into 

consideration for individual layers and the inner 

and outer parts of the crown.

8.1.3.2  Campbell ellipsoidal orientation of 

assimilation organs

The previous model of solar radiation 

transmission through the crown canopy 

assumed that canopy permeability is the same 

regardless of the direction of solar radiation. 

However, in real forest stands, the permeability 

changes depending upon the orientation of tree 

leaves. Let us imagine a situation when the sun 

is at the zenith. Let us change the orientation 

of the leaves (fi gure 8.9). If all the leaves are in 

a horizontal position (fi gure 8.9a), they create 

the least permeable obstacle. If they are in a 

vertical position (fi gure 8.9b), their permeability 

is very high. Balanced distribution of leaves in 

all directions (fi gure 8.9c) is called spherical 

and provides average permeability, which stays 

constant regardless of the direction of solar 

radiation. Spherical distribution of leaves is an 

ideal model idea, which often differs from reality. 

Therefore, Campbell introduced a more general 

approach based on ellipsoidal distribution of 

leaves (CAMPBELL 1986, 1990). He introduced 

an equation to calculate the radiation extinction 

coeffi cient k depending upon the direction of 

solar radiation (the position of the sun) and the 

orientation of tree leaves. 

( )
( ) 733.0

22

182.1.744.1
tan

−++
+

=
LADLAD

zLAD
k  (8.35)

Defi nition 8.2

Leaf angle distribution (LAD) is a feature 

which expresses the orientation of leaves 

in a tree crown. If we present each leaf as a 

small horizontal plane, their orientation can 

be defi ned using the azimuth and the sun’s 

zenith angle against the normal of the plane. 

The LAD value is most frequently expressed 

based upon the ellipsoid of the leaf angle 

distribution. LAD index is a ratio between the 

axes of the ellipsoid.

LAD coeffi cient and the zenith angle of the sun 

z are entered in the equation. LAD coeffi cient is 

called the leaf angle distribution and is calculated 

as the relative ratio between the horizontal (a) 

and the vertical (b) axis of the ellipsoid shown 

in fi gure 8.10: LAD = a/b. In case of vertical 

positioning of leaves, the coeffi cient equals 
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0. For spherical leaf distribution, it equals 1. 

In case of horizontal leaf distribution, it equals 

infi nity. Typical values for various types of stands 

are derived in the works of e.g. CAMPBELL and 

NORMAN (1998). For modelling direct radiation 

the Lambert-Beer equation 8.34 is used, in 

which the extinction coeffi cient calculated with 

equation 8.35 is inserted. Since diffuse radiation 

is transmitted from all directions, CAMPBELL and 

NORMAN (1998) proposed the following defi nite 

integral for its calculation.

( ) ( )∫ −=
2/

0

.,
0 )cos(.sin...2

π

ϕϕ dzzze LAIzLADk
DIF  (8.36)

The limit of the integral is the upper hemisphere 

(z = 0 .. /2), whilst the integration follows the 

changing zenith angle of the sun z. This is 

because with changing angle z, coeffi cient k also 

changes in accordance with equation 8.35. LAD 

coeffi cient is constant. The orientation of leaves 

and their relationship to solar radiation has been 

addressed by several authors (BARCLAY 2001, 

FALSTER and WESTOBY 2003, FLERCHINGER and YU 

2007, WANG et al. 2007).

8.1.3.3 Ray tracing model

Techniques for monitoring rays - ray tracing - 

were developed for computer rendering of an 

image and for computer animations (see Chapter 

9.8 and fi gure 9.43). It was shown that they are also 

suitable for modelling solar radiation absorbed 

by a forest stand (ARIES et al. 1993, VAN PELT and 

NORTH 1996, CESCATTI 1997a, 1997b, BRUNNER 

1998, FABRIKA and MERGANIČ 2010). The principle 

lies in the fact that the azimuth and the zenith angle 

of a ray coming from the evaluated points changes 

in regular steps, for example every 1, 2, 3, 5, 9 

or 15 degrees. This will create a certain number 

of rays, for example 32,400; 8,100; 3,600; 1,296; 

400 or 144 rays, which cover the entire upper 

hemisphere. Instead of the upper hemisphere, 

some authors use an upper cone, which is 

limited to a part of the hemisphere (for example 

KOOP 1989, CANHAM et al. 1994). In this way, they 

reduce the number of rays and the demands for 

calculation. Obstacles are evaluated for each 

ray separately (fi gure 8.11). Some obstacles are 

considered as impermeable (for example tree 

stems, the terrain), some as semi-permeable (for 

example tree crowns). Models replace tree crowns 

with generalised objects. Objects are either 

symmetrical (BRUNNER 1998, FABRIKA and MERGANIČ 

2010) or asymmetrical (CESCATTI 1997). Obstacles 

in the direction of rays are evaluated depending 

upon their type. Stems and the terrain represent 

obstacles through which rays cannot pass. They 

form a hundred per cent barrier to light. In case 

of tree crowns, tree species and the width of the 

a) b) c) 

Fig. 8.9 A change in leaf orientation is also 
expressed by a change in canopy permeability to 
solar radiation in the selected direction: a) horizontal 
distribution of leaf angles, b) vertical distribution of 
leaf angles, c) spherical distribution of leaf angles.

Fig. 8.10 Ellipsoidal orientation of leaves according 
to CAMPBELL (1986). Variables and geometrical 
formulae of an ellipsoid. The leaf angle is . 
Following the ellipsoid, the orientation of a leaf with 
regard to solar radiation is given by angle  and the 
zenith angle of the incoming radiation z. Ellipsoid 
axes a and b defi ne the distribution of leaf angles. 
The ratio a/b defi nes LAD coeffi cient.

a 

b 

z 

  

d  incoming 
radiation 
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crown layer through which the sun ray passes is 

evaluated. For example, crown transparency, leaf 

area index of a tree (LAI), leaf angle distribution 

(LAD), etc., depend upon tree species. The 

characteristics are used in connection with the 

Lambert-Beer law and the Campbell ellipsoid, 

in order to determine the percentage reduction 

of radiation in the direction of a ray, taking into 

consideration the thickness of an obstacle and 

leaf orientation. That is how we obtain the radiation 

fraction for each evaluated azimuth and zenith 

angle from the radiation in open space. We obtain 

hemispheres of radiation absorption or cones 

of radiation absorption. In these hemispheres, 

we can display the daily trajectory of the sun and 

the actual position of the sun depending upon 

date and time. Direct radiation is obtained by 

analysing the permeability of solar radiation at 

the sun’s position or in its close vicinity. Diffuse 

radiation is derived from the analysis of the whole 

Fig. 8.11 Method of ray tracing and the cases, when 
it strikes or passes through an obstacle. Rays cover 
the upper hemisphere or its part. The number of 
rays depends upon the selected step for changing 
the azimuth and the zenith angle. 

Fig. 8.12 Hemispheres showing radiation absorption for an under-storey European beech (top row) and a 
dominant Norway spruce (bottom row) in a spruce-beech stand, an example of a model by FABRIKA and 
MERGANIČ (2010). Hemispheres capture the status on the top of the crown (fi rst column), on the dividing line 
between the lit and shaded parts (second column), and on the crown base (third column). Based upon 
the sun’s trajectory, the sun’s position and the results from the hemisphere, the ratio of direct and diffuse 
radiation is calculated from the situation in open space without a forest stand.

Beech  
(h=16. 7) 

Spruce  
(h=29. 7) 

crown base crown top 
transition between sunlit and 

shaded part of crown 

percentage of light permeability from the open space 
(white = 100%, darker shade of green means lower percentage) 

direct radiation 
= average of 3 x 3 

pixels near the point 
(6° ) angle

diffuse radiation 
= average of all 

pixels 



429

FOREST ECOSYSTEM ANALYSIS AND MODELLING

hemisphere. Figure 8.12 shows an example of 

process-based downscaling of semi-empirical 

model SIBYLA (FABRIKA and MERGANIČ 2010). The 

azimuth and the zenith angle change in 2° steps, 

which results in the division of the hemisphere 

into a regular raster with 8,100 pixels. Each pixel 

has a percentage light permeability value from the 

open space. The upper row of the fi gure displays 

a beech from under-storey with a height of 16.7 m, 

and the lower row shows a dominant spruce with 

a height of 29.7 m from a mixed Norway spruce 

– European beech forest. The white colour of 

the hemisphere expresses one hundred per cent 

permeability of radiation. As the shade of green 

becomes darker, the percentage of radiation 

permeability decreases. Three hemispheres are 

shown for each tree: on the top of the crown, on 

the base of the crown, and on the dividing line 

between the light and shaded parts. Tree crowns 

were modelled as symmetrical solids using the 

model by Pretzsch (see equation 6.29 and fi gure 

6.20 in Chapter 6.2.2.1). The hemispheres show 

the sun’s trajectories depending upon the given 

date, and the sun’s position at a defi ned time. The 

reduction of direct radiation in comparison to the 

situation above the stand is determined as an 

arithmetic average of pixels in 3 x 3 pixels zone 

around the sun’s position (six degree cone). For 

diffuse radiation, the average of all hemisphere 

pixels is taken into consideration. A suitable 

universal model based on ray tracing is tRAYci 

model by BRUNNER (1988), which can be used for 

recalculating the radiation value for the models 

that require the information about tree positions.

This software derives the value of solar radiation 

for a stated point based on the parameters of 

the surrounding trees (diameter, height), tree 

positions (Cartesian coordinates), and tree crown 

shapes. The tRAYci model distinguishes a wide 

range of crown shapes. It is suffi cient to match 

trees with suitable types and determine their 

absolute dimensions, i.e. their height to crown 

base and crown diameters. The program stores 

the results in external fi les, which can be used by 

subsequent models.

8.2 Modelling water movement

In addition to solar radiation, water is another 

prerequisite for tree growth. In Chapter 1.2.2 we 

addressed water cycle in a forest ecosystem. 

We talked about such terms as interception, 

evaporation, transpiration, through-fall, stem 

fl ow, drainage, infi ltration, etc. An important 

component of process-based models is the 

description of the hydrological balance and 

quantifi cation of its components. In fi gure 1.18 

in Chapter 1.2.2 we illustrated the hydrological 

balance components. In this chapter we will 

address their modelling in connection to the 

hydrological balance equation.

8.2.1 Hydrological balance

Two values are normally used for modelling 

soil water content. The fi rst value is soil moisture 

storage W
S
 per area of soil with a specifi c depth. 

Depth can be determined by the depth of roots, 

the depth to an impermeable layer in the soil or 

simply by a nominal depth. Soil moisture storage 

represents the amount of water and is usually 

expressed in kg.m-2 or as an equivalent height 

of the water-level in mm. These two units are 

numerically equivalent. The second value is the 

volumetric soil water content q
S
. It is the volume 

of water contained in one volumetric unit of soil. 

It is expressed in m3.m-3 or in mm.m-1, where 

1 m3.m-3 = 1000 mm.m-1. If a soil layer with a 

thickness of z
S
 (mm) has soil moisture storage 

W
S
 (mm), then q

S
 = W

S
/z

S
, where q

S
 is expressed 

in m3.m-3.

The basic hydrological balance equation 

(see fi gure 1.18 in Chapter 1.2.2) describes soil 

moisture W
S
 (mm) in a soil profi le after t change 

from t to t+t:

    RDLSTRSS qqqEEIRtWttW   (8.37)

R is the sum of precipitation in time period 

t, I
R
 is the interception of rainfall subsequently 

evaporated into the atmosphere via the stand 

canopy, E
T
 is the transpiration of trees and other 

vegetation, E
S
 is evaporation from soil, whilst q

L
 

is net lateral fl ow of water into the soil, q
D
 is the 

amount of sub-surface water drainage from the 

rooting zone and q
R
 is the amount of surface 

water run-off. All variables enter the equation 

in identical units. Equation 8.37 can also be 

transformed for calculating the volumetric soil 

water content.

   
S

RDLSTR
SS z

qqqEEIRttt 
   (8.38)

In the following text, we will mention framework 

methods for stating the important components 
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of hydrological balance. A detailed description 

of processes related to derivation of these 

components can be found in the work by HILLEL 

(1998).

8.2.2 Interception 

Several authors have presented an overview 

and proposed the models for the interception of 

rainfall, for example ASTON (1979), JIAGANG (1988), 

SHUTTLEWORTH (1989) and ANZHI et al. (2005). 

The simplest approach is to treat a canopy 

as one simple bucket fi lled with precipitation, 

which has drainage and from which water can 

evaporate into the atmosphere. This model 

was implemented by RUTTER et al. (1971, 1975) 

and simplifi ed by GASH (1979). LANDSBERG and 

GOWER (1997, page 94–96) performed an overall 

summary of the model.

LANDSBERG and WARING (1997) designed a 

simple interception model. According to them, 

interception increases with leaf area index (LAI) 

until reaching a certain stated maximum:

 R
LAI
LAIiI

Rx
RxR .,1min.

⎭
⎬
⎫

⎩
⎨
⎧

=  (8.39)

R is the total amount of precipitation above 

the stand during a certain period, e.g. a month, 

i
Rx

 is the maximum interception component, and 

LAI
Rx

 is the leaf area that captures the maximum 

amount of precipitation. Typical parameters of 

the equation are i
Rx

  0.15 and LAI
Rx

  3.

A more complicated model assumes that tree 

crowns capture water on their leaves in a thin 

layer until reaching a certain maximum height 

t
wx

 (mm). Afterwards, the water falls from tree 

crowns. Throughfall, which is precipitation that 

directly falls through the crown canopy to the soil 

surface, decreases proportionally with increasing 

leaf area index. The decrease is analogical to the 

Lambert-Beer law for light penetration.

    LAIk
R

ReLAIf .  (8.40)

Coeffi cient k
R
 is the coeffi cient specifying the 

decrease of throughfall. For example, if k
R
 = 0.1 

and leaf area index LAI = 3, throughfall is 75% of 

the precipitation above the stand (f
R
 = 0.75).

The amount of water captured by leaves 

and subsequently evaporated back into the 

atmosphere is calculated using:

( )( )[ ] ( )[ ]{ }LAItTERLAIfI wxRRR ..,.1min 0 +−=
 (8.41)

T
R
 is the length of a single precipitation period 

in the model. The characteristic E
0
 (kg.m-2.h-1)

represents evaporation from wet surface 

determined by local environmental conditions. 

It can be calculated based on the Penman-

Monteith formula (MONTEITH 1973, JONES 1992):

γ
ρϕ

λ
+

+
=

s
Dcgs

E paaHNET ....
. 0  (8.42)

The value g
H
 (m.s-1) is the thermal conductance 

of the surface (boundary) layer. Other values are 

explained in the following text (Chapter 8.2.3.1).

8.2.3 Transpiration

Evaporation of water from vegetation 

communities plays an important role not only 

for the communities themselves but also for the 

hydrology of the region. Evaporation of water 

from a vegetation canopy has also a signifi cant 

impact upon life at a global scale. Trees receive 

water via their roots and via conductive tissues; 

they transport it to the leaves where the water 

contributes towards assimilation. Water is 

evaporated through stomata into the atmosphere 

and thus, it is humidifi ed. This process is called 

transpiration and it forms an important component 

of process-based models. The measurement of 

the transpiration process is complicated. One of 

the options is to measure the transpiration fl ow 

based on the balance of water fl ow in the tree 

stem (sap fl ow method), for example, using the 

Tree-Trunk Heat Balance method by ČERMÁK et 

al. (1973) and KUČERA et al. (1977). The stem is 

electrically heated. Thermocouples are placed 

under the place of heating and in the place of 

heating (fi gure 8.13). The amount of heat that is 

necessary to maintain a constant temperature of 

the upper thermocouple is measured. The faster 

the rate of transpiration fl ow, the greater heat 

input is necessary. A mathematical equation 

is used to determine the amount of transpired 

water. Measurements serve as a basis to derive 

empirically based models (FABRIKA and STŘELCOVÁ 

2009, STŘELCOVÁ et al. 2009) and for control and 

validation purposes of process-based models. 

However, the Penman-Monteith equation derived 

from physical equations is most frequently used 
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for modelling transpiration in process-based 

models.

8.2.3.1 The Penman-Monteith equation

Details of the calculation and a discussion 

related to assumptions and implications of the 

equation can be found in the publication by 

MONTEITH and UNSWORTH (1990). The equation 

has several varying forms but the most frequently 

used form is:

  

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
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....
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γ

ρϕ
λ  (8.43)

 is the latent heat of water evaporation 

(2.454 MJ.kg-1), s expresses regular increment 

of saturated water vapour pressure (145 

Pa.K-1 at 20°C), 
NET

 (W.m-2) is net radiation 

absorbed by the canopy (leaf surface), g
b
 (m.s-

1) is the conductance of the boundary layer of 

the atmosphere surrounding the canopy, g
C
 

(m.s-1) is canopy conductance (conductance of 

leaf surface), r
a
 is the density of dry air (1.204 

kg.m-3), c
pa

 is the specifi c thermal capacity of dry air 

(1,004 J.kg-1.K-1), D (Pa) is the vapour pressure defi cit 

of the surrounding air, and  is the psychometric 

constant (66.1 Pa.K-1). This calculation is related to 

the period monitored by the model.

If the canopy is closed and homogenous, 

we can use analytical formulae to calculate the 

characteristics 
n
 and g

C
, which express the input 

variables well and provide generalized results. 

Radiation absorbed by a homogenous canopy 

can be calculated using the Lambert-Beer law 

Fig. 8.13 The EMS51 Sap Flow Module to measure 
the transpiration fl ow using the Tree-Trunk Heat 
Balance method by ČERMÁK et al. (1973, 2004, 2007) 
and KUČERA et al. (1977). The fi gures are taken from 
producers’ websites.
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based on the accumulated leaf area index LAI 

(THORNLEY and JOHNSON 1990):

0
. ).1.(

1
1 ϕϕ LAIk

NET e
m

nm −−
−

−−
=  (8.44)


0
 (W.m-2) is solar radiation penetrating the 

canopy, k is the radiation extinction coeffi cient 

and m and n are diffuse and refl ected 

components of radiation falling onto leaves. 

The components have values of tenths or are 

negligible. For a homogenous canopy, we can 

use the relationship of canopy conductance g
C
 

(m.s-1) to radiation.
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Value g
Sx

 (m.s-1) is the maximum conductance 

of the canopy and 
gS

 (W.m-2) is the value of 

radiation, for which stomatal conductance g
S
 

(see Chapter 8.4.2) is the half of maximum 

conductance g
Sx

.

If the canopy is not homogenous, a more 

detailed model can be used to determine 

radiation 
NET

, for example, a ray tracing method. 

Radiation can be achieved by its aggregation 

over the individuals or over a grid of points in a 

stand. Canopy conductance g
C
 can be derived 

using an integral of stomatal conductance g
S
 of 

individual n layers of a canopy with a different 

leaf area index LAI.

  



n

i
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.  (8.46)

We will address methods for calculating 

stomatal conductance g
S
 in Chapter 8.4.2.

8.2.4 Soil evaporation

Evaporation from soil can also be determined 

using the Penman-Monteith equation. Equation 

8.43 can be modifi ed for these purposes. Instead 

of canopy conductance g
C
 we will use soil surface 

conductance g
Cs

 and the boundary layer of the 

atmosphere that surrounds leaves g
b
 is replaced 

by a layer in the surroundings of the soil. Also, 

the radiation value 
NET

 absorbed by the canopy 

is replaced by the radiation absorbed by the soil.

When the soil surface is saturated with water, 

conductance g
Cs

 is great and the infi nite value is 

often taken into consideration. With decreasing 

humidity g
Cs

 reduces, and if the soil surface 

becomes dry, g
Cs

 can be small. The two phase 

Ritchie model (RITCHIE 1972) is often used for 

modelling soil evaporation. It is an empirical 

model derived from physical principles. In the fi rst 

phase (immediately after rainfall), daily amount 

e
S
 of soil evaporation (kg.m-2.d-1) is considered 

constant as the value of potential evaporation. 

The second phase assumes that immediately 

after the accumulated evaporation E
s
 (kg.m-2) 

exceeds E
S1

, the amount of further evaporated 

water decreases with increasing volume of 

accumulated evaporation above value E
S1

. It is 

expected that value e
s
 is a continuous function of 

value E
S
. The equation can be written as follows:
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Value e
S1

 expresses the potential amount of 

evaporation, E
S1

 is total evaporation from the 

soil surface in phase 1, and E
S2

 is the parameter 

determining how quickly the evaporation 

decreases against the accumulated evaporation 

in phase 2. By integrating equation 8.47, we will 

obtain the function of soil evaporation (kg.m-2) 

depending upon time t from the beginning of 

precipitation.
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Value t
S1

 = E
S1

/e
S1

 represents the duration of 

the fi rst phase of evaporation. For this model, 

value e
S1

 is derived from the Penman-Monteith 

equation (equation 8.43) for a wet surface, or can 

be derived from meteorological measurements. In 

evaporation equation 8.43, surface conductance 

is considered to be infi nite, and radiation value 

is equal to the radiation penetrating through all 

layers of the canopy above the soil. Parameters 

E
S1

 and E
S2 

depend on the soil structure.

CHOUDHURY and MONTEITH (1988) carried out 

a detailed study of the temperature regime of 
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landscape surfaces. A similar approach was used 

by ZHANG et al. (1996). Choudhury and Monteith 

used the Penman-Monteith equation to estimate 

soil evaporation. They assumed that if surface 

evaporation dries the soil, it is limited by diffusion 

via the upper, dry layers. They also assumed 

that if d
s
 depth of the dry layer does not exceed 

critical value d
s1

, the surface conductance in the 

equation is infi nite. This phase is identical to the 

fi rst phase of the Ritchie model. They express 

value E
S1

 based on depth d
s1

 and water content 

in moist and dry soil. For the cases when the 

depth of a dry layer exceeds the threshold d
S1

 

they suggested a new equation for soil surface 

conductance:

  
( )1.

.

SS

V
Cs dd

Dpg
−
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τ

 (8.49)

p is soil porosity, D
v
 (0.00002.4 m2.s-1) is the 

diffusion of water vapour in the atmosphere and  
is the curvature factor. When the derived surface 

conductance is entered in the Penman-Monteith 

equation, we will obtain result e
s
 identical to 

the second phase of the Ritchie model. The 

analysis by CHOUDHURY and MONTEITH (1988) not 

only confi rmed Ritchie’s two phase model, but 

also based parameters E
S1

 and E
S2

 directly on 

physical properties of the soil.

An alternative formula for the calculation of soil 

surface conductance was provided in the study 

by WANG et al. (2006):
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Values 
S
 and 

sat
 (mm.m-1) are the volumetric 

soil moisture and the full saturation of the upper 

10 cm layer of soil. Coeffi cients values are b
1
 = 

3.5 s.m-1, b
2
 = 2.3 and b

3
 = 33.5 s.m-1. SOARES and 

ALMEIDA (2001) used another alternative equation:

  

sat

S
CsxCs gg

θ
θ.=  (8.51)

Value g
Csx

 = 0.0025 m.s-1 is maximum 

conductance and sets the aerodynamic 

conductance of the boundary layer of air to value 

g
bs

 = 0.01 m.s-1, which is eight times greater 

than the aerodynamic conductance in the 

canopy. However, neither of the two studies by 

WANG et al. (2006) or SOARES and ALMEIDA (2001) 

differentiated between phases 1 and 2.

8.2.5 Run-off and drainage

Run-off from unsaturated soil occurs when 

water infl ow exceeds the infi ltration capacity. A 

rough estimate of infi ltration capacity is given 

by saturated hydraulic conductance of surface 

soil layers and depends upon the soil texture 

and structure, and preceding soil moisture, for 

example, whether or not an impermeable crust 

was previously created (LANDSBERG and SANDS 

2011). Infi ltration is greatest in loose sand soils 

and the lowest in clay and loam soils. Surface 

run-off also occurs if water attempts to penetrate 

soil saturated with water regardless of the amount 

of infl owing water. Surface run-off from forests is 

usually relatively small and is only signifi cant if 

the upper layers of soil are fully saturated with 

water. Run-off characteristics of water under a 

forest stand covered with litter are very different 

to those soils which are exposed to the sun in 

open countryside. With litter on the surface and 

without a number of obstacles for the water 

movement on the surface of forest soil, the 

saturation capacity of an area covered by trees 

is often very high. This is one of the reasons why 

water storage in forested river basins is usually 

stable. The majority of algorithms for calculating 

the amount of surface run-off is based on the 

comparison of the actual volumetric soil water 

content 
S
 with the saturated water capacity 

sat
, 

for example a simple method by GRACIA et al. 

(2003):

  ( )∑
=

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−=

24

0
.

h sat

S
Rhr h

IRq
θ
θ

 (8.52)

The model accumulates the part of rainfall R 

which reaches the soil (reduced by interception 

I
R
) in individual hours of the day (h = 0 - 24). Part 

of precipitation determined for run-off is defi ned 

by the ratio between actual soil moisture and 

saturated water capacity. We will address the 

issue of soil moisture in Chapter 8.3.1.

Drainage includes vertical and lateral water 

movement in the soil and is signifi cant if the 

rooting zone is saturated with water and the soil 

is not able to hold more water. However, such 

losses are very diffi cult to measure (for example, 

fi eld pot experiments). We will not address them 
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here, instead we mention the article by ALMEIDA 

et al. (2007), which is a detailed study of the 

water balance of Eucalyptus plantations in Brazil 

together with the measurement of important 

parameters of water drainage. Over a six year 

period, surface run-off represented only 3% 

of the total amount of precipitation. ALMEIDA et 

al. (2007) estimated volumetric water content 


S
 using a detailed model with a daily step 

(SOARES and ALMEIDA 2001), which also includes 

the calculation of water transfer between 

individual soil layers (horizons). These multi-

layered models consider various physical and 

chemical properties of soil horizons as well as 

varying distribution of roots and their biometric 

properties in horizons. On the other hand, simple 

single-layered models ignore the distribution of 

roots. They are called ’tipping bucket‘ models. A 

suitable example is the model used by LANDSBERG 

and WARING (1997) in 3-PG simulator.

8.3 Modelling soil processes

Soil conditions infl uence all main processes 

of tree growth. Soil is a source of water and 

in-water-soluble nutrients, which are received 

via roots. Photosynthesis could not take place 

without water. Soil contains important nutrients 

and substances, which infl uence plant’s 

chemical composition and therefore also the 

intensity of life processes. Nutrients enter a 

plant together with water and contribute towards 

building of growth hormones. They infl uence the 

intensity of processes, for example, assimilation, 

senescence, mortality and phenology. Therefore, 

in the following text we will address accessible 

water in the soil, which is related to soil moisture 

and water potential as well as the accessibility 

of nutrients in the soil infl uenced by the 

geochemical, biochemical and bio-geochemical 

cycle of nutrients.

8.3.1  Soil moisture, water potential and 

water in the soil accessible to plants

Defi nition 8.3

Soil moisture is the volume of water 

contained in one volumetric unit of soil which 

the soil is able to retain in pores for a certain 

period. It is expressed in m3.m-3 or in mm.m-1.

Water potential is the potential energy 

of water per volumetric unit compared 

to the energy in pure water under the 

same (reference) conditions. It is used for 

determining the direction of water movement 

in soil and biological systems.

The soil profi le cannot hold water above its 

normal limit. Saturated water capacity W
sat

 

(mm) is soil moisture where all pores in the soil 

are fi lled with water due to which additional water 

runs away via surface run-off. If the water content 

is below the saturated capacity and above the 

so called fi eld capacity W
fc
 (mm), the water 

in the fi eld profi le runs freely in the direction of 

gravity. If water content is below fi eld capacity, 

gravitational drainage is negligible, but water can 

be removed from the soil in an upward direction 

due to the transpiration of plants or evaporation. 

Another important characteristic of soil water 

regime is the wilting point W
wp

 (mm). An old 

well-known but still a useful concept states that 

below this threshold plants can no longer obtain 

water from the soil. However, drying of the soil 

can still continue due to surface evaporation. 

If plants are exposed to a situation when water 

content is below the wilting point for a longer 

period, plants lose turgor and die. Critical soil 

hydro-limits W
sat

, W
fc
 and W

wp
 depend upon the 

depth and the structure of the soil profi le and 

upon soil physical properties, such as texture, 

structure and porosity. They are specifi ed by the 

proportion of sand, clay and silt in fi ne soil, the 

proportion of skeleton and the content of humus. 

Equivalent hydro-limits expressed in m3.m-3 or in 

mm.m-1 (see Chapter 8.2.1) are Q
sat

, Q
fc
 and Q

wp
.

Another important characteristic determining 

the direction of water movement in soil is water 

potential. More detailed information can be 

found in the publication by HILLEL (1998). It 

represents energy per volumetric unit of water 

which performs work identical to the work of 

pure, free water (SLAYTER 1967). It is therefore the 

chemical potential of water in a specifi c part of 

the system compared to the chemical potential 

of pure water at the same temperature and the 

same atmospheric pressure (water potential 

of pure, free water at an current atmospheric 

pressure and temperature of 298 K is 0 MPa). 

Since water potential specifi es different energy 

conditions, it forms the basis for analysing 

water movement in the plant - soil system. 
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Water potential is usually shown as  and 

expresses the negative relative value against 

pure, free water, for which  = 0 (see formula 

1.3 in Chapter 1.3.4). Based on its defi nition as 

energy per volumetric unit,  dimensional units 

are equivalent to pressure (J.m-3 = N.m-2 = Pa). 

The potential of plant and soil water is usually 

expressed in kPa or MPa. Total water potential 

comprises the participation of several sources. 

Water potential in a plant is represented by an 

osmotic (chemical) element and turgor. Total 

soil water potential is the sum of all potentials 

affecting soil water: gravitational potential (
g
), 

osmotic potential (
o
), air pressure potential (

a
), 

overburden potential (
e
) and wetness potential 

(
w
). Differences between the water potential 

of plant tissues and the points in the soil or 

between the soil and plant roots determine the 

fl ow direction and the amount of work which 

needs to be performed to transfer water from 

a point with a higher potential to a point with a 

lower potential. Therefore, the movement goes 

from the areas or tissues with a higher (less 

negative) potential to the areas or tissues with a 

lower (more negative) potential.

Field capacity is the soil moisture when the 

average potential of soil water in the rooting 

zone reaches a value of around –33 kPa (–0.03 

MPa) and the wilting point is the soil moisture 

with the potential of –1500 kPa (–1.5 MPa). The 

amount of water accessible to a plant community 

is determined with the formula:

  ( ) SwpSwpS zWWw .θθ −=−=  (8.53)

Value z
S
 (mm) is the depth of the soil layer. If 

the soil contains skeleton, its volume must be 

used to reduce the soil layer volume.

So-called pedotransfer functions are used 

to determine water content at saturated capacity, 

fi eld capacity and wilting point and other 

important soil properties that are sometimes 

diffi cult to measure. Authors such as MCKENZIE 

and CRESSWELL (2002) and SAXTON and RAWLS 

(2006) expressed soil properties using an 

empirical relationship to the percentage content 

of clay, sand and silt in soil. Examples of soil 

hydro-limits Q
sat

, Q
fc
 and Q

wp
 are shown in table 

8.2.

8.3.2  Nutrient cycle and accessibility of 

nutrients in the soil

Macro-nutrients and micro-nutrients are 

necessary for development of a plant. We defi ned 

their importance for a plant in Chapter 1.2.1. 

Therefore, process-based models often address 

nutrient cycle and their accessibility in the soil. 

A simplifi ed system diagram (see Chapter 2.2.3 

and fi gure 2.32) of nutrient cycle in a forest 

ecosystem is shown in fi gure 8.14. SWITZER 

and NELSON (1972) defi ned three cycles for the 

circulation of nutrients in a forest: geochemical, 

bio-geochemical and biochemical.

The geochemical cycle addresses the 

gain and the loss of nutrients in soil due to the 

soil texture class
soil content

soil hydro-limits
(m3.m-3)

sand clay silt Q
sat

Q
jc

Q
wp

clay 30 50 20 0.490 0.422 0.299

clay-loam 33 34 33 0.474 0.351 0.213

loam 42 18 40 0.461 0.268 0.126

loam sand 82 6 12 0.460 0.122 0.057

sand 92 5 3 0.465 0.095 0.050

sand clay 52 42 6 0.442 0.376 0.260

sand clay-loam 60 28 12 0.434 0.284 0.183

sand loam 65 10 25 0.453 0.180 0.081

silt 7 6 87 0.486 0.317 0.063

silt clay 7 47 46 0.534 0.416 0.278

silt clay loam 10 34 56 0.513 0.379 0.210

silt loam 20 20 60 0.485 0.321 0.137

Tab. 8.2 Data on soil hydro-limits derived using software by SAXTON (2009).
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processes of weathering, percolation, erosion 

and sub-surface drainage. Nutrients penetrate 

the soil via weathering of the parent rock and 

precipitation. The extent of weathering is very 

diffi cult to quantify, but is related to precipitation 

and temperature. Higher temperatures 

and higher humidity usually accelerate the 

weathering process. Rainfall penetrating the 

soil profi le is another source of nutrients since 

apart from water, it often contains other chemical 

substances. These substances are trapped 

in the soil profi le in the percolation process. 

Nutrient losses can occur as a consequence of 

surface soil erosion and nutrients washing out 

from the rooting zone and the soil profi le.

The bio-geochemical cycle describes the 

relationship between soil and plants. It includes 

nutrients incoming into the soil through symbiotic 

fi xation, from the decomposition of organic 

compounds or washed out substances from plant 

organs during interception and stemfl ow, and the 

loss of nutrients from soil through their uptake by 

plant roots, as well as the logging of dendromass 

and fi res. In the process of internal respiration of 

blue green algae, nitrogen and nodule bacteria 

in soil, water or in root nodules of fabaceous 

plants, nitrogen fi xation takes place. In the 

symbiosis process, fi xed nitrogen can become 

a source of nutrients for plants. In the process of 

organic matter decomposition, substances that 

are released also become a source of nutrients 

in the soil. The substances are often in the form 

of ammonia salts (NH
4

+) and nitrates (NO
3

-), 

which are the source of nitrogen necessary for 

tree growth. Other necessary nutrients are also 

released during the decomposition of organic 

matter. Precipitation captured on the leaves and 

the branches of trees can fall through the canopy 

to the soil surface or can fl ow down tree stems. 

It can infi ltrate the soil profi le. In the washing-out 
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Fig. 8.14 System diagram of the nutrient cycle in a forest ecosystem. Rectangles represent nutrient stock 
(state variables) and arrows illustrate the fl ow of nutrients. Valves represent processes that control fl ows. 
The green colour shows the processes of biochemical cycle, the yellow colour shows the processes of 
bio-geochemical cycle, and the brown colour shows the processes of geochemical cycle (prepared in 
accordance with LANDSBERG and SANDS 2011, fi gure 6.1, page 155).
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process, nutrients are released from leaves and 

bark and return to the soil. Plant roots receive 

nutrients from the soil, which in return depletes 

the soil. The loss of nutrients takes place also 

due to the logging of dendromass removed from 

the forest stand. Forest fi res which completely 

destroy biological material also cause a great 

loss of sources of nutrients for forest soil.

The biochemical cycle comprises internal 

chemical processes of plants which lead to the 

formation of substances in the photosynthesis 

process, their loss in the respiration process, 

their transfer during the transpiration and 

translocation process and their fi xation in the 

allocation process.

Modelling geochemical and bio-geochemical 

processes is very complicated. There are several 

options and approaches for their quantifi cation. 

A good overview can be found in the publication 

by LANDSBERG and SANDS (2011). We will address 

biochemical processes in the following text.

8.4 Modelling assimilation

Defi nition 8.4

Assimilation is the uptake and the conversion 

of nutrients for building the plant body and for 

fulfi lling its life functions.

The process of assimilation is a prerequisite 

for tree growth. Trees are autotrophic organisms 

which produce carbohydrates in the process 

of photosynthesis. Carbohydrates represent 

essential structural components of their biomass. 

Photosynthesis takes place in the presence of 

solar radiation, water and carbon dioxide. We 

addressed the question about the amount of solar 

radiation in previous Chapters. Water is received 

by tree roots, and due to transpiration transferred 

to the leaves where photosynthesis takes place. 

The majority of the water is evaporated into the 

atmosphere through stomata on leaves. We 

have already addressed water accessibility and 

the transpiration process in the previous text. 

Opening and closing of stomata infl uences water 

evaporation. It determines their conductance and 

directly infl uences the process of photosynthesis. 

We will therefore address conductance modelling 

in subsequent text. Carbon dioxide is abundantly 

present in the atmosphere (at present it is the 

most signifi cant greenhouse gas), and therefore, 

we will not address its modelling. The process 

of photosynthesis takes place only under 

suitable thermal conditions. At the same time, 

thermal conditions infl uence its intensity. We will 

therefore fi rstly address the energy balance of a 

leaf which determines the temperature of leaves. 

Finally, we will illustrate various approaches for 

modelling the photosynthesis itself.

8.4.1 The energy balance of a leaf

Leaf energy balance can be expressed based 

on the law of thermodynamics which states that 

energy can transform from one form to another but 

it cannot occur or disappear spontaneously. The 

majority of leaves effi ciently absorb shortwave 

radiation emitted by the sun. A relatively small 

part of incident radiation is refl ected, dispersed 

or used for other processes, such as heating. On 

a clear, sunny day, net absorption of radiation 

(
net

) is the main source of energy for leaves. If 

such leaves had had no possibility to reduce this 

energy, their temperature would have ’climbed‘ 

up to 100°C in less than one minute. Therefore, 

processes regulating heat losses of leaves are 

the key to achieving temperature suitable for 

physiological processes. The loss of heat is 

achieved by several processes (fi gure 8.15). 

Leaves emit long wave infrared radiation (). At 

the same time, they absorb long wave radiation 

emitted by surrounding objects and the sky. The 

net effect (
NET

) of the radiation and absorption of 

long wave radiation can be negative or positive 

depending upon the weather, which infl uences 

the export or import of thermal energy. If the 

temperatures of the leaf and the air differ, 

convective heat transfer (H) occurs in the direction 

of the thermal gradient. Another important 

component of thermal balance is cooling of a leaf 

based on transpiration equal to E. Parameter 

 represents the energy necessary for a unit of 

evaporation and E is the rate of transpiration. 

Metabolic processes (M), such as respiration 

or other processes that generate heat, also 

contribute towards the thermal balance. Heat 

is also created during the photosynthesis (A). 

The amount of this heat is usually very small 

in comparison with other components of the 

thermal balance and therefore, it is usually 

neglected. If temperature increases in relation 

to the amount of solar radiation, most of thermal 

balance components contributing to cooling also 
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increase their magnitudes to such an extent that 

the gains and losses of energy will remain 

balanced. In this phase, the sum of all thermal 

balance components reaches value 0.

 0.  MEHNETNET   (8.54)

This means that every change of one of the 

thermal balance components leads to a change 

in leaf temperature. The algorithm of the balance 

is iterative. A change in leaf temperature 

changes other balance components in return 

until their sum reaches value 0. At that point, 

we obtain a balanced leaf temperature. This 

temperature is used for modelling metabolic and 

biochemical processes in the leaf (for example, 

stomatal conductance and photosynthesis).

Around 98% of radiation emitted by the 

sun is within the range from 300 to 3,000 nm. 

This radiation is called shortwave radiation 

(). Ultraviolet radiation (
UV

) from 300 to 400 

nm contains the greatest energy. It accounts 

for approximately 7% and can be potentially 

destructive for plants. Plants absorb 97% of 

incoming ultraviolet radiation. Approximately 

one half of the energy of incoming shortwave 

radiation represents a photosynthetically 

active component (
PAR

) from 400 to 720 nm. It 

participates in photochemical processes (
A
). 

The majority of green leaves absorb around 85% 

of photosynthetically active radiation depending 

upon the concentration of chlorophyll. Shortwave 

infrared radiation (
IR

) from 720 to 3,000 nm is 

absorbed by tree leaves to a signifi cantly smaller 

extent. It can be divided into two parts. The part 

from 720 to 1,200 nm is refl ected by the upper 

side of leaves (
R
), or is transmitted by the lower 

side of leaves (
TR

). In terms of thermal energy, 

it represents the greatest component of infrared 

radiation. The remaining part from 1,200 to 3,000 

nm is to a larger extent absorbed by water in the 

leaves. The result is that around 50% of infrared 

radiation is absorbed by tree leaves. Incident 

solar radiation (
IN

) therefore consists of three 

components:

  UVIRPARIN ϕϕϕϕ ++=  (8.55)

We will obtain solar radiation absorbed by 

tree leaves (
ABS

) by reducing refl ected and 

transmitted radiation from incident radiation:

  ( )TRRINABS ϕϕϕϕ +−=  (8.56)

Net solar radiation (
NET

) as an entry component 

of the energy balance can be obtained by 

reducing absorbed radiation by the part used for 

photosynthetic purposes (
A
) and by the part of the 

radiation emitted in the fl uorescence process (
FL

).

   FLAABSNET    (8.57)

Long wave radiation () is infrared radiation 

which is emitted by the objects with common 

surface temperatures above 17°C. Its wavelength 

above 3,000 nm is much greater than the 

wavelength of radiation emitted by the sun. A 

leaf loses heat by emitting long wave radiation 

(
EM

). This radiation is proportional to absolute 

temperature (T) to the power of four in Kelvins 

and leaf emissivity ():

  
4.. TEM σεζ =  (8.58)

The proportionality is given by the value of 

the Stefan-Boltzmann constant  (5.67.10-8

W.m-2.K-4). The emissivity of an ideal heater (a 

so-called ’black body”) is  = 1. Real objects 

have lower emissivity. It ranges from 0 to 1. Leaf 

emissivity usually fl uctuates between 0.84 and 

0.90. It is determined as the difference between 

value 1 and the refl ection coeffi cient (albedo). 

The refl ection coeffi cient is infl uenced by the 

colour and the roughness of a leaf. Long wave 

radiation is the balance between absorbed and 

emitted components (fi gure 8.16). The received 

components include atmospheric radiation (of 

clouds) 
ATM

 and the radiation of the earth’s surface 

(soil) 
GROUND

. A part of received radiation is 

refl ected from the leaves (
R
). Leaves emit radiation 


LEAF

 with their upper and lower sides. Although the 

sides have different temperatures, in the balance 

we use the average temperature. Total net long 

wave radiation can be obtained using the formula:

   LEAFRGROUNDATMNET     (8.59)

The balance is often replaced by a simplifi ed 

calculation that uses the temperature and 

emissivity of the particular source of radiation.

4
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 (8.60)

Leaf temperature is further infl uenced 

by convective heat transfer H, which is 
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proportional to the difference between the air (T
A
) 

and the leaf (T
L
) temperatures:

( ) ( )LA
pa

LAah TT

u
l

c
TTgH −=−= .

.4
.

 (8.61)

The value of heat transfer H is positive if 

atmospheric temperature is higher than leaf 

temperature and negative in the opposite case. 

The fi rst case represents heat absorption and 

the second case represents its release. Value 

H depends upon the conductance of leaf 

boundary layer (g
ah

). It is the layer that modifi es 

the concentration of gases (CO
2
 and H

2
O), 

temperature and air fl ow. Air passes above the 

leaf and is signifi cantly infl uenced by the leaf 

surface, primarily by the diffusion of heat and 

gases in the close vicinity of the leaf surface 

(conductive heat exchange) and secondarily 

by the turbulent transfer of air (convective 

heat exchange) at greater distances from 

the leaf surface (fi gure 8.17). Conductance is 

indirectly dependent upon the resistance in the 

surroundings of the leaf. Resistance depends 

upon the direction of air fl ow, wind speed (u) and 

the length of the leaf in the direction of air fl ow 

(l) in accordance with fi gure 8.17 (NOBEL 1983). 

Parameter c
pa

 is the specifi c thermal capacity of 

dry air (1,004 J.kg-1.K-1).

Thermal loss connected to water evaporation 

results from the energy demands in this process. 

Its contribution towards leaf thermal balance is 

during daylight, when transpiration takes place, 

negative, but during night-time, when water 

condenses on the leaves, it may be positive. The 

amount of transpiration depends upon the leaf 

conductance for the diffusion of water vapour (g
w
), 

which consists of stomata conductance (g
s
) and 
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Fig. 8.15 A schematic illustration of the 
components of thermal balance, which consists 
of shortwave radiation (), long wave radiation ( 
in the form of incoming radiation (in) and emitted 
radiation (em), convective heat exchange (H) and 
heat loss caused by transpiration (.E). Refl ected 
(r), transferred (tr) and fl uorescent (FL) emissions 
exist only in the form of shortwave radiation from 
the particular sides of a leaf. A leaf also produces 
heat from the assimilation process (A) and heat 
from other metabolic processes (M). Modifi ed in 
accordance with LAMBERS et al. (2008), fi gure 1, 
page 226.

Fig. 8.16 Schematic visualisation of long wave 
radiation components of the thermal balance of 
a leaf. A leaf absorbs infrared radiation from the 
atmosphere and the Earth’s surface, and emits the 
radiation itself. 

Fig. 8.17 Schematic description of the air fl ow 
above a leaf. The arrows indicate relative speed 
(u) and air fl ow. If air passes over a leaf (blue 
arrows), it passes through a narrow layer (straight 
red arrows), which is followed by a turbulent area 
(bent red arrows). The thickness of the effective 
boundary layer () is an average of the turbulent 
area. This layer infl uences the heat exchange rate 
depending upon wind speed (u) and the length of 
the leaf (l) in the direction of wind fl ow. Adapted 
from NOBEL (1983).
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boundary layer conductance (g
a
), and upon the 

water vapour difference (defi cit) between leaves 

and the air: w = e
i 
– e

a
. Variable e

i
 is determined 

by the leaf temperature, since it represents 

the saturated water vapour pressure at leaf 

temperature. Thermal loss during transpiration is 

the product of the transpiration (E) and the latent 

heat of water vapour (; 2,450 J.g-1 at 20°C), i.e. 

the energy necessary for an evaporated unit:

   aiw eegE  ...   (8.62)

The Penman-Monteith equation (formula 8.43) 

can also be used for the calculation of water 

evaporation from leaf transpiration. The ratio 

between the amount of heat from the convective 

exchange and the amount of heat consumed 

for the evaporation H/(.E) is called the Bowen 

ratio. The metabolic component of the energy 

balance (M) is related to the production of heat 

during biochemical reactions. Its proportion in 

leaves is very small and therefore this component 

is often ignored in the equation balance.

8.4.2 Stomatal conductance

Defi nition 8.5

Stomatal conductance (stomatal condu-

ctivity) is the rate, at which water is evaporated 

from the stomata (pores) of leaves. It is 

expressed in units of mol.m-2.s-1 or in m.s-1. 

Stomatal resistance acts against stomatal 

conductance, and is related to stomata 

opening and closing. Mathematically, it is the 

reverse value of stomatal conductance. It is 

expressed in units of mol.m2.s.mol-1 or in s.m-1.

Stomatal conductance represents a key 

process influencing photosynthesis and 

transpiration. Stomata are miniature pores on 

the surface of leaves which create a direct route 

between the interior of the leaf and the ambient 

air. It is an active interface between plants and 

the atmosphere. The structure, number and 

distribution of stomata depend upon the type of 

tree species. A useful generalised diagram of 

stomata structures and the path of water vapour 

through stomata can be found in the publications 

of LEUNING et al. (2004). A mechanism controlling 

water transfer through stomata has been at the 

centre of attention of research. A discussion 

on this issue can be found in the publication by 

JONES (1992). We will focus upon the generalised 

connections based on the observations of the 

reaction of leaf stomata to solar radiation, water 

vapour defi cit, leaf water potential, temperature 

and concentration of carbon dioxide. Models can 

be developed based on the measurements using 

leaf porometers (fi gure 8.18) in a controlled 

environment, for example, in greenhouses.

8.4.2.1 Jarvis model of stomatal conductance

JARVIS (1976) introduced an empirically based 

multiplicative model of stomatal response to the 

variables of internal and external environment. 

This model is mainly applied at a tree and a stand 

level (for example, WHITE et al. 1999, GRANIER et 

al. 2000, KIM et al. 2008, WARD et al. 2008). The 

basic equation is:

aCTLDPSS fffffgg .....
max

  (8.63)

Stomatal conductance g
S
 is given by the 

theoretical maximum conductance g
Smax

, which 

Fig. 8.18 Examples of leaf porometers. Devices are designed for the direct measurement of stomatal 
conductance and resistance (images are extracted from the websites of producers and distributors).
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is reduced by response function (f
i
) to the photon 

fl ow density (
P
), water vapour defi cit D, leaf water 

potential 
L
, temperature T and the concentration 

of carbon dioxide C
a
. Each reduction function 

can obtain values from 0 to 1. The result of the 

reduction function is called the omega factor. 

Value 1 indicates optimum conditions, and value 

0 indicates unsuitable conditions.

Suitably derived equations can be used for 

reduction functions; for example, using an 

empirical approach or the principle of fuzzy 

functions. A suitable function for describing the 

response of photon fl ow density is, according 

to the experiments of several authors (JARVIS 

1976, WATTS et al. 1976, WARRIT et al. 1980), the 

hyperbolic function:

  

P

P
f







1

1
 (8.64)

The function is based on the ratio between  

representing the sensitivity of leaf conductance 

to 
P
 and the actual level of incident light 

P
 

(mmol.m-2.s-1). Sensitivity  is expressed by the 

photon fl ow value (mmol.m-2.s-1), at which half the 

conductance of the maximum value g
s
 = 0.5.g

max
 

is reached.

A number of research works have addressed 

the feedback of stomatal conductance to the 

water vapour defi cit (LANGE et al. 1971, SCHULZE et 

al. 1972, HALL et al. 1976, WHITEHEAD et al. 1981). 

Some authors proposed linear functions (e.g. 

THORPE et al. 1980), other hyperbolic functions 

(e.g. LOHAMMAR et al. 1980) or exponential 

functions (e.g. LLOYD 1991):
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f  (8.65)

The basis of all functions is the ratio between 

the actual water vapour defi cit (D) and the water 

vapour defi cit (D
0
) when conductance is half the 

maximum g
s
 = 0.5.g

max
. Some authors (WARING 

and FRANKLIN 1979, DYE and OLBRICH 1993, WHITE 

et al. 1999) observed that the response to the 

water vapour defi cit diminishes if D value falls 

below a certain threshold (e.g. 1 kPa). Therefore, 

some models start from this threshold (threshold 

models).

Another component is the effect of leaf water 

potential 
L
. The work of Sperry and his team 

(SPERRY 1995, 2000, SPERRY et al. 1998, 2002) 

proved that stomata start to close depending 

upon hydraulic characteristics in a soil-root-stem-

leaf direction and depending upon the root-stem 

ratio of conductance against the leaf area index 

(OREN et al. 1999, EWERS et al. 2000, 2001). Due 

to the complexity of this process, an empirical 

formula is most frequently used for the effect of 

water. LANDSBERG (1986) proposed the model:

  
n

L

L
L

f













0

1

1





 (8.66)

The formula includes the actual leaf water 

potential (
L
) and the leaf water potential if the 

stomatal conductance is half the maximum (
L0

). 

Exponent n describes the shape of the response 

function. The infl uence of temperature T can also 

be derived using a similar empirical method.

Current research based on the amount of 

experimental material proves that in broadleaved 

species stomatal conductance reacts to an 

increased CO
2
 content, whilst coniferous species 

do not react to it (BRODRIBB et al. 2009). For 

modelling CO
2 

effect, a linear model is usually 

applied (JARVIS 1976, WONG et al. 1979) or the 

effect is disregarded.

8.4.2.2  Ball and Berry model of stomatal 

conductance

At the level of leaf physiology, the applied 

models are derived from very accurate 

measurements based on leaf chambers and 

gas exchange system (see the next chapter). 

Signifi cant development in relation to empirical 

models was achieved by BALL et al. (1987), who 

include correlation between assimilation A and 

stomatal conductance g
s
. They describe the 

effect of relative air humidity and accessible 

carbon dioxide upon stomatal conductance. 

From the analysis of numerous gas exchange 

experiments they derived the following equation:

  
S

r
S C

HAggg ..1
0   (8.67)
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The equation does not contain the explicit 

effect of solar radiation. It is implicitly included 

in assimilation performance A which approaches 

0 if radiation φ
P
 = 0. Variable g

0
 is residual 

conductance at this point, g
1
 is another 

parameter, H
r
 is relative air humidity and C

S
 is 

the concentration of carbon dioxide close to the 

leaf surface. This model has some conceptual 

problems pinpointed by the MOTT experiments 

(1988). The experiments revealed that stomata 

react to sub-stomatal content of CO
2
 more than 

to the C
S
 value and further, that stomata react 

to the ambient defi cit of water vapour D more 

intensively than to relative humidity H
r
. These 

anomalies were resolved by LEUNNING (1995) who 

replaced H
r
 with D and C

S
 with (C

S
 – ), where 

 is the CO
2
 compensation point, at which net 

photosynthesis is zero. That is how he obtained 

the equation:

   Df
C

Aggg
S

S ..1
0 
  (8.68)

LEUNNING selected the function of relative 

air humidity which was successfully used by 

LOHAMMAR et al. (1980) in the form of hyperbolic 

response (formula 8.65, second). TUZET et al. 

(2003) further modifi ed the model by replacing 

the sub-stomatal content of CO
2
 (C

i
) with C

s
 and 

introducing the empirical logistic function f(
L
) 

instead of f(D) in order to describe the sensitivity 

of stomata to leaf water potential: 

   L
i

S f
C

Aggg ..1
0 
  (8.69)

The function of leaf water potential response 

is:

     LrefL

refL

s

s

L e
ef 



 


 .

.

1
1

 (8.70)

The equation uses reference water potential 

(
L
) and parameter s

L
.

8.4.3 Photosynthesis

Photosynthesis (see Chapter 1.3.3) represents 

a basic process in eco-physiological models. 

To understand this process, experiments 

using gas exchange systems are nowadays 

performed. During these experiments, leaves or 

several needles are placed in a chamber with 

regulated light fl ow (photons), leaf temperature 

and available carbon dioxide. An infrared gas 

detector is used to measure the concentration of 

CO
2
 and water vapour in air fl ows entering and 

leaving the chamber. Based on the rate of air 

fl ow in the chamber, it is possible to calculate 

assimilation and transpiration conditions. In the 

past these systems were large and non-portable. 

They are still used in the form of phytothrons 

(see Chapter 2.1.2, defi nition 2.13 and fi gure 

2.16). These systems are currently miniaturised 

and portable. They can be used for routine 

measurements in the fi eld. There exist a number 

of devices for assessing the exchange of gases. 

The most contemporary devices are called ’off-

the-shelf‘, the term taken from computer jargon. 

They are fully automated and provide immediate 

measurements of photosynthesis, dark respiration 

(without light access) and stomatal conductance 

at an easily controlled temperature, light intensity, 

CO
2
 concentration and air humidity. Figure 8.19 

gives an example of one of the devices.

The aim of modelling is to determine net 

photosynthesis which is also called CO
2
 

assimilation. It is marked with the symbol A. It is 

expressed in units of g C.m-2.s-1 or mol C.m-2.s-1.

It represents the difference between the 

biochemical fi xation of carbon dioxide (P) and 

respiration (R
L
) which simultaneously occur in 

the leaves (fi gure 8.20):

  LRPA   (8.71)

Based on the empirical measurements, 

various models were constructed starting from 

simple proportional models through empirical 

models describing sensitivity to environmental 

conditions, models based on Michaelis-Menten 

kinetics, up to the biochemically orientated 

model by Farquhar and von Caemmerer.

8.4.3.1 Proportional model of photosynthesis

The majority of models that do not address leaf 

photosynthesis directly simulate CO
2
 assimilation 

as a proportion to leaf biomass in weight units B
L
 

or to leaf area LAI (PROMNITZ 1975, MÄKELÄ and 

HARI 1986, DELEUZE and HOULLIER 1995, 1997) or 

to the biomass of branches B
V
 (MÄKELÄ 1997):
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A

LA

BA
LAIA
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.

.









 (8.72)
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Coeffi cient 
A
 represents nominal assimilation 

activity. Assimilation can also be expressed 

proportionally to photosynthetically active 

radiation (
PAR

) in J per unit of time:

  PARAA  .  (8.73)

Coeffi cient 
A
 is the effi ciency of conversion 

of radiation into assimilates in g C. J-1. This 

model was used, for example by SORRENSEN-

COTHERN et al. (1993), WEST (1993), TAKENAKA 

(1994), KELLOMAKI and STRANDMAN (1995). Another 

approach proposed by REFFYE et al. (1997) was 

based on transpiration E (g H
2
O per time unit):

P RL A - = 

CO2 CO2 

Fig. 8.19 An example of an off-the-shelf gas exchange system (LI-6400XT) for measuring photosynthesis, 
respiration and stomatal conductance under the controlled conditions of temperature, light, CO

2
 and air 

humidity (the image is extracted from the website of the producer, LI-COR Biosciences).

Fig. 8.20 Schematic visualisation of CO
2
 fl ow in 

a leaf. CO
2
 fl ow to a leaf corresponds with the 

amount of photosynthesis P reduced by respiration 
R

L
 which occur simultaneously. Net fl ow is known 

as net photosynthesis or CO
2
 assimilation.
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  EWUEA .  (8.74)

The model is based on the water use effi ciency 

(WUE) in g C. g H
2
0-1. The time step for these 

models is usually one year. Hence, the models 

are very rough they are mainly used at population 

level and above.

8.4.3.2  An empirical model of sensitivity to 

environmental conditions

These models are based on empirical 

equations which reduce maximum assimilation of 

carbon dioxide A
max

 in relation to environmental 

characteristics. They can be generally written by 

the formula:

             agegNggVPDgCgTgfAA LaaPAR 654321max .......   (8.75)

The following environmental characteristics 

(from left to right) are used: the intensity 

of photosynthetically active radiation, air 

temperature, concentration of CO
2
 in the tree 

environment, water vapour pressure defi cit, leaf 

water potential or soil moisture, nitrogen content 

in a leaf and the age of a leaf. Functions f and 

g are derived empirically or biochemically. As 

an example we can mention TREGRO model 

(WEINSTEIN et al. 1991):

( ) ( ) ( )
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+
−

=

 (8.76)

C
a
 and C

C
 are concentrations of CO

2
 in 

ambient air and in places of carboxylation (in 

chlorophylls), and r
s
 and r

m
 are resistances 

of stomata and mesophyll. Environmental 

characteristics are taken into consideration in 

resistance calculations. Another example is the 

model by VERTESSY et al. (1996):
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 (8.77)

The model includes relative rates of the supply 

(x) with solar radiation, water and nutrients, 

factors of their signifi cance relativized to the 

light factor (w), and the factor for modifying light 

dependence using temperature (m).

8.4.3.3  Michaelis-Menten kinetic model of 

photosynthesis

The model was designed by MONSI and SAEKI 

(1953). It is based on Michaelis-Menten kinetics. 

Kinetics is based on the measurements of the 

rate of enzyme reactions, which showed that the 

increasing concentration of substrate increases 

the rate only to a certain extent. Afterwards, 

it cannot be further increased by adding the 

substrate. German biochemist Leonor Michaelis 

and Canadian physician Maud Menten derived 

the relationship between the rate of enzyme 

reaction and the concentration of substrate. This 

relationship is named after them as Michaelis-

Menten equation. It models enzymatic kinetics in 

accordance with the equation:

  
 
 SK
SVv

M 


.max  (8.78)

The rate of enzyme reaction v is a function 

of the maximum rate V
max

 at an actual 

concentration of substrate [S] in accordance 

with the Michaelis-Menten constant K
M
. The 

constant represents the concentration of 

substrate at which the reaction is half of the 

maximum reaction (0.5.v
max

) as shown in fi gure 

8.21. Based on this equation, MONSI and SAEKI 

(1953) created the model:

  

PAR

PAR

b
aAA





..max  (8.79)

The supply of photosynthetically active 

radiation replaces the concentration of 

substrate. Coeffi cient a is the curvature factor 

and coeffi cient b is the scale factor equivalent 

to the Michaelis-Menten constant. According 

to this function, depending upon the intensity 

of radiation photosynthesis increases almost 

linearly at the beginning, and after a certain time 

it reaches saturation point at which the changes 

in radiation intensity become very small. We can 

fi nd this approach and its derivations in many 

physiologically based models (REED et al. 1976, 

HARI et al. 1984, CROPPER and GHOLZ 1993).

RASCHKE (in FARQUHAR and SHARKEY 1982) 

introduced the demand function and the 

supply function based on this approach,. Using 

Michaelis-Menten kinetics, we can state the CO
2
 

demand function (fi gure 8.22) as follows:

  d
CxiC

iC
Cx R

ACk
CkAA −
+

=
.

..  (8.80)
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A
Cx

 (mol.m-2.s-1) is the saturation value of 

assimilation A at high concentration of intercellular 

(mesophyllic) carbon dioxide C
i
. Carboxylation 

effi ciency k
C
 (mol.m-2.s-1) describes the initial 

slope of the demand curve. Value R
d
 represents 

the amount of respiration (mol.m-2.s-1). Value  

(mol.mol-1) at which A=0 is known as the CO
2
 

compensation point:

  
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

=Γ

Cx

d
C

d

A
Rk

R

1.  (8.81)

According to FARQUHAR and SHARKEY (1982), the 

linear part of the curve with k
C
 slope represents 

photosynthesis saturated by the RuBP (Rubisco) 

enzyme. In this part, every increase in CO
2
 

concentration causes increased activity of 

the enzyme, which increases carbon fi xation. 

However, if RuBP carboxylation is suffi ciently 

increased, further increase in CO
2
 concentration 

is not accompanied by assimilation increase.

On the other side it is possible to derive the 

CO
2
 supply function, which is determined by 

CO
2
 diffusion through leaf stomata. It is controlled 

by the stomatal conductance g
S
 (mol.m-2.s-1):

   iaS CCgA  .  (8.82)

C
a
 (mol.mol.-1) is the molar concentration of 

ambient CO
2
. The function corresponds with 

the dashed line in fi gure 8.22. The slope of the 

function is given by value g
S
. The point where the 

demand function crosses the supply function is 

the value of the actual intercellular concentration 

of CO
2
 (on the horizontal axis). For this value, 

we will obtain the actual CO
2
 assimilation (on 

the vertical axis). An advantage of this method 

is that it is not necessary to know the value of 

CO
2
 intercellular concentration (C

i
). It is suffi cient 

to know the value of ambient CO
2
 atmospheric 

concentration (C
a
), which is simpler to ascertain 

or to model.

8.4.3.4  Farquhar and von Caemmerer model 

of photosynthesis

Since the beginning of the idea to model plants 

on the base of processes, several biologists 

attempted to construct a photosynthesis model 

which would approximate its biochemical nature 

(see, for example, the publications of CHARLES-

EDWARDS 1981, HAHN 1984 and LANDSBERG 

1986). In the 1980s, two renowned professors 

in the fi eld of environmental biology, Graham 

Douglas Farquhar and Susanne von Caemmerer 

(see fi gure 8.23), introduced a model of 

photosynthesis of C
3
 type plants (FARQUHAR et 

al. 1980, FARQUHAR and VON CAEMMERER 1982). It 

has become widely accepted as the ’defi nitive‘ 

solution. This model is used in the majority 

of eco-physiological models, in the research 

and modelling of global changes. Although the 
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Fig. 8.21 The relationship of enzyme reaction 
rate V upon the concentration of substrate [S] in 
accordance with the Michaelis-Menten kinetics.

Fig. 8.22 CO
2
 assimilation as a function of CO

2
 

intercellular concentration. The demand function 
determined by equation 8.80 is shown by the 
solid line and the supply function determined 
by equation 8.82 is shown by the dashed line. 
Vertical projection from the intersection of curves 
crosses the horizontal axis in the value of actual 
intercellular concentration of carbon dioxide C

i
. On 

the horizontal axis, CO
2
 compensation point (), 

actual concentration C
i
 and ambient concentration 

C
a
 are shown (processed in accordance with 

LANDSBERG and SANDS 2011, fi gure 3.2, page 55).
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original equations by FARQUHAR et al. (1980) were 

based on cellular processes, this model can also 

be applied to an entire leaf, entire plant or entire 

ecosystem. The model calculates photosynthetic 

capacity as the minimum of possible limitations 

based on the activity of the Rubisco (RuBP) 

enzyme represented by parameter V
Cmax

 and 

electron transport refl ecting the regeneration of 

RuBP which, on the other hand, is represented 

by parameter J
max

. Both limitations depend upon 

the intercellular (mesophyll) concentration of CO
2
 

which is determined by stomatal conductance g
S
 

(mol.m-2.s-1). Parameters J
max

 and V
Cmax

 (both in 

mol.m-2.s-1) as well as the maximum range of 

oxygenation V
Omax

, which is also necessary, are 

in a mutual correlation relationship and are also 

related to nitrogen content (FIELD 1983, MEDLYN 

et al. 1999, KATTGE et al. 2009). The model 

was currently updated (SHARKEY et al. 2007) 

to use CO
2
 concentration in chlorophylls (C

C
) 

instead of CO
2 
concentration in mesophyll (C

i
). 

Since the publication of the original model its 

equations have been presented in various forms 

by many authors (for example, WANG et al. 1992, 

WULLSCHLEGER 1993, DE PURY AND FARQUHAR 1997 

AND MEDLYN ET AL. 1999). We present the simplest 

form based on the publications by LANDSBERG 

and SANDS (2011) derived from the description by 

VON CAEMMERER (2000). The model simulates the 

assimilation of a leaf as a function of photon fl ow 

density, leaf temperature and partial pressures of 

CO
2
 and O

2
 in stomatas.

The model is an application of Liebig’s law 

of minimum which is based on carboxylation 

limited by the activity of the RuBP enzyme (A
C
 

in mol.m-2.s-1) and its regeneration (A
j
 in mol.m-

2.s-1). Low threshold value is reduced by dark 

respiration (R
d
 in mol.m-2.s-1): 

    djC RAAA  ;min  (8.83)

Since carboxylation is limited by the amount, 

activation state and kinetic properties 

of RuBP, we can calculate the amount of 

assimilation A
C
 using:

  

 














O
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iC
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K
OKC

CVA
1.

. *
max

 (8.84)

C
i
 (Pa) is intercellular partial pressure of CO

2
, 

* (Pa) is the CO
2
 compensation point in the 

absence of mitochondrial (daily) respiration, 

V
Cmax

 (mol.m-2.s-1) is the maximum amount of 

carboxylation of enzyme RuBP, K
C
 and K

O
 (Pa) 

are Michaelis-Menten constants for carboxylation 

and oxygenation, and O (Pa) is partial pressure 

of oxygen in intercellular areas (20.5 kPa in 

accordance with de PURY and FARQUHAR 1997). 

The compensation point of CO
2
 is calculated in 

accordance with:

  O
KV
KV

OC

CO .
.
..5,0

max

max*   (8.85)

V
Omax

 (mol.m-2.s-1) is the maximum range of 

oxygenation.

Since carboxylation is also limited by the 

regeneration of RuBP via the transport of 

electrons, we can calculate the amount of 

assimilation A
j
 using:

  
 
 *

*

.2.4
.





i

i
j C

CJA  (8.86)

J (mol.m-2.s-1) is the capacity of electron 

transport. This can be derived from the electron 

fl ow density 
P
 (mol.m-2.s-1) using balance:

  0..... maxmax
2  JJJJ PP   (8.87)

J
max

 (mol.m-2.s-1) is the potential capacity of 

electron transport,  is the coeffi cient of the 

light curvature, and  (mol.mol-1) is the quantum 

number of electron transport (see the third 

column in table 8.3).

Intercellular partial pressure of CO
2
 marked as 

C
i
* (Pa) at which values A

C
 and A

j
 are in balance 

is given based on equations 8.84 and 8.86 by 

formula:

max

*
max

*
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  (8.88)

The equation shows the dependence of 

intercellular and partial pressure of carbon 

dioxide upon radiation represented by value J 

and the temperature defi ned by photosynthetic 

parameters (see table 8.3). In accordance with 

this, the range of C
i
, during which photosynthesis 

is infl uenced by RuBP saturation (C
i
 < C

i
*) 

or RuBP limitation (C
i
 > C

i
*), depends upon 

radiation and temperature.
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All biochemical reactions depend upon 

temperature since the activity of enzymes 

is related to temperature. Therefore, the 

parameters of this model can be derived using 

the reaction levels expressed via the Michaelis-

Menten constant (see formula 8.78) as explicit 

temperature functions. However, in practice the 

Arrhenius equation is more commonly used for 

calculating the capacity of biological processes 

K. The equation uses a simple reaction, in 

which the substrate produces various products 

depending upon the temperature.

   








 TR
E

ekTK .
0.  (8.89)

T (K) is absolute temperature, E (J.mol-1) is 

activation energy of the process (see the fourth 

column in table 8.3), R = 8.3145 J.K-1.mol-1 is 

the universal gas constant, and constant k
0
 

is expressed from the relationship to amount 

K
0
 observed at reference temperature T

0
 (K). 

Approximation using a simple exponential 

function is used:

     0.
0. TTkeKTK   (8.90)

Coeffi cient k expresses value E/(R.T
0

2). As 

a reference temperature, T
0
 = 25°C ( 298 

K) is used. Values of K
0
 are assigned to this 

temperature (see the third column in table 

8.3). This formula can be used for calculating 

V
Cmax

, V
Omax

, K
C
, K

O
, R

d
 and *. To calculate the 

maximum amount of electron transport J
max

, 

THORNLEY and JOHNSON (1990) recommend to use 

the following modifi ed equation since it is a much 

more complicated process:

   
TR
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  (8.91)

Values S (J.K-1.mol-1) and H (J.mol-1) represent 

entropy and enthalpy (see the third column in 

table 8.3) of the active state compared to inactive 

state (see THORNLEY and JOHNSON 1990).

Variable unit value at 25°C activation energy (kJ.mol-1)

K
c

mbar 404 59.36

K
o

mbar 248 35.94

* mbar 41.7 23.42

V
Cmax

mmol.m-2.s-1 80 58.52

V
Omax

mmol.m-2.s-1  0.25 . V
Cmax

58.52

R
d

mmol.m-2.s-1  0.01–0.02 . V
Cmax

66.4

J
max

mmol.m-2.s-1  1.5–2.0 . V
Cmax

37

H kJ.mol-1 220

S kJ.K-1.mol-1 0.71

 mol.mol-1 0.36

 - 0.7

Fig. 8.23 Renowned professors and leading 
personalities in the fi eld of environmental biology 
who derived the concept and mathematical model 
of photosynthesis: left GRAHAM DOUGLAS FARQUHAR, 
right SUSANNE VON CAEMMERER.

Tab. 8.3 Standard values of the parameters in the model of photosynthesis by Farquhar and von 
Caemmerer (VON CAEMMERER, 2000, Table 2.3).

Note: Value * was derived from equation 8.85 (at O = 20.5 kPa).
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According to Farquhar and von Caemmerer, 

the parameterisation of the model forms the 

basis for using the model of photosynthesis. Its 

aim is to derive all important constants of the 

model from experimental data. Measurements 

using gas exchange systems are most often 

used (see fi gure 8.19). Table 8.3 shows the set of 

standard values at reference temperature 25°C 

and ambient oxygen concentration O = 20.5 kPa 

used for deriving all important variables. There 

are signifi cant differences between individual 

tree species, mainly in J
max

 and V
Cmax

, but even 

despite that, the data from table 8.3 is suffi cient 

for calculating photosynthetic capacity if no 

suitable observations are available.

8.5 Modelling dissimilation 

Defi nition 8.5

Dissimilation is the comprehensive for 

decomposition metabolic processes that 

release energy.

Approximately one half of the photosynthetic 

production of C
3
 type plants per day is 

decomposed in order to release the necessary 

energy for the plant. The accurate portion 

depends upon the tree species and 

environmental conditions. The dissimilation 

process takes place via the respiration of the 

plant. Respiration exists in two fundamentally 

different forms: photorespiration and dark 

(mitochondrial) respiration. Photorespiration 

is the reaction between oxygen and the 

Rubisco enzyme, which takes place in sunlit 

leaves, if the concentration of O
2
 is high in 

comparison with CO
2
. Its result is the forming 

of glycolates that are quickly degraded to CO
2
. 

Dark respiration is any process during which 

organic substances are oxidised to carbon 

dioxide and water whilst producing energy 

(ATP) and reducing NADPH necessary for 

metabolic processes. It occurs in leaves which 

are not illuminated (at night, for example) 

and in all other tree organs (roots, stems, 

branches). In modelling, photorespiration 

is usually neglected due to its very small 

proportion and therefore the term ‘respiration’ 

usually refers to ‘dark respiration’. This is how 

we also understand the term ‘respiration’ in this 

publication. Respiration is described as the 

relative proportion associated with biomass 

loss. This proportion can, for example, be 

calculated from the foliage unit, from stem 

surface area, basal area, biomass unit, 

sapwood area or from the volume of living 

cells. It depends upon the type of the model 

and the hierarchical level (scale).

Current studies have proven that respiration 

provides energy for the whole range of plant 

processes (JOHNSON 1990, AMTHOR 2000, 

CANNELL and THORNLEY 2000, DEWAR 2000): 

photosynthesis, growth (synthesis of structures), 

maintaining plant tissues (production or 

renewal of enzymes), obtaining nutrients, fi lling 

phloem and translocation (of water or nutrients). 

However, only maintenance respiration and 

growth respiration are considered in modelling 

plant processes since they form circa 80-90% 

of all respiration. Respiration associated 

with ion uptake and transport is either not 

taken into consideration separately. Because 

of mathematical similarity the respiration is 

included in maintenance respiration.

8.5.1 Respiration

The majority of process-based growth models 

use one of two formalisms for quantifying 

respiration, which were developed in 1970. They 

are from authors MCCREE (1970) and THORNLEY 

(1970).

MCCREE (1970) expressed total respiration R 

of plant tissues as the sum of growth respiration 

R
G
, which expresses the energy necessary for 

the synthesis of new tissues, and maintenance 

respiration R
M
, which expresses the energy 

necessary for the renewal and the synthesis of 

proteins (enzymes).

  WrWrRRR MGMG ..   (8.92)

W stands for the dry weight of tissue biomass. 

Growth respiration is based on biomass 

increment, and maintenance respiration is based 

on the total status of biomass. Parameters r
G
 and 

r
M
 characterise the ratios (indices) of growth and 

maintenance respiration. They depend upon 

tree species, whilst r
G
 is generally temperature 

independent and r
M
 is temperature dependent. 

The thermal dependence of respiration ratios 

can be described, for example, using the already 

mentioned Arrhenius equation (see formula 
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8.89.). However, in biomass modelling it is 

replaced by an empirical model (for example 

BUTLER and LANDSBERG 1981):

     0.
0. TTkrerTr   (8.93)

This is an analogical equation to formula 

8.90 adapted to derive respiration percentage 

or respiration rate. Coeffi cient k
r
 is an empirical 

parameter and r
0
 is the respiration percentage or 

respiration ratio at reference temperature T
0
. The 

method of exponential basis Q
10

 is used even 

more often:

  ( ) 10100

0

.
TTQrTr −=  (8.94)

Exponential basis Q
10

 defi nes the ratio 

between the respiration of tissues at two 

temperatures that differ by 10°C from each other. 

Hence, it is the average change in respiration if 

the temperature changes by 10°C. It can also be 

derived from formula 8.93 using:

  rkeQ .10
10 =  (8.95)

Typical values for the exponential bases are 

from the interval 1.5 to 2.5. They are derived 

for various species and parts of plants (LINDER 

and TROENG 1981, BENECKE 1985, PEREIRA et al. 

1986, BASSMAN and ZWIER 1991, BROOKS et al. 

1991, SHERIFF and NAMBIAR 1991, GIFFORD 1994, 

TURNBULL et al. 2001, GRASSI et al. 2002).

THORNLEY (1970) added the concept of growth 

effi ciency Y
G
 into the calculation. Growth 

effi ciency is the ratio of the dry weight of new 

biomass W created during period t to the 

overall amount of assimilates necessary for the 

new growth:

  

G
G RW

WY



  (8.96)

According to Thornley, total respiration is 

calculated as:

    WYrWYR GMG ...1 *  (8.97)

Respiration rates (or percentages) for growth 

and maintenance respiration can be derived from 

formulae 8.92 and 8.94:

  GG Yr 1  (8.98)

  GMM Yrr .*  (8.99)

8.6 Modelling allocation

Biomass allocation (see defi nition 1.10 in 

Chapter 1.3.4) represents a central problem of 

process-based models since it is closely related 

to the growth of biometric values of trees. The 

key to redistributing produced carbohydrates 

between individual components of biomass 

(roots, stem, branches) also forms the key to the 

resulting accuracy of the model. 

Allocation is the result of translocation (see 

defi nition 1.10 in Chapter 1.3.4), which is related 

to the transport of nutrients in tree phloem. By 

1930, MÜNCH had already attempted to describe 

the basic mechanism of this process based on 

a known experiment. Münch’s theory, which 

arose from this experiment, states that the fl ow 

of nutrients in sieve tubes of plants is controlled 

by the gradient of hydrostatic pressure (P) 

between the source (leaves) and the target (other 

organs). The principle of the theory is illustrated 

in fi gure 8.24. According to Münch’s model, 

assimilates are actively drawn into the sieve 

tubes in the phloem of the source (leaves) and 

are transported to the target (roots). This process 

is controlled by osmotic pressure. It induces a 

hydrostatic pressure gradient and ensures the 

transfer of nutrients in the sieve tubes. The 

direction of nutrient movement is shown by the 

arrows.

If we account for the fact that sieve tubes 

represent a simple capillary column, then the 

amount of fl owing solution J
w
 can be expressed 

by the Hagen-Poiseuille law.

  
L
PaJw


 .

.8
. 4




 (8.100)

Parameter a represents the radius of capillaries, 

L their length and  is the viscosity of the solution 

(Pa.s). However, sieve tubes are not typical 

capillaries since they contain semi-permeable 

membranes in the form of sieve plates dividing 

their elements. Several authors have attempted 

to take this fact into account and created much 

more accurate models (for example, BASSOW et 

al. 1990, DEWAR 1993, SHEEHY et al. 1995). These 

are theoretical models whose formulation and 

mathematical calculation is far too complex for 

practical use. However, they confi rmed that the 

balanced state of the fl ow of solutions J
w
 and 

also its dry weight J
s
 is directly proportional to 
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pressure gradient P and indirectly to the length 

of the route L:

  P
L
kJs  .  (8.101)

This cognition is often used as a theoretical 

basis.

Due to the great complexity of translocation, 

in modelling the transport of nutrients through 

phloem is skipped and models focus more 

upon direct modelling of allocation. The issue 

of allocation modelling has been addressed 

in a number of research projects, and there 

are currently a lot of approaches that address 

this problem. These are, for example, purpose 

orientated division, local capture of growth, 

optimising principles, principles of coordination, 

etc. (LANDSBERG and SANDS 2011). An overview of 

allocation modelling methods can be found, for 

example, in the works of WILSON (1988), MÄKELÄ 

(1990), MARCELIS (1993), CANNELL and DEWAR 

(1994) and LACOINTE (2000). In this Chapter, we 

will attempt to give a brief description based on 

these works.

8.6.1 Empirical model of allocation

In empirical models no general mechanism or 

rules that control allocation are used. Allocation 

coeffi cients (k
i
) for individual tissues are measured 

and derived empirically. They either control 

allocation directly via re-distribution of carbon 

from each source to each target (RAUSCHER et al. 

1990, ZHANG et al. 1994) or indirectly as a growth 

ratio between various organs or tissues (PROMNITZ 

1975, MCMURTIE and WOLF 1983, MÄKELÄ and HARI 

1986). Direct distribution is also called labelling. 

A suitable example is the model ECOPHYS 

(RAUSCHER et al. 1990), which uses a large set 

of allocation coeffi cients. Re-distribution is very 

detailed but unfortunately it only applies under 

limited conditions corresponding to the season 

of measurement. To account for the variability 

of environmental conditions, some authors 

propose to interpolate coeffi cients from the 

measurements from various seasons (PROMNITZ 

1975, ZHANG et al. 1994). Taking environmental 

conditions into consideration, certain fl exibility 

can also be achieved if the internally stable 

coeffi cients are modifi ed proportionally to the 

coeffi cient of allocation for roots (
root

). The 

modifi cation is carried out based on a change to 

soil water potential (
S
):

   Srroot  .2,01.0  (8.102)

Another example how to modify the coeffi cients 

with external factors can be found in the works 

of MÄKELÄ and HARI (1986). The simplest models 

do not distinguish between the various carbon 

sources, only the total amount of available 

carbon estimated at the plant level is distributed.

8.6.2 Allometric model of allocation

The models include the relationships based 

on the ratios between the growth rates of 

individual organs. The ratios infl uence the 

mutual proportions of organs. They are modelled 

using allometry (see Chapter 4.2). Allometric 

coeffi cients are usually derived empirically. 

Models use various biometric characteristics: 

for example, tree height, stem length, tree 

diameter, leaf area, volume or weight of dry 

biomass of tree organs, etc. Formulae describe 

the complexity of general limitations and the 

general balance which forms the proportional 

development of trees. It is a process which is 

leaves: p < x 

roots: p > x 
xylem

 ph
lo

em
 

p << 0 
PP >> 0 

x  0 
Px << 0 

p < 0 
PP > 0 

x  0 
Px  0 

Fig. 8.24 Münch’s model of the transport of 
assimilates. The arrows symbolise the direction 
of the fl ow.  is osmotic potential, P is hydrostatic 
pressure and  is water potential ( =  + P). 
Indices p and x are related to phloem (purple colour) 
and xylem (pink colour). The fi gure was prepared in 
accordance with DELUZE and HOULLIER (1997).
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not explicitly identifi able in this model; however, 

in the form of empirical allometric coeffi cients, 

it can quite well capture the development of 

proportions between individual tree parts. 

Hence, it retains a logical visual form of a tree. 

The allometric model of allocation can generally 

be described using the multiplicative connection 

of power functions:

  
j

a
j

aa
i

jXkXXkW ....... 21
21  (8.103)

The result of the model is the biomass of the 

appropriate part of the tree W
i
 based on the value 

of biometric variables of the other parts of the 

tree X
j
. The formula is controlled by coeffi cient 

k and the vector of allometric exponents a
j
. The 

exponents control the proportions between 

organs based on various developmental trends: 

isometry (a
j
 = 1), negative allometry (a

j
 < 1), 

positive allometry (a
j
  >  1). A special example 

is an isometric model containing the only 

independent variable (j = 1). In such a model, 

constant k is called the biomass expansion 

factor and is known as BEF (see Chapter 6.10).

The model by WEST (1993) can be used as 

an example of a process-based model that 

uses allometric allocation. The model contains 

several of such equations. For example, the 

biomass of branches is the allometric function 

of leaf biomass. Similar formulae can be found 

in the works of MÄKELÄ and SIEVÄNEN (1992) and 

DELUZE and HOULLIER (1995). For example, DELUZE 

and HOULLIER (1995) used PRESSLER’S rule (1865) 

which states that the area of the last growth ring 

in a cross-section at a given height of a stem is 

proportional to the total area of leaves or to the dry 

weight of leaves above this height. In modelling 

forest ecosystem development, allometric 

models with a typical time step of one year or 

decades dominate. Allometric models in their 

basic form (formula 8.103) are more fl exible than 

the previous purely empirical models. Despite 

this, they suffer from the fact that constant 

allometric coeffi cients do not allow a change in 

the development of proportions between organs. 

Due to changes in environmental conditions, 

the direction of allometry can change to refl ect 

natural deviations. Therefore, newer models 

which use allometric relationships attempt to 

modify allometric coeffi cients based on explicit 

environmental conditions.

8.6.3  Model of the teleonomic (functional) 

balance

This model takes into consideration how 

carbon sources support growth demands and 

the proper functionality of tissues in appropriate 

organs by distributing the total amount of 

resources. This means that the nutrients are 

redistributed between organs in such proportions 

that each individual can grow and function 

properly. We say that the resources are allocated 

based on biological effi ciency. The effi ciency of 

the system depends on its genetic development 

which followed genetic optimisation. The founder 

of the teleonomic balance was DAVIDSON (1969). 

He applied it to grassy areas of pastures. He 

noticed that the ratio of photosynthesis and the 

absorption of nutrients is proportional to the ratio 

of biomass between the assimilation organs and 

roots. He observed that the ’assimilates and 

absorbed nutrients are allocated to the growth 

of roots and leaves in such a manner that the 

balance of necessary functions in the plant is 

maintained‘ and that the ’allocation of assimilates 

is inversely controlled by the relative ratios of root 

and leaf functionality‘. In other words, the ratio of 

biomass between leaves and roots (W
f
 : W

r
) is 

inversely proportional to the ratio of their activities 

(s
f
 : s

r
). The term activities stands for the amount 

of carbon (C) obtained per unit weight of leaves 

and the amount of nitrogen (N) absorbed per unit 

weight of roots (see fi gure 8.25). It expresses the 

infl uence of nitrogen accessibility on the growth 

ratio between leaves and roots.

  

f

r

r

f

W
W


.  (8.104)

Coeffi cients 
r
 (or 

N
) and 

f
 (or 

C
) represent 

the specifi c uptake of nutrients (N) by roots and 

the specifi c binding of carbohydrates (C) by 

leaves. Coeffi cient  expresses the ratio between 

the increment of carbon and nitrogen (C:N) in 

tissues. The balance is thematically expressed 

as follows:

  fCrN WW ...    (8.105)

A similar equation can also be derived for 

branches (shoots) W
s
 by replacing W

f
. Changes 

in environmental factors or sudden disturbances 

can lead to a change in the C:N ratio which in the 

long term can also mean a change in balance. 

This will cause the change in plant functionality. 
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It can be mathematically characterised in such a 

way that if the C:N ratio changes, the coeffi cient 

 also changes causing a change in functionality 


N
 and 

C
. This all leads to maintaining the 

balance in equation 8.105.

8.6.4 Metabolic pool model

This wide class of these models has several 

equivalent names including basin models and 

hierarchical models. The models are used by 

many authors (BASSOW et al. 1990, BAUMGÄRTNER 

et al. 1990, HARPAZ et al. 1990, WEINSTEIN et al. 

1991, WERMELINGER et al. 1991, GROSSMAN and 

DEJONG 1994, HOFFMANN 1995, THALER and PAGÈS 

1998). In the process of photosynthesis, a plant 

produces overall gross resources which can be 

imagined as water placed in a large pool. The 

water represents accessible carbon substrate 

and fl ows into the pool through a photosynthetic 

infl ow. The pool contains outfl ows with set 

priorities (fi gure 8.26). The fi rst outfl ow represents 

the loss from respiration (1). Without it, the net 

amount of accessible carbon substrate remains. 

This net amount is drained into other outfl ows 

according to their priority. The highest priority 

could, for example, be assigned to the production 

of fruit (2). If this priority is fully satisfi ed and there 

is substrate remaining, the outfl ow occurs in the 

following order: height growth, growth of leaves, 

and diameter growth (3), followed by outfl ow 

into root growth (4) or possibly also to reserves 

(5) which can fulfi l plant’s specifi c needs. The 

distribution state depends upon the amount 

of resources and outfl ow priorities. Outfl ow 

priorities do not need to be constant, but can also 

change depending upon various external factors 

or the condition of the plant as it is, for example, 

in VIMO model (WEREMELINGER et al. 1991) and 

TREGRO model (WEINSTEIN et al. 1991).

8.6.5 Proportional source-sink model

The proportional source-sink model was 

designed by WARREN-WILSON (1967, 1972). Its 

basic formulation states that the fl ow allocated to 

each target (so called ‘sink’) is proportional to the 

demands of the targets that are never exceeded. 

This model distributes the net production of 

photosynthesis A
net

 from the source to individual 

organs proportionally depending upon their 

demands D
j
 in accordance with:

  


















 jnet

k
k

j
j DA

D
D

W ;.min  (8.106)

Net production A
net

 and individual demands D
j
 

are expressed in the same units. The equation 

states that the resources are distributed between 

the organs proportionally to their demands, but the 

demands are never exceeded. Overproduction is 

Wf 

Wr 

C 
C 

N 
N 

dt
dC

Wf
C .1

dt
dN

Wr
N .1

C

N

r

f

W
W

.

Fig. 8.25 Teleonomic (functional) balance between 
the activities of leaves (

C
) and roots (

N
) according 

to DAVIDSON (1969). Leaf biomass W
f
 actively 

contributes to carbon binding (C) and root biomass 
W

r
 actively contributes to nitrogen uptake (N).

Fig. 8.26 A simple 
metabolic pool model. 
Total accessible 
carbon substrate 
(pool content) 
is redistributed 
between the outfl ows 
depending upon their 
priority level (1 to 5). 
Illustrated following 
BAUMGÄRTNER et al. 
1990.

metabolic pool 

accessible carbon substrate 

1: loss from respiration 

2: fruit production 
3: height growth, growth of leaves, diameter growth 
4: root growth 
5: reserve outflow 
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stored in reserves. Such formulated allocation 

was used in several models (for example ESCOBAR-

GUTTIÉRREZ et al. 1998, GÉNARD et al. 1998, THALER 

and PAGÈS 1998). Some models (for example 

SIMWAL from BALANDIER et al. 2000) extend the 

basic model by the effect of distance (d
ij
) between 

the source (i) and the sink (j).

( )
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⎪
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⎫
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min  (8.107)

8.6.6  Model based on the principles of 

resistance to transport

This approach attempts to achieve the best 

physiological understanding of the allocation 

process. The idea was introduced by THORNLEY 

(1972a, b). His basic assumptions were: a) the 

relative growth ratio of organs is proportional to 

concentrations of carbon and nitrogen substrates 

in phloem at the border of organs, b) the fl ow of 

carbon substrates from leaves and the fl ow of 

nitrogen substrates from roots is controlled by 

the concentration gradient from source to sink 

and the associated hydraulic conductance, 

which increases with the size of the plant parts 

through which the substrates fl ow. The original 

formulation of the model therefore accounts for 

two substrates (carbon and nitrogen), which 

move in opposite directions between the roots 

(N) and the leaves (C). In combination with the 

law of double substrate kinetics, we can achieve 

a general formula for the transport rate at a 

particular point (phloem) of a plant.

  ( )CNijij SST −= .ρ  (8.108)

The equation is based on the difference 

between the concentration of nitrogen substrate 

(S
N
) fl owing from the roots (i) and carbon substrate 

(S
C
) fl owing from the leaves (j). Transport is 

proportional to resistance to conduction (
ij
) 

in the direction from the roots and from the 

leaves. Resistance depends upon surrounding 

conditions, for example, the temperature of 

the environment. It can be measured at every 

necessary point of the plant using specialised 

tools; and it varies greatly. Using this principle, 

allocation of carbon W
ij
 in the particular plant 

organ can be derived.

The original model by THORNLEY (1972a, b) 

included only coarse roots and shoots. In his more 

detailed model from 1991, called the Edinburgh 

model (THORNLEY 1991), he implemented sub-

models of resistance to transport for different 

parts of the plant including fi ne roots and leaves. 

Each component contained structural elements 

and a meristem, and each meristem contained 

carbon and nitrogen stocks. The dependence 

of the varying fl ow rates upon the concentration 

of substrate was addressed using Michaelis-

Menten kinetics. This approach was implemented 

in FORDYN model (LUAN et al. 1996). DEWAR 

(1993) considered the fact that nutrients obtained 

by roots are partially immediately accessible for 

root growth, and partially transported through the 

xylem to leaves where they enter the phloem and 

from there, they are accessible for other parts of 

the tree. This led him to the need to separate 

conductances for xylem and phloem.

It is necessary to stress that this model 

simulates diffusion processes rather than 

substance fl ow processes. The result is that the 

aspects of short term dynamics of substance 

fl ow are ignored. However, this is not a problem 

if we use daily or longer intervals. The current 

pitfall of the model is that it requires to ascertain 

resistances 
ij
,while their variability is still not 

clear. The parameterisation of the model is 

therefore a key aspect for its wider application.

8.6.7 Model of mechanical constraints

According to this model, a stem provides 

mechanical support to leaf biomass of a tree. 

The structure of a stem and branches at each 

point should usually provide a safe existence of 

biomass that exists above this point, depending 

upon mechanical properties such as gravity, 

the infl uence of wind or surrounding trees. In 

accordance with this concept, the support should 

be strong enough to protect the tree against the 

breakage (stability design) or suffi ciently strong 

to eliminate excessive bending or deformities 

(maximum tension design). The model assumes 

that the morphological curve of the stem is 

adapted to suit the requirements for the safe 

and harmonic growth leading to functional 

balance (MCMAHON and KRONAUER 1976, CANNELL 

and DEWAR 1994). This results in the optimum 

tree design. The design changes (WEST 1993, 

MATTHECK 1995, MATTHECK et al. 1997, MOULIA and 

FOURNIER 1997) depending upon: a) the method 
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of biomass storage with regard to the effects 

directing the statics of the tree (the infl uence of 

its own weight, wind infl uence), b) the structural 

type (main stem, lateral branches) and c) the 

type of tree strategy (stability design, maximum 

tension design). The mathematical model of this 

concept was founded by MCMAHON and KRONAUER 

(1976). They defi ned a very simple shape and 

conditions for storing biomass, and thus, they 

estimated forming of stem and branch biomass 

in accordance with the exponential tapering 

law:

  
LkD .  (8.109)

D is the diameter of the structure at distance 

L from the point where diameter D = 0. On 

several experimental individuals they discovered 

that coeffi cient  equals 1.5, which provides 

the maximum tension design, when all tree 

segments show identical deviations under 

the weight of the holding structures. FORD and 

FORD (1990) and CANNELL and DEWAR (1994) also 

described the maximum tension design using 

the same coeffi cient. However, MCMAHON and 

KRONAUER (1976) also observed another shape 

of morphological curve which is based on the 

stability design. This favours stem stability 

against the indiscernible infl uence of the crown 

and assumes that coeffi cient  equals 2.0. The 

model is used for the allocation of biomass along 

the stem and branches.

8.6.8 Pipe-model theory

The formulation of this approach can be found 

in the rule defi ned by PRESSLER in 1865. He 

claimed that the increment on the basal area at 

a given height is proportional to the size of leaf 

area above this level. In 1964, SHINOZAKI et al. 

independently formulated the well-known theory 

in process modelling called the pipe-model. 

They derived an experimental relationship 

between the weight of tree leaves (W
f
) and the 

area of cross sections of sapwood (A):

  L
A

Wf   (8.110)

The ratio between them is expressed by 

constant L which depends upon tree species. This 

ratio can be understood as a functional balance 

between sapwood and assimilation organs during 

water supply. They interpreted this relationship 

as the hydraulic basis for tree formation. The 

hydraulic principle assumes that the stem and 

branches of a tree are made of pipes leading from 

the leaves through the branches and the stem to 

the roots, and that the leaf area connected to the 

appropriate pipe is proportional to the area of a 

pipe cross section. The tree therefore consists 

of a larger amount of nominal pipes, whilst each 

pipe supports the nominal weight of assimilation 

organs. Such a formulated model optimises 

hydraulic conductance. The principle is shown in 

fi gure 8.27. Part a) shows the profi le of leaf weight 

W
f
(z) depending upon the height in the tree and the 

profi le of basal sapwood area A(z) at that height. 

Part b) shows the importance of proportional 

constant L. It is the length of the part of the pipe 

with the volume equal to the biomass of leaves 

supplied by this pipe (W
f
 = A.L). The tree can be 

replaced by a system of assembled pipes which 

supply the appropriate part of leaves with water 

(part c). Part of the pipe is active, which means 

that it always ensures the connection between 

the roots and leaves. This part represents a 

conductive sapwood part of xylem (blue colour). 

The remaining part of the pipes is inactive, which 

means that the connection between the roots and 

leaves is interrupted. This is the non-conductive 

core part of xylem (brown colour). Similarly, we 

can also express an entire stand where each tree 

is defi ned by pipework supplying the whole leaf 

biomass of the crown (part d).

This approach is used in many models whilst 

often connected to a functional (teleonomic) 

balance model (VALENTINE 1985, 1988 and 1997, 

MÄKELÄ 1986, 1990 and 1997, PERTTUNEN et al. 

1996, BERNINGER and NIKINMAA 1997, MÄKELÄ ET 

AL. 1997) or to allometric formulae (WEST 1993). 

Due to the fundamentals of the model (fi gure 

8.27), the sapwood area in a cross section is the 

same from the ground to the crown base. 

However, this assumption does not comply with 

the principle of forming a morphological stem 

curve (see Chapter 6.1.3). This is because it 

is also infl uenced by mechanical constraints. 

Therefore, in many models value L is not constant 

for the whole tree. It is often assigned several 

different values (MÄKELÄ 1986, 1990 and 1997, 

BERNINGER and NIKINMAA 1997, MÄKELÄ et al. 1997) 

depending upon height position on the tree, 

for example, one value is for a stem under the 

crown, another value is for branches and another 
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for coarse roots (fi gure 8.28). This approach 

corresponds much better with reality (CANNELL 

and DEWAR 1994) than the original approach with 

one constant. BERNINGER and NIKINMAA (1997) 

simulated the climatic modifi cation of carbon 

allocation using the additional dependence of 

constant L upon potential evapotranspiration. 

MCCULLOH et al. (2003) found similarities 

between the pipe-model theory and the theory 

of an optimum vein network in a cardiovascular 

system (MURRAY 1926). They presented that 

the optimum pipe network has a small number 

a) b) c) d) 

z 

Wf(z) A(z) 

L 

PROFILE NOMINAL 
PIPE 

TREE STAND 

LAWf .

Wf 

A 

leaves active pipes (sapwood) inactive pipes roots 

Fig. 8.27 The pipe-model theory (green shows assimilation organs, grey shows the roots, blue shows 
active pipes and brown shows inactive pipes): a) the relationship between the size of biomass of 
assimilation organs W

j
(z) and the sapwood area on a cross section A(z) in the height profi le of a tree 

depending upon the distance z from the ground surface, b) interpretation of constant L as the nominal 
length of a pipe supporting the nominal biomass of leaves, c) a model for a tree, d) a model for a stand 
(illustrated in accordance with SHINOZAKI et al. 1964).

Fig. 8.28 Modifi cation of the 
pipe-model theory: at every 
height level i on the tree (i = 
b, s, r) the overall sapwood 
area A

i
 is proportional to the 

overall biomass of leaves 
W

f
 above this area. Index b 

represents primary branches 
on the crown base, index 
s stands for the stem on 
the crown base, and index 
r stands for the roots at 
the stem foot (illustrated in 
accordance with MÄKELÄ 
1986).
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of wide and short pipes in the lower part of the 

stem, whilst their number gradually increases in 

an upward direction as their diameter decreases 

and the length of pipes increases. In this way, 

they attempted to bring the pipe-model closer to 

the real stem morphological curve. According to 

them, the value of ratio L adapts also to other 

constraints (for example, mechanical) and the 

changes depending upon the height in the stem 

profi le. The pipe-model replaces the changing 

diameter of the pipework with one diameter 

which, at the same tree height, maintains a 

fl owing amount of water and also the biomass of 

supported assimilation organs. 

8.7  Modelling phenological phases, 

senescence and mortality

Defi nition 8.6

Phenology is the science that investigates 

the temporal development of important 

periodically repeated life events of plants, 

so called phenological phases, depending 

upon a complex of external environmental 

conditions, mainly upon the weather and 

climate.

Senescence is the ageing of plants, their 

organs or tissues, which expresses changes 

in their biology after reaching adult age, 

maturity or full development.

Mortality is a characteristic of plants, their 

organs or tissues that causes physical death 

of the organism or the mortality of the part of 

the plant. It is the natural completion of the 

senescence process as a result of certain 

states or unsuitable conditions for existence.

Phenology is the science, which in forest 

modelling assists in resolving the problem of 

foliage size and conditions. Bud burst of trees 

sprout is modelled using its results. In case 

of coniferous species, it assists in modelling 

the creation and the size of new needle year-

class; in case of deciduous trees it is the start 

of leaf development and full foliage. At the end 

of the growing season, phenology assists in 

estimating litterfall or determining the loss of 

older needle year-classes during the year. The 

amount and the state of foliage is very important 

since it infl uences the intensity of photosynthetic 

processes. It is particularly important signifi cant 

if the shortest period of the model is an hour, 

a day or a month. Models must consider the 

timing of phenological phases. These are 

mainly important for deciduous tree species. 

For example, in accordance with the manual 

of phenological observations prepared for the 

pan-European monitoring system (PREUHSLER 

1999) for deciduous species the following 

phenophases are particularly important: a) 

beginning of bud burst, b) beginning of leaf 

unfolding, c) leaf development, d) Lammas 

shoots, e) summer colouring of leaves, f) start of 

autumn colouring of leaves, g) autumn colouring 

of leaves, h) beginning of leaf fall, i) end of leaf 

fall. Within these phases a change in size and 

state of foliage takes place. Phenology modelling 

is based on determining a cyclic curve of the 

amount of foliage or the level of photosynthesis 

output depending upon the date within the 

year. We call it a phenological curve. According 

to various authors, it is possible to use several 

mathematical shapes of the curve, for example, 

a double logistic function (ZHANG et all. 2003, 

FISHER and MUSTARD 2007) or an asymmetric 

double sigmoidal function (SOUDAMI et al. 2008):
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(t) expresses the size of leaf area, leaf 

biomass or photosynthesis output depending 

upon the date t (the order of the day in the year). 


max

 determines the maximum value of the leaf 

area, leaf biomass or photosynthesis output. 

Values t
1
 and t

2
 determine the time of the fi rst and 

second infl ection points of function 8.112 (at the 

increase and decrease of the function) and a
0
, a
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b
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1
 are parameters of the functions. The 

tanh function is the hyperbolic tangent:
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The parameters of functions are set to such 

values that the phenological phases, mainly 

the beginning of the growing season (start 

of photosynthetic activity) and the end of the 

growing season (latent state of photosynthetic 

activity), comply with the determined time points 
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for functions. Local extremes of the fi rst or second 

derivation are used, for example, to match them 

(FISHER and MUSTARD 2007, BUCHA et al. 2011) or the 

maximum and minimum curvatures of functions 

are used (SOUDAMI et al. 2008). Figure 8.29 shows 

an example of a model of a phenological curve 

in accordance with equation 8.111. The red line 

is the phenological curve. The curve describes 

the relative change of photosynthetic activity 

of a tree within a range from 0 to 1 on vertical 

axis y depending upon the day in the year on the 

horizontal axis x. The blue line represents the 

fi rst derivation of the function (in a scale of 30:1) 

and the green line shows the second derivation 

of the function (in a scale of 300:1). The local 

maximum of the phenological curve (point 1) 

marks the state of full foliage. The local maximum 

of the fi rst derivation of the function (point 2) 

represents the greatest increment of foliage and 

the local minimum of the fi rst derivation (point 

3) represents the greatest decrease in foliage. 

They correspond with the infl ection points of the 

phenological curve. The fi rst local maximum of 

the second derivation of the curve represents 

the greatest acceleration in foliage increase 

(point 4) and the second local maximum of 

the second derivation of the curve shows the 

greatest deceleration in foliage decrease (point 

5). For example, according to authors BUCHA et 

al. (2011), points 4 and 5 match the beginning of 

bud bursting (a) and the end of leaf fall (i), which 

approximately represents the growing season 

and points 2 and 3 match the beginning of leaf 

unfolding (b) and the start of leaf fall (h), which is 

approximately in compliance with the period of 

photosynthetic activity.

The basic precondition for the parameterisation 

of the phenological curve is to determine 

important timing points of phenological phases. 

Their variability changes in time and space 

(SCHNELLE 1955). For example, in Europe, RÖTZER 

and CHMIELEWSKI (2001) found regional differences 

between the start of the growing season in 1961 

- 1998 of up to three months and inter-annual 

differences in the length of growing season at the 

same location by up to 22 days. Observation of 

phenological phases is much more complicated 

in forest stands than in agriculture, gardening 

or botany. Therefore, suitable approximation 

methods are used, for example, the method of 

vegetation indices from remote sensing of the 

Earth (ZHANG et al. 2002, FISHER and MUSTARD 

2007, SOUDAMI et al. 2008, BUCHA et al. 2011), which 

we will address in Chapter 10.1, or the method 

of spatial interpolation of point information in 

geographic information systems (RÖTZER and 

WÜRLÄNDER 1997), which we will address in 

Chapter 10.6, or other calculations based on 

accessible meteorological data (SCHWARTZ et 

al. 1997, CHUINE et al. 1999, SNYDER at al. 1999, 

CENCI and CESCHIA 2000, ORLANDI et al. 2002). 

In plant physiology, the last group of models is 

particularly preferred since it approaches the 

biological nature of processes best. The function 

of weather conditions is very often used for the 

modelling of the start of a growing season. They 

are represented by the minimum method, for 

example, the minimum temperature needed for 

the start of physiological activity (BOSSEL 1994) or 

the sum method, for example, which compares 

the sum of average daily temperatures with the 

determined temperature threshold (HOFFMANN 

1995, ABER et al. 1996, FRIEND et al. 1997, BOSC 

2000, RÖTZER et al. 2004). The same methods 

are used for modelling the end of the season, 

but in the sum method the sum of respiration 

in the growing season is often compared to a 
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Fig. 8.29 Model of a phenological curve (red) and 
its fi rst derivation (blue) and second derivation 
(green). The model of a phenological curve was 
constructed in accordance with function 8.111, 
where coeffi cients are a

0
 = 13.593715, a

1
 = 

–0.1136147, b
0
 = 13.593753, b

1
 = –0.0461315. The 

fi rst derivation is in a scale of 30:1 and the second 
derivation is in a scale of 300:1. Point 1 represents 
the state of full foliage, point 2 indicates the 
greatest increase in foliage, point 3 the greatest 
decrease in foliage, point 4 states the greatest 
acceleration in foliage increase and point 5 the 
greatest deceleration in foliage decrease.
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determined threshold (for example GROTE and 

PRETZSCH 2002). In such a case, respiration 

successfully replaces meteorological data. 

We will demonstrate the sum method with the 

model developed by RÖTZER et al. (2004) which 

ascertains the day order in the year for the point 

of the phenological phase (d
b
):

( )∑ >>⎟⎟
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Value d expresses the day order in the year, s 

is the starting day for summing the temperatures 

(for example, 1 if it is January 1st), d
max

 is the fi nal 

observation day for the start of the determined 

phenological phase, T
d
 is the average daily 

temperature and T
b
 is the basic temperature 

above which the temperature participates in the 

physiological process within the phenological 

phase (for example, 0°C, 5°C or 6°C). Coeffi cient 

w is the weight factor. If the factor equals zero, 

there is no dependence upon the relative 

distance from the start of summing, if it equals 

one, the dependence is linear and it if equals two 

it is quadratic. Variable T
sum,d

 is the critical value 

(threshold) for the sum of temperatures which 

dynamically changes depending upon the day 

order in the year in accordance with:

max,min,
.

,    where   . bb
db

dsum dddeaT <<=  (8.115)

Coeffi cients a and b are empirical parameters 

of the model specifi c for an evaluated 

phenological phase, and d
b,min

 and d
b,max

 are the 

minimum and maximum days for the start of the 

phenological phase.

Apart from the models of phenological curve, 

models for the amount of leaf fall are also used 

and are based on the following concept:

   ffNETf
f WA

dt
dW

.. γβ −=  (8.116)

W
f
 is the actual biomass of foliage, A

NET
 is 

the net primary production, 
f 
is the production 

component bound in foliage and 
f
 is the component 

expressing the relative proportion of leaf fall per 

time unit. Component 
f
 can be constant during 

the growing season or is expressed depending 

upon environmental variables (RAISON et al. 1992, 

BATTAGLIA et al. 1998), for example, seasonal water 

stress S which modifi ed the standard portion of 

leaf fall 
f0
:

    Sfff .0  (8.117)

Apart from the phenological phases related to 

photosynthesis activity, in process-based models 

it is also necessary to model the natural ageing 

of tissues, organs and the organism. We call this 

process senescence. Modelling senescence is 

a complicated issue related to modelling various 

partial processes: stress, effi ciency, vitality, 

lifespan, self-thinning, competition and the 

defi nitive fi nal process - mortality. In fi gure 8.30 

we illustrated the senescence process, which 

occurs continuously along the time axis (age) of 

tissues, organs and individuals. The natural age 

achieved by tissues, organs and individuals is 

known as their lifespan. Age depends upon the 

hierarchical level and a botanical species (hours, 

days, months, years, decades, centuries). In 

models, it is often used as a series of parameters. 

The lifespan is also infl uenced by stress. Stress 

occurs under the infl uence of environmental 

conditions which disturb standard biological 

processes and can shorten the lifespan. Stress 

factors can include temperature (THORNLEY 1991), 

accessibility to water (ZHANG et al. 1994) or the 

infl uence of harmful substances (MOHREN and 

BARTELINK 1990, BELLMANN et al. 1992). Lifespan 

t
max

 is modifi ed using stress functions f(stress)
i
:

   
i

istressftt .max
*
max  (8.118)

Stress functions provide relative indices from 

0 to 1, which shorten the lifetime of tissues, 

organs or individuals. Stress infl uences not only 

the lifespan but also the vitality of plants or their 

parts. In process-based models, vitality is most 

Fig. 8.30 A scheme of the senescence process 
and the signifi cance of several partial processes: 
stress, effi ciency, vitality, lifespan, self-thinning, 
competition and mortality.

age 
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vitality 
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mortality of organs and tissues 
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often defi ned as the ratio between assimilation 

(anabolic) and dissimilation (catabolic) 

processes.

  

M

NET

R
Av   (8.119)

Anabolism is determined by net photosynthesis 

(A
NET

) and catabolism by maintenance respiration 

(R
M
). Stress modifi es vitality:

   
i

istressfvv .*
 (8.120)

The vitality of plant parts (tissues or organs) 

is also infl uenced by effi ciency. Effi ciency is 

related to metabolic and allocation processes. 

The most frequently used processes include 

carbon use effi ciency (CUE), nitrogen use 

effi ciency (NUE), water use effi ciency (WUE) and 

energy use effi ciency (EUE). They are commonly 

determined as:
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The numerator in the formula is biomass 

(W) of the appropriate part of the plant and the 

denominator contains carbon consumption (C), 

nitrogen consumption (N), evapotranspiration 

consumption (E
T
 + E

S
) and solar energy 

consumption () necessary for the production 

of the stated biomass. The effi ciency results are 

given in various units, for example: kg.kg-1 (for 

CUE, NUE), g.kg-1 (for WUE) and kg.GJ-1 (for 

EUE). Effi ciency can further modify vitality:

       EUEfWUEfNUEfCUEfvv ....***   (8.122)

The fi nal stage of senescence is mortality. 

Mortality determines the death of the plant 

part (tissue or organs) or the entire organism 

(individual). The mortality of organs and tissues 

is mainly infl uenced by their lifespan and 

vitality. The mortality of an organism reacts to 

the lifespan of the organism, the self-thinning 

process, the competition process and the vitality 

of the organism. Self-thinning defi nes the 

natural decrease in the number of individuals in 

the overall living area. Competition expresses 

processes connected with sharing of resources 

for photosynthesis and the creation of biomass 

(solar radiation, water and nutrients). Whilst in 

process-based models competition is included 

implicitly, for example, by modelling the 

absorption of solar radiation (see Chapter 8.1.3), 

self-thinning is resolved explicitly based on the 

principle of production area (see Chapter 4.3). 

The number of individuals can be reduced using 

Reineke’s density rule (REINEKE 1933), Yoda’s 

self-thinning rule (YODA et al. 1963) or the law of 

spatial allometry (PRETZSCH 2001). Yoda’s rule is 

usually preferred in process-based models. Its 

mathematical formula for reducing the number 

of individuals (N
t
1) depending upon the average 

biomass per individual ( m ) follows:
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However, the number of individuals (N
t
2) is 

explicitly defi ned by their lifespan (BOTKIN et al. 

1972, BOTKIN 1993, SHAO et al. 1994, BUGMANN 

1996a), for example, using a constant mortality 

percentage which ensures that with lifespan (t
max

) 

the stated percentage of individuals remain (for 

example 1% or 2%):
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The fi nal number of individuals, which takes 

self-thinning as well as the lifespan principle into 

account, can be determined based on Liebig’s 

law of the minimum:

   21;min ttt NNN   (8.125)

Excess individuals can be removed from 

a stand, for example, using the vitality of an 

individual and competition pressure.

8.8  Variables and parameters of process-

based models

Process-based models are the most 

complicated in terms of the number of variables 

and parameters. In this chapter we will address 

their nature, similarly as we did it for empirical 

and structural models. Exogenous variables, 

which describe the state of the environment and 

are not infl uenced by the forest stand in return 

(at least not in the short term), are specifi c in 



460

FOREST ECOSYSTEM ANALYSIS AND MODELLING

comparison with other types of models since 

they usually represent interval shorter than 

one year or the length of a growing season. 

They often refer to a period of days, hours or 

sometimes even minutes. The most frequent 

input exogenous variables include solar 

radiation, temperature, precipitation, wind speed 

and direction, water vapour pressure defi cit, CO
2
 

content in the atmosphere and water content in 

the soil. This short term cycle forms one of the 

greatest practical problems in models. We can 

use two methods to obtain this input information.

The fi rst method is measurement. It uses 

meteorological stations in close vicinity of the 

modelled forest stands or portable fi eld 

meteorological stations, which are placed directly 

in the stand for the period of interest and which 

monitor the development of data for a longer time 

period, a minimum of the growing season. This 

data is used as input data or forms the basis 

for a prognosis of its future development based 

on mathematical models. It is common to build 

so-called meteorological towers in a stand 

or a site of interest. Their advantage is that the 

given characteristics can be measured in the 

forest stand profi le since the height of the towers 

exceeds the height of forest stands. Towers are 

equipped with devices for the measurement 

Fig. 8.31 Measurement of exogenous variables for process-based models: a) meteorological tower, b) 
measurement of temperature and air humidity, c) measurement of wind speed and direction, d) digital 
meteorological station, e) data logger with remote data transfer (photo: K. STŘELCOVÁ 2002).

a)

d) e)

b) c)
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of temperature, air humidity, wind speed and 

direction, etc. (fi gure 8.31). Towers are mainly 

used if we also wish to construct or parameterise 

a model, not only to apply it. Automation of 

measurements can be provided by installing 

digital meteorological stations which contain 

specialised devices called data loggers. They 

record meteorological data at regular intervals 

without the human assistance. Occasionally 

(for example, once per week or month), data is 

copied from the fi eld data logger to a portable 

computer, or a remote transfer device is used 

which ensures that the data is automatically, 

continuously sent to data storage on a particular 

server (FOKEN 2008, STŘELCOVÁ et al. 2008). This 

data is immediately accessible as exogenous 

variables characterising the state of environment 

for forest models.

The second method of data reproduction is 

to use weather generators. These are models 

which, based on variables or summarised 

meteorological data over a longer period, usually 

a year or a growing season, attempt to distribute 

this data between individual months, days and 

hours. Algorithms are usually statistically based 

and are formulated in order to: a) maintain the 

average and summary data over longer periods, 

b) ensure a logic in their natural development 

throughout the year, i.e. maximum and 

minimum values occur in logical months and 

their variability rcorresponds with the typical 

variability in months, c) maintain correlation 

between individual climate characteristics, for 

example, cloudiness, temperature, precipitation 

and air humidity, d) and also to maintain auto-

correlation which means correlation between 

data which is close in terms of the time schedule. 

There are many such models. As an example, 

we can mention models WGEN (RICHARDSON and 

WRIGHT 1984), SIMMETEO (GENG et al. 1986, 

1988), TAMSIM (MCCASKILL 1990), CLIMGEN 

(CLEMENCE 1997), MET&ROLL (DUBROVSKÝ 1997), 

LARS-WG (SEMENOV et al. 1998), AAFC-WG 

(HAYHOE 2000), MARKSIM (JONES and THORNTON 

2000), RUNEOLE (ADELARD et al. 2000), WM2 

(HANSEN and MAVROMATIS 2001), CLIMA (DONATELLI 

et al. 2009) or models by authors BRUHN et al. 

1980, LARSEN and PENSE 1982, GUENNI et al. 1991, 

SCHUBERT 1994, FRIEND 1998, HANTEL and ACS 

1998, PARLANGE and KATZ 2000, WILKS 2002, WAN 

et al. 2005, FURRER and KATZ 2007, MEZGHANI AND 

HINGRAY 2009.

The nature of process-based models is 

specifi ed by its direct reaction to environmental 

conditions. Therefore, the models are also very 

often used for modelling the infl uence of climate 

changes upon the growth and production of 

forest ecosystems. One option for implementing 

such studies is to make prognoses about 

climate development. This can be achieved, 

for example, using the single equation method 

for the development of climate characteristics 

a) 

b) Fig. 8.32 Numerical weather prediction (NWP) models are 
based on dividing the atmosphere into a system of neighbouring 
blocks (voxels). At present, voxels of a size of 5 km in a horizontal 
direction and 1 km in a vertical direction are used. Each block 
contains fi ve numbers (attributes): temperature, humidity, pressure, 
wind direction and wind speed. We determine the changes in 
these values in time and space using a physical model of the 
atmosphere. The boundary area model (b) follows this global 
model (a). Information about events which enter the selected 
area via the boundaries (boundaries of rectangles) is taken by the 
algorithm from the global model.

a)

b)
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(see Chapter 4.4.3). However, the use of 

complex models is more credible. In literature 

they are called NWP models (numerical 

weather prediction). These models particularly 

describe the physics of the atmosphere which 

use quantitative methods for simulating the 

interaction between the atmosphere, oceans, 

the Earth’s surface and ice (fi gure 8.32). Models 

are very complicated and demanding in terms of 

calculations. Therefore, supercomputers or other 

technology using high performance computer 

data processing are often used (see Chapter 

10.8). For example, in Slovakia, the Czech 

Republic, Austria and Germany ALADIN model 

is used (HUTH et al. 2003). It was developed by 

an international team managed by the Météo-

France organisation. The model attempts to 

create a numeric adaptation of predictions from 

the ARPEGE global model to high resolution 

level. The supercomputer is located in the 

Czech Hydrometeorological Institute in Prague. 

The model covers 2,800 km x 2,200 km from 

France to the Black Sea and from North Africa to 

southern Scandinavia. 

For the practical use of models, the prediction 

of all exogenous variables is not necessary. 

Some variables can also be derived by temporal 

modelling. Such a characteristic is the amount 

of solar radiation. We addressed its modelling 

in Chapter 8.1. In order to determine the value 

of radiation at a given time, it is suffi cient to 

know the position of the stand (geographical 

coordinates and altitude), geomorphological 

conditions (aspect, slope and curve of the 

skyline) and atmospheric conditions (pollution 

and cloudiness). Similarly, it is also possible to 

derive the water vapour pressure defi cit (Pa) 

based on air temperature in °C (T) and relative 

(percentage) air humidity (H
r
).
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Value e
s
(T) represents the pressure of 

saturated water vapour at temperature T and 

this can be accurately determined based on the 

empirical equation derived by DILLEY (1968):

  ( ) T
T

S eTe += 3.237
.269.17

.61078.0  (8.127)

Another category of input data covers 

intermediary variables. These are 

environmental characteristics which change 

during the simulation due to the reverse infl uence 

of the forest stand. A typical characteristic 

is again solar radiation but in this case, it is 

radiation in the canopy of the forest stand. 

Many models utilise the change in incident 

solar radiation at individual points of the tree 

crown. Leaves produce a corresponding amount 

of photosynthesis products. This amount is 

allocated to the appropriate organs in accordance 

with the allocation principles. The stem and the 

tree crown are formed, which in return infl uences 

the amount of accessible light for individual points 

on the crown. Algorithms of light absorption are 

used, e.g. the Lambert-Beer law combined with 

Campbell’s ellipsoid and the ray tracing model 

(see Chapter 8.1.3). The content of nutrients in 

the soil can also be considered as intermediary 

variables although in this case the response is 

much slower than with solar radiation. In terms 

of models, it is mainly the nitrogen content in the 

soil which affects growth intensity. Nitrogen can 

only be considered as an intermediary variable 

if the model uses an active biochemical cycle of 

nitrogen (see Chapter 8.3.2).

The nature of primary state variables differs 

diametrically from empirical and structural 

models. Basic state variables include leaf area 

and biomass depending upon individual parts 

of the tree. Whilst in other types of models such 

variables were considered secondary or even 

tertiary variables, in process-based models 

they are due to their nature in the fi rst place. All 

economically important biometric variables such 

as tree diameter, tree height and its volume are 

derived secondarily.

The stand canopy is formed by tree crowns. 

The stand architecture is described by the 

vertical and horizontal distribution of leaves in a 

crown canopy. Leaf area index (LAI) determines 

how much photosynthetically active radiation 

(PAR) penetrates tree crowns and therefore also 

determines the amount of biomass production. 

The energy absorbed by the canopy infl uences 

also the magnitude of transpiration. Therefore, 

leaf area is a very important primary variable in 

process-based models. LANDSBERG and GOWER 

(1997) performed a very detailed discussion 

on canopy architecture. Direct measurement of 

leaf area is very demanding. Non-destructive 

methods based on the evaluation of leaf fall or 

destructive methods based on the collection 

of assimilation organs can be considered. 

Contact free methods, which are based on 
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devices analysing plant canopy (a plant canopy 

analyser), can also be used. Some examples are 

given in fi gure 8.6. Specifi c leaf area (SLA) is 

most commonly used to state the leaf area index 

of a tree or a stand in process-based models. It 

describes the leaf area per unit of leaf biomass 

in m2.kg-1. It is marked with symbol 
F
. The value 

of SLA varies depending upon tree species. For 

example, for the majority of coniferous species 

the values fl uctuate between 4 and 5 m2.kg-1. For 

deciduous species, values are more or less equal 

to 10 m2.kg-1. The leaf area of a tree A
F
(m²) that 

expresses the sum of projections of all leaves in 

the tree from one side is calculated from tree leaf 

biomass W
F 
(kg) in accordance with:

  FFF WA .  (8.128)

If biomass W
F
 is expressed in kg.m-2, A

F
 is 

directly the leaf area index of a tree (LAI
T
). We 

can also obtain LAI by dividing the total leaf area 

of a tree with the growth area of a tree, which 

is most often approximated by the tree crown 

projection area A
C
:

  

c

F
T A

ALAI   (8.129)

Equations 6.51 or 6.52 stated in Chapter 6.2.3.3 

can be used to calculate the crown projection 

area. Equivalent equations for calculating leaf 

area (L) and leaf area index (LAI) of a stand are:

  FF WL ..1.0 σ=  (8.130)

  
A
LLAI   (8.131)

The calculation includes the biomass of all 

assimilation organs of the stand W
F
 in tons (t) 

and the area of the stand A in hectares (ha). 

Coeffi cient 0.1 is the conversion factor from m² 

to ha and from kg to t. If we insert biomass per 

hectare into equation 8.130, the result will be LAI.

Biomass is also an important state variable 

in process-based models. It is not only a basic 

input but also a basic output variable. At input 

it is mainly the biomass of assimilation organs 

(leaves and needles). It can be estimated, for 

example, using allometric equations or using 

biomass expansion factor (BEF) based upon 

the entered dendrometric variables of trees (see 

Chapter 6.10). Another method is based on the 

pipe-model theory (see Chapter 8.6.2.8). The 
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Fig. 8.33 Schematic illustration of biomass categories depending upon hierarchical level and economic 
importance (processed in accordance with SCHELHAAS and NABUURS 2001 in KONÔPKA 2007).
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amount of biomass of assimilation organs is 

determined as a linear dependence to the area 

of the sapwood part of the wood at a stem cross 

section (most often at the base of the tree crown). 

At the output of models, there is biomass of all 

tree parts (assimilation organs, branches, stem, 

roots). Biomass amount is determined based on 

the output of photosynthesis and redistribution 

(allocation) between tree organs. Allocation 

methods were addressed in Chapter 8.6. From 

the point of the hierarchical level of modelling 

and economic importance, biomass amount can 

be divided as shown in the diagram in fi gure 8.33 

in accordance with publications by SCHELHAAS 

and NABUURS (2001) in KONÔPKA (2007). According 

to this approach, we distinguish the following 

categories in biomass:

•  Gross primary production (GPP) is 

production which is the result of plant 

photosynthesis.

•  Net primary production (NPP) is gross 

primary plant production without autotrophic 

respiration of the plant. 

•  Net ecosystem production (NEP) contains 

also forest soil biomass in addition to forest 

biomass. Soil biomass is enriched with 

dead plants and their parts and with the 

decomposition of the remains following 

felling. On the other hand, it is reduced 

by heterotrophic respiration. Ecosystem 

biomass (forest and soil) can also be 

reduced by the infl uence of disturbances (for 

example, fi res).

•  Net biome production (NBP) is net 

biomass production at the level of whole 

vegetation zones or types.

•  Net product transformation (NPT) is the 

part of forest biomass removed from the 

forest by logging and transformed into types 

of wood products with various lifespans. 

Decomposition occurs after the lifetime 

period or after being burned.

•  Net sector transformation (NST) is 

unifi cation of all forms of biomass.

Due to the fact that biomass is a rather 

abstract variable, some models are adapted 

to take this into account in order to visualise 

the results. If calculation of tree dendrometric 

parameters is not part of model outputs, and 

model outputs also require distribution of 

biomass in the horizontal and vertical space of 

the stand, schematic drawings are used. Figure 

8.34 shows an example of a visualisation of tree 

biomass in accordance with authors MIDDELHOFF 

and BRECKLING (2005). Crown biomass is shown 

by a truncated cone, which is situated at constant 

relative tree height. The truncated cone has a 

standard height and its radius is proportional 

to the amount of biomass. Stem biomass is 

represented by the cone with a constant ratio 

between the height and the diameter at the 

base. The height of the cone is proportional 

to the biomass. The biomass of coarse roots 

is visualised with horizontal cylinders with a 

constant diameter. The sum of their lengths for a 

tree corresponds with the represented biomass. 

The biomass of fi ne roots is expressed in a similar 

way but using vertical cylinders. If the distribution 

of biomass in the stand area is not necessary, 

simple graphs are used, for example, pie or bar 

graphs, which defi ne the proportion of individual 

components (stem, branches, leaves, roots). If 

the layers are defi ned in the stand (crown layers, 

stem, roots), plates (or cylinders) with colour 

shades representing the amount of biomass can 

be used. The plates have the diameter of the 

represented area and are situated at the medium 

height of the given layer.

coarse 
root biomass 

fine root biomass 

crown biomass 

stem biomass 

a) 

b) 

Fig. 8.34 A schematic illustration of tree biomass 
using abstract bodies: a) an example of two trees, 
b) an example of a whole stand (extracted from the 
publication by MIDDELHOFF and BRECKLING 2005).
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Secondary state variables of process-based 

models include dendrometric characteristics of 

trees and stands. Not all types of models provide 

this data. However, in models which are also 

used in forestry this information is available, 

otherwise they would lose their justifi cation. 

Tree parameters such as diameter and height 

are derived from tree biomass. From tree 

diameter and height, the user will also obtain 

tree volume which is one of the necessary 

pieces of operational information. An advantage 

of process-based models is that they are able 

to simulate the development of tree diameter 

and height throughout a year if their time step is 

shorter than a year. In such a way it is possible 

to monitor, for example, the intensity of diameter 

increment throughout a growing season, which 

can under normal circumstances be achieved 

only by applying expensive methods of fi ne 

measurements (fi gure 8.35). Tree diameter 

and height are derived from empirical and 

dendrometric equations. A general method is 

shown in fi gure 8.36. If the result of the model is 

only information for the whole stand, bio-group of 

trees (gap or patch) or big leaf type biomass (see 

Chapter 5.2.3), data is derived for a mean tree 

based upon the estimated number of trees N in 

a given area. For example, empirical equations 

are used. By dividing the net primary production 

(NPP) with the number of trees N, we will obtain 

the average biomass of individual m. Based on 

average individual biomass or the biomass of 

specifi c individuals derived directly from a tree 

orientated process model, we can calculate tree 

dendrometric parameters. There are several 

methods available (PRETZSCH 2001).

a) Stem volume is derived using wood density 

 and carbon content in the wood k. Based on 

the site class and the age of the stand, the mean 

height of stand h and the form factor of the mean 

stem f
1.3

 is determined. Finally, the diameter of 

the mean stem d
1.3

 is recalculated. The method 

can only be used for a sample tree (mean stem) 

and requires an empirically based site class.

b) Stem volume is derived using wood density 

 and carbon content in the wood k. Form factor 

a) b) 

fixing screws 

stem wood 

stem wood 

teflon net 
cable 

bark cable fixation 

electric sensor 

connection 

data  transfer 

DIAL-DENDRO ® cable link 

Fig. 8.35 Fine measurement of a diameter increment using Dial-Dendro instrument: a) device mounted 
to a tree, b) technical scheme of the device. Based on permanent and automated measurement of the 
circumference growth of a tree, we can determine diameter increment during growing seasons. Based 
on small step simulation and response to environmental conditions, process-based models are able 
to simulate the development of this secondary state variable (fi gure extracted from the website of the 
producer, UMS GmbH).
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f
1.3

 is estimated from site class and age. Tree 

slenderness coeffi cient q
hd

 is estimated from 

stand density or light absorption that is specifi c 

for the given tree. Tree diameter d
1.3

 is calculated. 

The method can also be used for individual trees 

and not only for the mean stem. However, it is 

an issue to state the slenderness coeffi cient. 

In addition, empirically based site class is also 

required, although determining a form factor has 

smaller variability.

c) Using a pipe-model theory, we derive tree 

diameter d
1.3

 from the amount of net primary 

production of assimilation organs NPP
F
. The 

necessary tree height is calculated from mean 

diameter d
s
 and mean height h

s
 of the stand, in 

connection with a model of uniform height curves 

(see Chapter 6.4.2.1)., The model requires the 

determination of the mean stem which is not diffi cult 

for any type of model (stand, gap, big leaf or tree). 

However, it is based on a model of stage height 

curves which applies only to even-aged stands.

System parameters of process-based 

models are numerous and are expressed 

in the form of eco-physiological constants, 

coeffi cients, fl ow rates, and relative numbers. 

They often have a specifi c dimension (units) 

and they are usually quite diffi cult to measure, 

which means that they require demanding 

experiments and measuring techniques. Due to 

these scientifi c and fi nancial demands, ready-

made models are often used. These models 

are calibrated for the particular area using 

Bayesian method (see Chapter 3.4.3). Since the 

number of parameters is very large, we will not 

present them in a separate table as we did for 

structural models. To obtain a list, it is suffi cient 

to go through all the equations in this Chapter 

and seek the parameters. Of course, due to 

the simplifi cation of the description of process-

based models in this textbook, the presented 

parameters represent only the tip of the total 

number in real functional models.
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Fig. 8.36 Method of deriving tree diameter and height in process-based models starting from the level 
of stand biomass, through the tree biomass level up to secondary tree variables (in accordance with the 
publication by PRETZSCH 2001).
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Summary

The range of photosynthetically active 

solar radiation is modelled on the base of 

astronomic and physical processes. Using 

astronomic formulae, the position of the sun 

in the sky is determined in relation to the 

geographic position of the stand, the date 

and the time. The sun’s position is based on 

a model of the sun trajectory (fi g. 8.4). At 

the same time, obstacles obscuring direct 

solar radiation are modelled by modelling the 

visible skyline (fi g. 8.3). The volume of direct, 

diffusion and refl ected radiation is modelled 

based on the physics of the atmosphere and 

common physical formulae. Their values are 

not only infl uenced by the position of the 

sun but also by clouds and other infl uences. 

The magnitude of incident solar radiation on 

a stand surface is reduced inside the stand 

by modelling absorption of solar radiation. 

The Lambert-Beer model is used. The 

value of absorbed radiation is infl uenced 

by the distribution of the leaf area index in 

stand layers (fi g. 8.7), or by the distribution 

of biomass in the crowns of individual trees 

(fi g. 8.8). The distribution of leaves in tree 

crowns is also frequently taken into account 

using leaf angle distribution (fi g. 8.9). A 

Campbell ellipsoid is applied (fi g. 8.10). 

Model ray tracing is used for detailed 

modelling of light absorption in stand canopy 

(fi g. 8.11). The results of the model are upper 

hemispheres of solar radiation absorption at 

individual height points of evaluated trees 

(fi g. 8.12). A model of water movement in 

a forest stand is based on a hydrological 

balance equation. Its basic components 

include interception, transpiration, soil 

evaporation, and surface run-off and sub-

surface drainage. Interception modelling 

addresses the determination of the amount 

of rainfall intercepted in tree crowns. It is 

most frequently expressed in the relationship 

between the size and distribution of leaf area 

in tree crowns. The amount of water taken 

by tree roots, vertically transported into 

leafs and subsequently evaporated into the 

atmosphere via stomata, is described by a 

transpiration model, which most frequently 

uses the Penman-Monteith equation. The 

Penman-Monteith equation is also used for 

determining the volume of evaporated water 

from soil using an evaporation model but it 

is often expanded by the two-phase Ritchie 

model. Surface run-off and sub-surface 

drainage is also modelled on the basis of 

soil physical properties and the physical 

principles of water movement. The amount 

of water accessible for plant demands is 

modelled on the basis of soil moisture and 

soil water hydrolimits (tab. 8.2): saturated 

water capacity, fi eld capacity and wilting 

point. Pedotransfer functions are used. 

Apart from water accessibility, nutrient 

accessibility in soil is also modelled based 

on the geochemical, biogeochemical 

and biochemical cycle of nutrients 

(fi g. 8.14). The uptake and metabolism 

of substances and fulfi lment of the life 

functions of a plant is simulated using an 

assimilation model. The model is based 

on leaf’s energy balance (fi g. 8.15) which 

determines the temperature of the leaf. Leaf 

temperature infl uences the conditions for 

photosynthesis. Apart from other factors, 

photosynthesis is also regulated by stomatal 

conductance. Stomatal conductance is 

most frequently modelled with Jarvis model 

or Ball-Berry model. The resulting intensity of 

photosynthesis can then be estimated using 

a proportional model, an empirical model 

of sensitivity to environmental conditions, 

Michaelis-Menten kinetic model or so far the 

most complex Farquhar and Von Caemmerer 

model. Apart from the received carbon, the 

released carbon is also modelled. The model 

simulates dissimilation process. The main 

part of the process is respiration. It consists 

of the maintenance respiration which supply 

existing plant tissues and growth respiration 

which creates new plant tissue. Various 

approaches or their combination are used: 

the Arrhenius equation, an empirical model, 

the exponential base method, the growth 

effi ciency concept, etc. The transport of 

nutrients from t he source (leaves) to the target 

(all active plant tissues) is modelled using the 

translocation process. It is most frequently 

derived from Münch’s theory (fi g. 8.24). The 

distribution of matter between individual 

tree organs is resolved using the allocation 
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model. Many approaches are available: an 

empirical model, an allometric model, a model 

of teleonomic balance (fi g. 8.25), a metabolic 

pool model (fi g. 8.26), a source-sink model, 

transport resistance model, a mechanical 

constraints model and pipe-model theory (fi g. 

8.27 and 8.28). The beginning and the end of 

photosynthetic activity as well as its entire 

intensity is also controlled via phenological 

phases. Phenological curves are used 

for modelling phenologically conditioned 

activity (fi g. 8.29). Timing points of curves are 

determined empirically or using a minimum 

or sum method. Ageing of trees and their 

organs is simulated using the senescence 

model, and dying of trees and their organs is 

approximated using the mortality model. The 

models of lifetime, stress, vitality, effi ciency, 

self-thinning and competition are used for the 

quantifi cation of processes (fi g. 8.30).
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Why is it not suffi cient to have just numbers 

and graphs in forest modelling?

I once participated in a course on 

communication and creative solving of problems 

in environmental management. The lecturer 

asked us to draw a vase. We were ten in the 

course. However, no two drawn vases looked 

the similar. I drew a vase with a big belly on 

the bottom and with a long, thin neck which 

slightly widened at the top. My colleague drew 

an object similar to a jug with a handle. A female 

colleague drew a vase similar to crystal vases 

and the lecturer drew a vase which narrowed like 

a pyramid with slight widening at the end. One 

of the course participants, apparently a keen 

cyclist, drew a top tube of his mountain bicycle, 

because in Slovak language the term ’vase‘ 

is used also for this part of bicycle. Then the 

lecturer showed us a photograph of a selected 

vase for a short while and gave us a short time to 

draw a vase again. We all drew vases of a similar 

shape. The human mind is diverse and thanks 

to this uniqueness, under the same name we all 

imagine differently looking items. However, our 

imaginations immediately unite if we illustrate 

the item in the form of a drawing, photograph or 

an actually presented object. Let us remember 

fi ctional heroes. If there is no movie form of a 

written piece, every reader imagines the hero of 

the book differently. But our imaginations fuse 

after it is made into a movie. Comics have a similar 

effect. Since they are based on the combination 

of drawings and text, our imaginations of the 

heroes are identical. That is why we all imagine 

Batman, Spiderman and Superman in the same 

way. By including a visual perception, fantasy is 

suppressed. Whilst fantasy plays an important 

role in the arts, fantasy is a rather unwanted 

element in exact research. How would it look if 

people explained Newton’s laws differently or 

everybody imagined a different shape under the 

term ‘equilateral triangle’ using a large pinch of 

imagination? Growth simulators are developed by 

scientists together with computer programmers. 

Their language often differs from the language of 

an ordinary person. If this language models and 

describes such a diverse object as a forest, its 

understanding is even much more complicated. 

We can use many varying tools for describing the 

actual structure of a forest. We can use numbers 

such as mean diameter, mean height, their 

coeffi cients of variation and various indices of 

forest structure. It is also possible to use various 

graphs such as the diameter class distribution, 

a height curve or pair- or mark-correlation 

functions. Although these are very suitable and 

exact methods, they are still very abstract and 

require the knowledge of the terms. They are 

only understandable by specialists. Despite 

the exactness of this approach and the level of 

interest, it is very diffi cult to explicitly harmonise 

an image of a forest which fulfi ls the given 

parameters. If, however, we use painting as one 

of the most understandable languages, which 

was also used by our ancient predecessors 

when they drew frescos in caves, suddenly the 

forest structure becomes clear regardless of 

the knowledge of model users. By visualising a 

forest using computer graphics, we will gain 

a clear image of how a forest looks like, how 

individual tree species and trees are distributed 

in a forest and what their dimensions are. This is 

the language which everybody understands and 

which is also attractive. If we visualise results 

of two forest models of the same quality side 

by side and enrich one of them with a drawing 

of a forest structure, it is guaranteed that users 

9. Methods of forest visualisation

’One of the main diffi culties in popularising obtained knowledge is terminology, professional 

language...however, like a stenographer, a scientist has the right to use his own language and, on the 

other hand, a stenographer must be able to translate this language.‘

(R. Chalder)

’It’s better to see once than to hear a hundred times.‘  (a folk saying)
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will choose the one which is able to visualise a 

forest. Even more attractive, more illustrative and 

more educational are those models which add a 

virtual forest into the visualisation, where you 

can move in the style of a computer game. 

What will we learn in this chapter?

This chapter will describe methods for forest 

visualisation. A tree is in an object which is 

present in a space. We will prove how important 

is the role of this space. We will describe methods 

for its representation. A two dimensional space 

which is used, for example, for displaying a 

horizontal projection of a stand area or stand 

height profi les can be visualised using a 

Cartesian or polar coordinate system. A three 

dimensional space which is used, for example, 

for 3D models of a forest can be described using 

a Cartesian, cylindrical or spherical coordinate 

system. We will introduce algorithms and 

conversions of these systems. We will mention 

possibilities of using the mathematical shapes 

of various curves and planes for modelling trees 

and stands. For example, we can use analytical 

curves and surfaces which can have implicit, 

explicit or parametrical shape. A parametrical 

shape is mainly preferred in computer graphics. 

Since the stem and the crown of a tree can be 

modelled by rotating around a tree axis, we will 

outline a method for generating rotation surfaces. 

We will also show methods of interpolating and 

approximating curves and surfaces which are also 

suitable for forest modelling. From the fi rst group 

we can name, for example, spline algorithms 

and from the second group, for example, Bézier 

algorithms. Since a computer monitor is fl at, we 

will become familiar with projection methods for 

transforming an image from three dimensional 

to two dimensional space. These methods allow 

projection of a forest image. We will present the 

methods for parallel and central projection with 

examples of growth simulators and visualisation 

programs. We will also introduce an algorithm of 

Pair correlation function 

Fig. 9.1 Rate of abstraction using various types of output. The rate of abstraction for expressing a forest 
structure decreases from numeric data through graphical representation to forest visualisation and virtual 
reality.
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the ‘fi sh-eye’ method whose outputs are often 

used for modelling light, canopy and competition. 

We will explain the painter’s algorithm which 

is used for drawing trees in perspective. 3D 

projection is currently undergoing a boom and 

we will therefore address its implementation 

methods. We will explain terms such as cubic, 

cylindrical and spherical projection, including 

the examples for their use in forest modelling. 

We will address stereoscopy and its methods 

for displaying a three dimensional image using 

a computer and appropriate hardware. We will 

defi ne the term ‘virtual reality’. We will state its 

basic properties and describe VRML language, 

which is very suitable for modelling a virtual forest. 

To conclude, we will introduce specialised tools 

for the visualisation of forest stands. This chapter 

does not aim to substitute the problematic of 

descriptive geometry, technical engineering and 

computer graphics, but it only attempts to use the 

knowledge of these disciplines for the purposes 

of constructing a visualisation superstructure of 

forest models. If deeper knowledge is required, 

it is necessary to use the appropriate literature.

9.1 A tree as an object in space

Every tree in a forest has limited space for 

its growth. Space is determined by the position 

of the tree in the stand, its size and shape. 

The growing area is determined by polygons 

constructed, for example, based on Delaunay 

triangulation (see Chapter 6.6.2.10). Crown 

projection areas (see Chapter 6.2.3.3) occur 

inside or outside the polygons. The ratio of 

crown projections to growing area of individuals 

expresses the degree of crown engagement. 

In most cases of crowded canopy, the crown 

projection area may exceed the growing area of 

the individual. The growing area represents the 

two dimensional space of tree development. If we 

add the height of trees to the growing areas, we 

will obtain spatial bodies which abut each other 

whilst individual trees are placed inside them. The 

bodies defi ne the growing space of individuals 

(fi gure 9.2). They model the three dimensional 

space for their development. The distribution of 

growing spaces over the stand area, together 

with crown projections, expresses the growth 

constellation of trees. It is basically a method of 

fi lling the forest environment with individual trees. 

Following the knowledge presented in Chapter 

6.6, we can confi dently state that this growth 

constellation forms competition relationships 

between individuals and infl uences the values 

of the applied competition indices. Competition 

relationships refl ect the amount of the resources 

for growth (light, water, nutrients). They infl uence 

the growth of individuals which causes a change 

in their parameters: tree diameter and height, 

size and shape of crowns. The dynamics of the 

changes in these parameters infl uence the tree 

growth constellation in return. It is a cycle with 

feedback (see Chapter 2.1). The level of detail 

of a tree growth model depends upon the detail 

in the distribution of a tree in the growth space 

the model can capture. The more precisely the 

shape of a tree is captured and the more detailed 

the description of the relationship between the 

constellation and growing process, the more 

detailed the growth model. This is also closely 

related to methods for tree visualisation. They 

assist in algorithms of growth predictions, and 

also have an inseparable visual value. Thanks 

to the visualisation of trees, the idea of growth 

constellation is clearly formulated as well as the 

horizontal and vertical structure of the forest. 

Fig. 9.2 The relationship between growing area, 
crown projection area and the growing space 
determines the tree growth constellation.
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Therefore, the method of depicting an individual 

depends upon the level of detail in the model. It is 

possible to use various methods: from simplifying 

a tree with simple bodies describing the shape of 

the stem and the crown (see Chapters 6.1 and 

6.2) up to complicated methods of structural 

modelling of stems, branches and foliage (see 

Chapters 7.2 and 7.3). In subsequent text we 

will address methods used to describe a forest 

structure via delineating trees.

9.2 Two-dimensional area

The horizontal and vertical structure of a forest 

greatly infl uences its subsequent development. 

An illustrative method for describing the 

horizontal structure of a forest is the depiction of 

the horizontal projected area. It is very often 

used for displaying a situational map of research 

plots. A vertical stand profi le is suitable for 

expressing the vertical forest structure. It is a 

vertical cross section through the stand structure 

at a selected position and a view in a selected 

direction. It is very often used in selection and 

natural forests or in research plots. Figure 9.3 

gives an example of a stand profi le and area 

projection Waldau 78 (BONNEMANN 1939). In 

both cases it is the visualisation of a forest 

on a plane. It is implemented in forest models 

using a suitably selected coordinate system. 

Either Cartesian or polar coordinates are used. 

Cartesian (perpendicular) coordinates use 

two perpendicular axes, horizontal and vertical. 

The horizontal axis expresses coordinate x 

and the vertical axis expresses coordinate y. A 

coordinate system starts with value (0, 0) in the 

intersection of the axes, whilst on the positive 

half-axis x is on the right the positive half-axis 

y goes upwards (fi gure 9.4) The coordinates of 

a drawn point are expressed as P(x,y). Straight 

lines are created by connecting perpendicular 

points. Continuous curves are drawn, for 

example, using continuous functions with a 

selected iteration step. Polygons are drawn 

using a similar method. Polar coordinates are 

expressed using angle  and distance r. The 

angle is measured from the positive half-axis x in 

an upward direction. Distance is the length of the 

line segment between the start of the coordinate 

system (0, 0) and the drawn point (fi gure 9.5). 

The coordinates of a point are expressed as 

P(r,). Polar coordinates are most frequently 

used to record the positions of trees in circular 

Fig. 9.3 A visualisation of a stand structure using a two-dimensional space. The fi gure shows a pine-
beech stand from Waldau 78 research plot (BONNEMANN 1939, p. 38). The picture on the left shows an 
example of heavy thinning and on the right, an example of light thinning. On the top of the picture the 
plot is displayed using a vertical stand profi le and on the bottom using a horizontal projection.
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P 

axis x 

axis y 

y 

x 0,0 

research plots. Each research plot has its own 

coordinate system with the start in the centre 

of the research plot and the angle is measured 

from the north in a clockwise direction (to the 

right). This angle is called the azimuth. Cartesian 

coordinates are preferred when measuring 

tree coordinates in transects and in computer 

graphics. Transects are rectangular plots. They 

have their own coordinate system with x axis 

situated in the centre of the transect. The starting 

coordinate x = 0 is at the start of the transect. 

A horizontal perpendicular is placed at this point 

and represents y axis. A negative half-axis y is 

on the left side from the centre of the transect, 

and positive half-axis y is on the right side. Tree 

parameters in Waldau 78 plots from fi gure 9.3 

were measured using a similar method.

Substitution is changing coordinates from 

one coordinate system to another coordinate 

system. It is used, for example, when converting 

tree polar coordinates of research plots into 

perpendicular tree coordinates of simulation 

plots for the purposes of computer graphics. 

Figure 9.6 shows the principle of converting 

coordinates. The following formulae are used:
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9.3 Three dimensional space

A full image of spatial forest structure can 

only be obtained if we display trees in a three-

dimensional space. There are three coordinate 

systems (fi gure 9.7): Cartesian, cylindrical and 

spherical. Cartesian coordinates use three 

axes: x, y and z. Axes are perpendicular to each 

other. The start of the coordinate system (0,0,0) 

is situated at their intersection. The position of 

axes and their orientation is clear from fi gure 9.7a 

(top). The coordinates of a point are represented 

by P(x,y,z). Therefore, a point is defi ned by the 

intersection of three planes, as shown in fi gure 

9.7b (bottom). Cylindrical coordinates use 

horizontal distance r and vertical distance z from 

the centre of the coordinate system, together with 

horizontal angle . The start of the coordinate 

system (0,0°,0) is at the vertex of the horizontal 

angle. The method of expressing coordinates is 

explained in fi gure 9.7b (top). The coordinates 

of a point are represented by P(r,,z). A point is 

P 
r 

0,0° 

 

r 

x 

y 

x = r . cos(  ) 

y = r . sin(  ) 

 

P ( x, y ) 
( r,  ) 

Fig. 9.4 A Cartesian (perpendicular) coordinate 
system.

Fig. 9.5 A polar coordinate system.

Fig. 9.6 The principle of conversion between 
Cartesian and polar coordinate systems in a two-
dimensional area.
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therefore defi ned by the intersection of two planes 

and the surface of the cylinder as presented in 

fi gure 9.7b (bottom). Spherical coordinates use 

vertical angle , horizontal angle  and distance 

. The horizontal angle is called the azimuth and 

the vertical angle is known as the zenith angle. 

The start of the coordinate system (0, 0°,0°) is 

at the vertex of both angles. The importance of 

coordinates is defi ned in fi gure 9.7c (top). The 

coordinates of a point are represented by P(,,). 
A point is therefore defi ned by the intersection 

of the plane, the surface of the cone and the 

surface of the sphere, as illustrated in fi gure 

9.7c (below). The type of the coordinate system 

is selected depending upon the particular forest 

visualisation task. Cartesian coordinates are 

most often used in data collection. A spherical 

coordinate system supporting the parametric 

shape of curves and planes is preferred when 

drawing three-dimensional objects using 

algorithms (see the following Chapter). This 

coordinate system is also suitable for the fi sh-eye 

projection method (see Chapter 9.5.3). A typical 

example is defi ning the position of objects on the 

Earth’s surface (fi gure 9.8) Azimuth  expresses 

the meridian identical to the longitude, zenith 

angle  may conform to the parallel line refl ecting 

the latitude, and distance  is the altitude.

Substitution of coordinate systems is shown 

in fi gure 9.9 and can be resolved based on 

equations:
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a) b) c) 

Fig. 9.7 Types of coordinate systems in a three-dimensional space. a) Cartesian coordinate system 
in which the point is determined by three distances at the intersection of three planes, b) cylindrical 
coordinate system in which the point is determined by two distances and one angle as the intersection of 
two planes and the surface of the cylinder, c) spherical coordinate system in which the point is determined 
by a distance and two angles as the intersection of a plane, the surface of the cone and the surface of the 
sphere (fi gures extracted from ANTON 1992, pages 902 and 903).
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9.4  Forest visualisation using curves and 

planes

A forest stand can be visualized by a number 

of geometric objects. It is located in a terrain, 

which can be modelled using a shaped area. 

It contains a group of trees distributed over the 

terrain surface. Each tree is divided into a set 

of objects. A stem can be modelled using one 

or several solids (see Chapter 6.1). Similarly, 

it is also possible to model a tree crown (see 

Chapter 6.2). The results of structural models are 

individual branches or leaves of a tree. All the 

mentioned objects are implemented in computer 

graphics by drawing curves and planes. They 

use analytical shapes which can be constructed 

using interpolation or approximation methods.

9.4.1 Analytical curves and planes

In computers, curves and planes are usually 

presented using systems of parameters of a 

selected equation. The equation is generatively 

displayed, which means that points are drawn using 

gradual iteration of input variables. The equation 

can be expressed in three types: implicit, explicit 

and parametric. An implicit shape of a curve is:

     0, yxF  (9.10)

The following shape is used for expressing a 

plane:

Fig. 9.8 The geographic position expressed using 
longitude, latitude and altitude is identical to a 
spherical coordinate system (the fi gure is extracted 
from ANTON 1992, page 906).

Fig. 9.9 The principle of conversion between 
Cartesian, cylindrical and spherical coordinate 
systems in a three-dimensional space.
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    0,, zyxF  (9.11)

This input is not very suitable for the needs of 

computer graphics since it does not allow gradual 

calculation of a geometric object. However, it 

is useful when calculating the intersections of 

objects in a space. For the purposes of computer 

graphics, it is possible to modify the equation into 

an explicit shape. For a curve, we obtain the 

shape:

   xfy   (9.12)

For a plane, we obtain an equivalent shape:

   yxfz ,  (9.13)

This method of expression allows gradual 

modifi cation (in steps) of input variables on the 

right side of the equation and, based upon the 

output variable on the left side of the equation, it is 

possible to draw an image in a two-dimensional or 

three-dimensional Cartesian space. The principle 

for a two-dimensional space is illustrated using an 

example curve in fi gure 9.10.

Parametric shapes are most often used 

in computer graphics to express curves and 

planes. Input variables in the form of Cartesian 

space coordinates are replaced by parameters. 

Equations are constructed for all coordinates of 

a point. This means that they are all dependent 

and none acts as an independent variable. A 

curve uses one parameter. It is, for example, time 

t or angle u. Time is used when a point trajectory 

which develops dynamically over time is drawn. 

The angle is used if we draw a point whose 

position changes depending upon the angle 

relative to the centre and the axis the coordinate 

system (for example, a circle, ellipsoid, parabola, 

hyperbola, etc.). The shape of the curve using an 

example of parameter u is:

  
 
 ufy
ufx




 (9.14)

Equivalent equations are used for parameter t. 

The shape of the parametric curve is symbolically 

geometric object circle sphere

implicit equation 0222  ryx 02222  rzyx

explicit equation 22 rxy  222 ryxz 

parametric equation
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vrz
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Tab.9.1 Implicit, explicit and parametric equation for a circle and a sphere.

Note: Variable r expresses the radius of the circle or the sphere.

Fig. 9.10 A curve described using an explicit 
shape in a two-dimensional area. Coordinate y is a 
function of coordinate x.

Fig. 9.11 A curve described using a parametric 
shape in a two-dimensional area. The x and y 
coordinates of a point depend upon time t. Time is 
a parameter of a function.
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illustrated using a trajectory drawn by a point in 

a two-dimensional area as a function of time t in 

fi gure 9.11.

A plane uses two parameters. These 

are usually vertical and horizontal angles. 

Parameters are labelled with u and v symbols. 

The shape of the plane is:
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 (9.15)

The principle of drawing a plane in a three-

dimensional space is illustrated in an example 

of a sphere in fi gure 9.12. The sphere is created 

using coordinates x, y and z by changing 

parameters u and v. Parameter u conforms 

with horizontal angle , called the azimuth, and 

parameter v with the vertical angle  called the 

zenith angle. In table 9.1 we present implicit, 

explicit and parametric equations using an 

example of a circle and a sphere.

9.4.1.1 Surfaces of revolution 

A tree stem and crown are solids of revolution. 

In Chapters 6.1 and 6.2 we stated that they 

can be modelled based on the rotation of a 

morphological curve around the tree axis. This 

will create so called surfaces of revolution. We 

will show how these surfaces of revolution can 

be drawn using computer graphics. The principle 

is displayed in fi gure 9.13. A surface of revolution 

is created by rotating the generatrix  around 

the chosen axis. The generatrix is defi ned by a 

parametric shape in a two-dimensional area:
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 (9.16)

Values a and b express the lower and upper 

boundaries of the generatrix. Apart from the 

generatrix, the rotation axis o must also be 

defi ned. The basic assumptions that curve  does 

not belong to the plane perpendicular to axis o 

and is not part of axis o must be met. Generatrix 

 rotates around axis o at angle v, which varies 

from 0 to 2. The angle changes during the 

drawing using the step selected. The trajectory, 

on which the rotating point moves at a selected 

height of the generatrix, is called a parallel 

circle. Drawing of rotating generatrixes together 

with parallel circles at selected distances gives 

the impression of the spatial solid. Of course, 

it is also necessary to use a suitable projection 

method to display an object in a planar computer 

screen. We will address projection methods in 

one of the following chapters. When modelling 

trees, the morphological curve of a stem or 

crown is most often used as the generatrix.

Rotation of the generatrix around the 

rotation axis is expressed mathematically 

using mathematical transformation of original 

equations in 9.16: 
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 (9.17)

Figure 9.14 shows examples of most frequently 

used basic solids for modelling tree stems 

and crowns in a three-dimensional space. A 

cylinder is modelled by rotating the parallel line 

segment around the rotation axis. A cone uses 

Fig. 9.12 The surface of a sphere is described 
using a parametric shape in a three-dimensional 
space. Coordinates x, y and z of the point at a 
sphere surface depend upon the azimuth (u=) 
and upon the zenith angle (v=).

x 
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z 

r 

u=  

v=  
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Fig. 9.13 Principle of generating a surface of revolution.

Fig. 9.14 Principle of modelling a cylinder, cone, sphere, ellipsoid and paraboloid by rotating the 
generatrix around the rotation axis.
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a non-parallel line segment, with one end on the 

rotation axis. A sphere is modelled using a circle 

with the centre on the rotation axis. An ellipsoid 

is modelled using a similar method but the circle 

is replaced with an ellipse. A paraboloid uses a 

parabola with the vertex situated on the rotation 

axis and arcs symmetrical to the rotation axis. 

The fi gure shows the generatrix described with 

the parametric equation in a two-dimensional 

area and the resulting solid with equations 

derived from formula 9.17 for a three-dimensional 

space.

9.4.2  Interpolated and approximated curves 

and planes

For generating surfaces of revolution it is 

necessary to derive the generatrix. A good 

example is the construction of a morphological 

curve of a stem by creating the stem profi le 

based on natural cubic splines (see algorithm 

in Chapter 6.1.2). This approach is one out of 

several common interpolation methods. Another 

example is the creation of a morphological 

curve of the crown from empirical data using 

suitable regression methods. Formula 6.29 in 

Chapter 6.2.2.1 suggests one of the possible 

regression equations. This approach belongs 

to the approximation methods. When visualising 

a forest stand, we are also interested in other 

objects apart from trees. A typical example is 

the terrain of the stand area. Individual trees are 

placed on the terrain based on their coordinates. 

Interpolation or approximation methods are used 

for modelling any terrain. We will now describe 

the basic features of the methods, including the 

basic nature of most frequently used curves 

and planes. The main difference between the 

methods is shown in fi gure 9.15. Interpolation 

methods use curves or planes, which cross 

all empirical points. In case of approximation 

methods, points are used to form an approximate 

shape in such a way that curves or planes 

optimally cross through the set of points meeting 

the requirements for the best possible simulation 

of the shape. Regression methods based on the 

principle of least square differences between 

the set of points and the fi nal shape are used 

(see Chapter 3.4.1). However, shapes must 

not always be constructed using regression 

methods. Points designed for the construction of 

the required shape can also be artifi cially created 

control elements. The elements determine the 

character of the curvature of the modelled curve 

or plane. Modelled lines do not pass through 

control points but are curved by them. A good 

example can be the Bézier algorithms. The basic 

difference between the two groups of methods 

is that whilst in interpolation methods the lines 

of the curve or the plane pass through all points; 

in approximation methods this is not necessary. 

Table 9.2 shows a list of curves and planes 

suitable for forest modelling. In the following text, 

we will describe the basic features of some of 

them. More detailed methods and algorithms can 

be found in appropriate publications addressing 

computer graphics (EARNSHAW 1985, HEARN and 

BAKER 1986, FOLEY et al. 1990, ŽÁRA et al. 1992).

Modelling curves

The Lagrange interpolating curve (fi gure 

9.16a) connects all points using a single 

polynomial of the n-th degree. The Bézier cubic 

curve (fi gure 9.16b) is defi ned by a controlling 

polygon consisting of four points: P
0
, P

1
, P

2
, P

3
. 

It starts at point P
0
 and ends at point P

3
. The 

curvature of the curve follows points P
1
 and P

2
. By 

joining several cubic curves we create a general 

Bézier curve (fi gure 9.16c). One condition is that 

the following arcs are continuous and that they are 

joined smoothly. Continuity is provided if the last 

point of the fi rst arc is identical with the fi rst point of 

the second arc. A smooth connection is created if 

the tangent vectors in the last point of the fi rst arc 

and the fi rst point of the second arc are identical. 

Tangent vectors are mathematically defi ned as the 

fi rst derivations of the arcs. A general Bézier curve 

is therefore defi ned by n points of n-th degree. A 

rational Bézier curve (fi gure 9.16d) amends the 

cubic curve with weights. Each control point has 

its own weight. The weight is defi ned in the form 

of a real number. The change of the weight also 

changes the shape of the curve by a greater or 

smaller slope of the arc towards control points P
1
 

and P
2
. Therefore, it is not necessary to change 

the position of points. It is suffi cient just to change 

the weights. A Ferguson’s cubic curve (fi gure 

9.16e) is controlled by two points and their vectors. 

Vectors are called tangent vectors. The shape of 

the curve is determined by the direction and the 

size of the tangent vectors. The greater the size 

of the vector, the closer the curve follows it. A 

multi-levelled curve is created by joining several 

curves. Curves are continuous if the end point of 

the fi rst curve is identical with the starting point 
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of the second curve. Their joints are smooth 

if the vectors of the end point of the fi rst curve 

and the starting point of the second curve are 

identical. Catmull-Rom splines (fi gure 9.16f) are 

defi ned by the sequence of points: P
0
, P

1
, ..., P

n
. 

It starts from the second point P
1
 and ends in the 

penultimate point P
n-1

, and passes all intermediate 

points. The calculation is carried out gradually 

using points P
0
, P

1
, P

2
, P

3
, then P

1
, P

2
, P

3
, P

4
 and so 

on. It has a natural appearance since the tangents 

in all points are parallel with the intersection of the 

previous and following points. However, the fi nal 

spline does not lie in a convex hull created by 

joining points. Coons cubic curve (fi gure 9.16g) 

is defi ned by the controlling polygon P
0
, P

1
, P

2
, 

P
3
. The edge points of the curve are based on 

the ’anticentroid‘ of triangles P
0
P

1
P

2
 and P

1
P

2
P

3
. 

Coons cubic B-spline (fi gure 9.16h) is created by 

connecting Coons arcs in such a way that for one 

arc we will use peaks P
0
, P

1
, P

2
, P

3
, for the next arc 

we will use P
1
, P

2
, P

3
, P

4
 and so on.

Modelling surfaces

Square patch models (fi gure 9.17a) are 

controlled by a network of points through which 

they pass. The network is called a lattice. An 

elementary part of the network has a square 

type of object/method interpolation methods approximation methods

curves
- Lagrange interpolating curve
- Ferguson’s cubic curve
- Catmull-Rom splines

- Bézier’s cubic curve
- general Bézier curve
- de Casteljau algorithm
- rational Bézier curve
- Coons cubic curve
-  Coons uniform irrational cubic B-spline
- Coons closed B-spline
-  Coons non-uniform rational B-spline 

(NURBS)

surfaces

- square lattice models

-  triangulated irregular network 
models

- bilinear Coons patch
- bicubic Coons patch

- general bicubic Coons patch
- linear surface

- Ferguson’s surface

- Bézier’s bicubic surface
- general Bézier surface

- rational Bézier surface
- de Casteljau surface

- Coons bicubic B-spline surface

Tab. 9.2 Interpolation and approximation methods for modelling curves and surfaces suitable for 
generating objects in forest visualisation.

x 

y 

x 

y 
interpolation methods approximation methods 

Fig. 9.15 The principle of interpolation and approximation methods based on the use of the same set of 
empirical points.
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a) b) c) d) 

e) 

f) 

g) 

h) 

convex 
hull 

a) b) 
sinusoid 

line segment 

c) 

d) 

e) 

f) 

g) 
(0,0,0) 
(0,0,0) 

(0,0,0) 
(0,0,0) 

(0,0,0) 
(0,0,0) 

(650,0,650) 
(0,650,650) 

Fig. 9.16 Modelling curves using: a) Lagrange interpolation curve, b) Bézier cubic curve, c) general Bézier 
curve, d) rational Bézier curve, e) Ferguson cubic curve, f) Catmull-Rom splines, g) Coons cubic curve, h) 
Coons cubic B-spline.

Fig. 9.17 Modelling surfaces using: a) square lattice models, b) triangulated irregular network models 
- TIN, c) linear surface, d) Ferguson’s surface, e) Bézier’s surface, f) rational Bézier surface, g) Coons 
bicubic B-spline surface (fi gures extracted from ŽÁRA et al. 1992).
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shape and is called a patch. The edges of 

the patch are linear (bilinear area) or curved 

(bicubic surface). The sequence of patches is 

provided by the identical edges (line segments 

or curves) of neighbouring patches. Smoothness 

of connections can only be achieved on bicubic 

surfaces via suitable tangent vectors of adjacent 

edges of patches. Inner patch points are derived 

using bilinear or bicubic interpolation. Triangular 

patch models (fi gure 9.17b) are controlled by 

a network of points in which the triangle is the 

elementary unit (patch). The abbreviation is TIN, 

which stands for triangulated irregular network. A 

triangle has a great advantage in vector graphics 

since it can be very easily calculated in three-

dimensional space. The intersection points of 

triangles are derived using linear interpolation of the 

triangle vertices. The linear surface (fi gure 9.17c) 

is modelled in such a way that two opposite edges 

of the surface are defi ned using the boundary 

lines. The boundary lines could be lines, parts 

of polygons or any curves. The boundary lines 

are divided into proportional parts. Appropriate 

interfaces between parts of opposite edges are 

connected using line segments, creating an area 

which fl uently moves from the shape of the edge 

on one side to the shape of the edge on the other 

side. Ferguson’s surface (fi gure 9.17d) is given 

by the corners of the surface and tangent vectors 

in them, and also possibly by the size and the 

shape of the twist in the corners. Its construction 

principle is similar to Ferguson’s curve but it is 

defi ned in a three dimensional space. Bézier’s 

surface (fi gure 9.17e) is determined by the edge 

points and internal control points, which determine 

the arc of the surface. The fi nal surface passes 

only through boundary points. The principle of 

the surface construction is identical to a Bézier 

cubic curve but it is defi ned in a three dimensional 

space. A rational Bézier surface (fi gure 9.17f) 

is supplemented by the weights of internal points 

which regulate the strength of the curvature as in 

a rational Bézier curve. A change in the curvature 

of the surface does not require a change in the 

position of internal points, only a change in their 

weights. A Coons bicubic B-spline surface 

(fi gure 9.17g) uses the principles of cubic B-spline 

curves in the space. It has good patching abilities 

since the spline nature of the algorithms provides 

continuity and smoothness of connections in 

surface edges (patches).

9.5  Projection methods of transforming an 

image from a 3D space to a 2D space

The result of analytical curves and surfaces, 

whether rotational or any other, derived using 

MOSES 

BWINPro 

SILVA 

SIBYLA 

SVS 

parallel projection: perspective projection: 

1 centre 

3 centres 

oblique cavalier 

oblique cabinet 

oblique cavalier 

Fig. 9.18 Selection of a projection for forest visualisation in selected programs for forest modelling.
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interpolation or approximation methods are 

the coordinates of selected points in modelled 

objects in a three dimensional space. Objects can 

be displayed on a computer monitor. Since it is a 

plane, it is necessary to use a suitable projection 

method. Parallel projection, perspective 

projection and the fi sh eye projection methods 

are available. Parallel projection can produce the 

following projections: basic perpendicular (plan 

view, front view or side view), perpendicular 

axonometric (isometry, dimetry, trimetry), 

oblique cavalier or oblique cabinet. Perspective 

projection can use one, two or three centres of a 

projection. Selection of the projection infl uences 

the resulting effect, giving an idea about the 

structure of the modelled forest. Simulation and 

visualisation programs use various projections. 

Their selection depends upon the author of the 

software. Figure 9.18 shows examples of selected 

projections in MOSES, BWINPro, SILVA, SIBYLA 

and SVS programs. Projection algorithms differ 

depending upon the projection selected. We 

will address their framework descriptions in the 

following text. More detailed information about 

algorithms and the transformation of objects can 

be found in appropriate publications addressing 

computer graphics (EARNSHAW 1985, HEARN and 

BAKER 1986, FOLEY et al. 1990, ŽÁRA et al. 1992).

9.5.1 Parallel projection 

Defi nition 9.1

Parallel projection is the transformation of a 

three dimensional space into a plane. In this 

projection, all the projection rays are parallel. 

It is given by the projection plane and the 

direction of projection (vector), which cannot 

be parallel with the projection plane.

In parallel projection, all the projection rays are 

parallel to each other. The projection plane is not 

parallel to the projection rays. The principle is 

shown in fi gure 9.19. Projection rays pass through 

the points of the projected object and create an 

image of points at the place where they meet the 

projection plane. Such projection maintains relative 

dimensions of objects, but does not result in the 

natural appearance seen by the human eye in the 

real world. Depending upon the angle at which 

the rays strike the projection plane and depending 

upon the position of the projection plane against the 

axis of the three dimensional space, we distinguish 

several types of projections. Basic perpendicular 

projection uses rays which are perpendicular to the 

projection plane. The projection plane is identical 

to the plane defi ned by a pair of coordinate system 

axes. If x axis is perpendicular to the observer on 

the right, and y axis is directed at the observer, and 

z axis is perpendicular to the observer vertically in 

an upward direction, we distinguish between the 

plan view where the projection plane is identical 

to the plane defi ned by x and y axes, the front 

view where the projection plane is identical to 

the plane defi ned by x and z axes, and the side 

view where the projection plane is identical to 

the plane defi ned by y and z axes (fi gure 9.20). 

In a perpendicular axonometric projection, rays 

are perpendicular to the projection plane but the 

projection plane passes through all three axes 

of the three dimensional space. If it crosses the 

axes at the same distance from the beginning of 

the coordinate system, we talk about isometry. In 

such a case, all sides of the projected cube are 

of the same scale (fi gure 9.21). If the projection 

plane crosses one axis at a different distance 

than the remaining axes, we talk about dimetry. 

One direction of the cube side seems to be of a 

different scale to the remaining two directions. If 

the projection plane crosses all axes at different 

distances, we talk about trimetry. In such a case, 

all three dimensions of cube sides are shown at 

a different scale. Oblique projection uses rays 

inclined to the projection plane. The obliquity is 

determined by two angles  and . Angles can be 

explained using the example in fi gure 9.22. The 

fi gure displays oblique projection of point (x
1
,y

1
,z

1
) 

with a projection ray to position (x
2
,y

2
) on the 

projection plane. Perpendicular projection of the 

point is marked (x
k
,y

k
). Between the projection ray 

and the line segment determined by points (x
2
,y

2
) 

and (x
k
,y

k
) there is angle . The line segment has 

length L and angle  in a horizontal direction to the 

projection plane. If angle  is selected at 45°, the 

line segments are perpendicular to the projection 

plane without distorting the lengths. We talk about 

cavalier projection. If we use angle  of 63.4°, 

the line segments perpendicular to the projection 

plane appear to be half length, which implies the 

natural appearance of the objects. We talk about 

cabinet projection. The appearance of the object 

also depends upon the selected angle . The most 

frequently selected angle is 45° or 30°. Figure 

9.23 shows an example of a cube in cavalier and 

cabinet projections with angles of  = 45° and  

= 30°.



486

FOREST ECOSYSTEM ANALYSIS AND MODELLING

A general algorithm for transforming three 

dimensional coordinates x
3D

, y
3D

 and z
3D

 into two 

dimensional coordinates x
2D

 and y
2D

 in parallel 

projection can be written using the following 

equations:

   
    DzDyDxD

DyDxD

zjyjxjy
yjxjx

3332

332

.sin..sin..

cos..cos..








 (9.18)

Individual variables in the equation are 

explained in fi gure 9.24a. Angle  is the angle 

of rotation of positive half-axis x
3D

 against 

positive half-axis x
2D

. Angle  is the angle of 

rotation of positive half-axis y
3D

 against positive 

half-axis y
2D

. The angles are put into equations 

in radians. In a clockwise direction angles are 

negative and in an anti-clockwise direction 

angles are positive. Positive half-axis z
3D

 is 

identical to positive half-axis y
2D

. The centres of 

both coordinate systems are identical (0
3D

 = 0
2D

). 

Variables j
x
, j

y
 and j

z
 express the unit distances 

on axes x
3D

, y
3D

 and z
3D

. In fi gure 9.24 they are 

illustrated as a circle. The x
3D

 axis in parallel 

projection is displayed by the green line, the 

y
3D

 axis is displayed by the red line and the z
3D

 

axis is displayed by the blue line. Figure 9.24b 

shows a unit cube in general axonometry where 

angle  = -50° and angle  = 30°. The sides 

of the cube are equal to the unit distance and 

projection 
plane 

projection ray 
P2 

P1 P1‘ 

P2‘ 

x y 

z 

1 

1 1 

0 

30° 
120° 

 = 45°  = 45° 

 = 30°  = 30° 

cavalier 
projection 

cabinet 
projection 

Fig. 9.19 Principle of parallel projection. Projection 
rays are parallel. The projection plane (grey area) 
is not parallel to the projection rays. The projection 
of line segment P

1
P

2
 is line segment P

1
’P

2
‘.

Fig. 9.22 The principle of oblique projection for 
which the projection obliquity is defi ned by angles 
 and .

Fig. 9.23 Cavalier and cabinet projection of a cube 
with angles  = 45° and  = 30°.

Fig. 9.21 The principle of isometry in perpendicular 
axonometric projection.

Fig. 9.20 The principle of basic perpendicular 
projection.
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are shown in the colour identical to the colour of 

the axis to which they are parallel. The original 

coordinates in a three dimensional space 

are stated in the corners of the cube and the 

new coordinates are in the parallel projection. 

By changing angles  and  and modifying 

individual distances j
x
, j

y
 and j

z
, it is possible to 

achieve any type of parallel projection.

• plan view:  = 0°,  = 90°, j
x
 = 1, j

y
 = 0, j

z
 = 1

• side view:  = -90°,  = 0°, j
x
 = 0, j

y
 = 1, j

z
 = 1

• isometry:  = -45°,  = 45°, j
x
 = 1, j

y
 = 1, j

z
 = 1

•  Oblique cavalier projection:  = 30° (or 45°), 

 = 0°, j
x 
= 1, j

y
 = 1, j

z
 = 1

•  Oblique cabinet projection:  = 30° (or 45°), 

 = 0°, j
x
 = 0.5 j

y
 = 1, j

z
 = 1

9.5.2 Perspective projection

Defi nition 9.2

Perspective projection is the transformation 

of a three dimensional space into a plane. In 

this projection, all projection rays radiate from a 

single point which we call the projection centre. 

Perspective projection is determined by the 

projection plane and the projection centre.

This projection creates an image similar to that 

seen by the human eye in the real world. Projection 

rays which pass individual points of the displayed 

object meet in the point called the projection centre. 

The principle is shown in fi gure 9.25. Objects 

further from the observer are smaller than objects 

closer to the observer. This type of projection 

does not maintain the alignment of line segments. 

Parallel segments in a three dimensional space 

are projected as non-parallel line segments, apart 

from the case when line segments lie in the plane 

parallel to the projection plane. Projection differs 

depending upon the number of projection centres 

(fi gure 9.26). One centre is most frequently 

used, but there are also projections with two or 

three centres of projection. The transformation 

of three dimensional coordinates of points into 

two dimensional coordinates is carried out using 

equations:
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x 

x2D 

z3D=y2D 

03D=02D 

y3D 

x3D 

  

unit circle for jx. jy and jz 
equal to 1.00 

cos( ) 

sin( ) 
sin( ) 

cos( ) 

3D(1;1;1) 
2D(-0.223.-0.266) 

3D(0;0;1) 
2D(0;1) 

3D(0;1;1) 
2D(-0.866;0.5) 

3D(0;1;0) 
2D(-0.866;-0.5) 

3D(1;1;0) 
2D(-0.223;-1.266) 

3D(0;0;0) 
2D(0;0) 

y 

3D(1;0;0) 
2D(0.643;-0.766) 

3D(1;0;1) 
2D(0.643;0.234) 

a) 

b) 

Fig. 9.24 Transformation of a three dimensional 
space into a two dimensional plane using 
parallel projection: a) the meaning of variables 
in transformation equation 9.18, b) a unit cube 
displayed in general axonometry with angles  
= -50° and  = 30°.
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The meaning of the equations is defi ned in 

fi gure 9.27. The cube represents the area of the 

forest stand. Its centre of gravity is marked with 

R. The observer’s eye is marked with point P. Its 

coordinates are (0,0,0) and represent the centre 

of the coordinate system (x,y,z). Apart from the 

main coordinate system, an auxiliary coordinate 

system (x‘,y‘,z‘) is also defi ned. Its centre is in the 

centre of gravity of the forest stand. It is shifted 

from the observer’s eye by distances d
x
, d

y
 and d

z
 

in individual directions of the coordinate system. 

The distances defi ne the observer’s position 

against the forest stand. If they are changed, a 

shift of the object occurs in all directions. In the 

fi gure, the shifts are shown by symbols A, B and 

C. Auxiliary axes (x‘,y‘,z‘) serve for rotating the 

object around its centre of gravity. Rotation (D 

symbol) serves for the purposes of changing the 

view of the forest stand. It is modelled based on 

rotation angle  around the vertical axis crossing 

the stand centre of gravity:

  

     
 
     




cos.sin.

sin.cos.

zxz
yy

zxx





 (9.20)

All projection rays meet in the projection centre 

Z°. Its position is determined by projection factor 

f
P
. The factor represents the distance of the 

projection centre from the stand centre of gravity 

(length of line segment RZ°). For example, the 

growth simulator SIBYLA (FABRIKA 2005) uses the 

following initial values for forest visualisation: 

d
x
 = 0 m, d

y
 = 50 m, d

z
 = -200 m, f

P
 = 1500 m.

9.5.3 The ’fi sh-eye‘ projection method

Defi nition 9.3

The fi sh-eye projection method is the 

transformation of a three dimensional space 

into a plane. In this projection, the observed 

points are recorded in a polar coordinate 

system where the horizontal angle expresses 

the azimuth of the point and the distance 

expresses the zenith angle of the point.

This method is used quite rarely. It is mainly 

important for the visualisation of a crown canopy 

(see Chapter 6.5.3.2). It is used not only for 

the visualisation but also for the subsequent 

algorithms based on image processing. One 

projection plane 
projection ray 

P2 

P1 P1‘ 

P2‘ 
projection 
centre 

Fig. 9.25 Principle of perspective projection. 
Projection rays meet in the projection centre. The 
image of line segment P

1
P

2
 is line segment P

1
’P

2
‘.

Fig. 9.26 Various types of perspective projection 
depending upon the number of projection centres.

Fig. 9.26 Transformation of a tree dimensional 
space into a two-dimensional area using 
perspective projection. The cube represents the 
area of the forest stand.
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example is the process of deriving the leaf area 

index. We addressed this index in the Chapter 

on process-based forest modelling. Another 

example is the derivation of the competitive 

situation and the amount of accessible light 

(see Chapter 6.6.2.13, fi gures 6.75 and 6.76). 

Conversion of three dimensional spherical 

coordinates (,,) into two dimensional 

coordinates (x
2D

,y
2D

) is shown in fi gure 9.28. It is 

carried out using equations:

  

( )

( )°−⎟
⎠
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⎜
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°
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°−⎟
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⎛

°
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90

.
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.

2
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D
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 (9.21)

Figure 9.28 shows a projection of the tree 

top P into point P’. Tree top P is described 

using zenith angle , azimuth  measured from 

the north and distance  from the centre of the 

fi sh-eye projection (AP). Value r expresses the 

radius of the edge of projection in the projection 

plane when the zenith angle equals 90°. In this 

projection method, the position of the north 

is switched with the position of the south and 

dimension  disappears since all the points 

lying in the given zenith angle and azimuth are 

projected onto the same position regardless of 

the distance from the projection centre. 

9.5.4 Painter’s algorithm

When a forest stand is drawn in a selected 

projection, the problem with the visibility of 

objects occurs. Their appearance should be 

natural, which means that the objects in the 

front should hide the objects further back. The 

painter’s algorithm is most frequently used 

for these purposes (NEWELL et al. 1972). The 

principle of this quite widespread method is that 

the objects are directly drawn on a screen in the 

order from the most distant to the closest one to 

the observer. Nearer objects hide those behind, 

which naturally resolves the issue of visibility. The 

algorithm resembles a painter’s approach, when 

the painter fi rst paints the background colours 

on the canvas (sky, countryside panorama) 

and over them, he paints the objects in the front 

Fig. 9.28 Transformation of a three dimensional space into a two-dimensional area using the fi sh-eye 
projection method (processed in accordance with PRETZSCH 2002, fi gure 10.23, page 290).

Fig. 9.29 The principle of painter’s algorithm used 
for drawing trees in a stand. Trees are drawn in the 
order from the most distant to the closest one to 
the observer.
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(for example, houses, people, animals). When 

implementing this simple idea we fi rst ascertain 

the boundary coordinates of each surface of the 

object and we sort them according to their size, 

starting with the smallest. We cannot directly 

draw object surfaces from such a created sorted 

list, since some surfaces might overlap. A part 

of a surface which is more distant may overlap 

a part of a closer surface. The furthest surface 

therefore undergoes several tests that examine 

its overlapping with the surfaces in front. If 

based on these tests, it is possible to decide 

whether the surface lies behind all the others, it 

is drawn. In the opposite case it is exchanged 

with a surface in which all the overlapping tests 

were negative. This principle is used to resolve 

collisions between surfaces. This problem is 

irrelevant when drawing trees since each tree 

is displayed in a vertical plane perpendicular to 

the observer in the form of its own profi le (fi gure 

9.29). These planes are perpendicular to each 

other without collision. Trees are drawn from 

the furthest planes to the nearest planes. A 

certain problem occurs if we also draw the relief 

of the terrain as well as trees. In this case, it is 

recommended that a so called wireframe model 

is used for terrain. The terrain is only drawn as a 

grid of lines which separate individual plates of 

the surface. Since the planes are not coloured, 

no signifi cant collisions occur. After displaying 

the terrain, trees are inserted into the image. 

Figure 9.30 shows an example of drawing a 

stand in a terrain using the painter’s algorithm 

with SIBYLA growth model (FABRIKA 2005).

9.6  Projection methods of transforming an 

image from a 2D area into a 3D space

Computer visualisation technology is currently 

developing at a fast pace. This technology relies 

on various hardware and software tools. It often 

uses options for projecting a two dimensional 

image into the full or partial surroundings of 

an observer. Such a created image immerses 

the observer into the centre of a virtual world 

and provides him with a feeling of authenticity. 

Various projections are used such as cubic, 

cylindrical and spherical projection. In order 

to make this image even more authentic, it is 

supported by a third dimension (image depth). 

For these purposes stereoscopic principles are 

applied. These options are also used in forest 

modelling. We will address the use of projection 

methods in Chapter 10.9 where we will mention 

virtual caves. Therefore, we will address this 

technology now.

9.6.1  Cubic, cylindrical and spherical 

projections

By projecting an image around the observer, it 

is possible to achieve a real image of a modelled 

forest. The target can be obtained using various 

geometric solids. The user can be placed inside 

a cube, a cylinder or a sphere. Depending on 

this, we talk about cubic, cylindrical and spherical 

projection (fi gure 9.31). Cubic projection uses 

six independent square images. These are 

obtained from six directions: zenith, nadir, north, 

east, south and west. Images must continuously 

follow up on each other and are subsequently 

projected onto the inner walls of the cube (fi gure 

9.31a). In cylindrical projection, we construct 

a panoramic image of the surroundings which 

covers entire 360 degrees. The panoramic 

image is projected onto the inner wall of the 

cylinder (fi gure 9.31b). In this projection, the user 

can look in all directions except the zenith and 

nadir. Spherical projection is created based 

on hemispheric images. Images are obtained 

using special technology based on the fi sh-eye 

projection method. Images capture the entire 

hemisphere with a radius of 180°. We described 

the projection method in the previous Chapter. 

Two opposite hemisphere images (for example, 

from the north and the south) are connected in 

the sphere and are projected on its inner wall 

(fi gure 9.31c).

Fig. 9.30 An example of drawing a forest stand in 
a terrain using the painter’s algorithm in the growth 
model SIBYLA.
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Cubic projection is used, for example, for 

defi ning the surroundings in a virtual world. 

In such a case, it is the background of the 

countryside including sky and soil (see Chapter 

9.7.3). It is also used in virtual caves, which will be 

mentioned in Chapter 10.9. Cylindrical projection 

can also be used to defi ne the background of a 

virtual world. However, it is most frequently used 

in conjunction with spherical projection to obtain 

photographic documentation of selected points 

of the modelled research or inventory plots. 

We either photograph 360 degree panoramas 

or the opposite hemisphere images using 

special equipment. The second method allows 

the view of the surroundings in all directions 

including the zenith and nadir. The fi rst method 

omits the zenith and nadir. Figure 9.32 displays 

special photographic equipment for obtaining 

such images. The set contains a special rotator 

which fi xes the camera in two directions, rotated 

by 180° (fi gure 9.32a). The captured position 

of both photographs is at the same point. The 

camera has a fi sh-eye lens which records 

the surroundings at an angle exceeding 180°. 

Crossovers serve as overlapping zones for 

connecting both hemispheres. The set contains 

a tripod and appropriate software (fi gure 9.32b). 

Two hemispheric images are connected into one 

spherical image which is projected on the inner 

wall of the sphere (fi gure 9.32c). The correct 

projection is ensured by an output multimedia fi le 

and software browser (for example, FlashPlayer, 

QuickTime VR, PanoramaView, iPIX Viewer). 

Some growth simulators allow the connection of 

such photographic forest projections to selected 

coordinates of a modelled stand. A stand model 

contains a hotspot which opens an image of 

photographic documentation of the area. A 

suitable example is the growth simulator SIBYLA 

(FABRIKA 2005).

Fig. 9.31 The projection of an image into user’s surroundings using suitable projections: a) cubic projection, 
b) cylindrical projection, c) spherical projection (photographs extracted from Rosauro Photography website).
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9.6.2  Stereoscopy and a three dimensional 

image

Defi nition 9.4

Stereoscopy is a method based on the 

principle of displaying a different image 

of the same object to each eye using 

special equipment, such as spectacles with 

different coloured glasses, shutter glasses, 

polarisation glasses, a stereoscope or 

helmets for virtual reality. Pictures are taken 

from a different observation angle created by 

the horizontal shift of observation points.

Although cubic, cylindrical or spherical 

projections showing observer’s surroundings 

creates a feeling that the observer is surrounded 

by the image and can look around in various 

directions, it still does not create a real three 

dimensional experience. Therefore, these 

projections are often supplemented by 

stereoscopy. However, stereoscopy can also be 

used for an image projected on one plane only, for 

example, a screen. The principle of stereoscopy 

is explained in fi gure 9.33. A modelled original 

is observed from two points which are mutually 

horizontally shifted. That is how the position of the 

right and left eyes of an observer are simulated. 

Two images are created: an image for the right 

eye and an image for the left eye. These images 

are similar but, due to different observation 

angles, the identical points on the images seem 

to be shifted. It is an illusory shift of objects in 

relation to the background. This shift was created 

by changing the observation point. This shift is 

called a parallax. Each image is created using 

a different coding system. For example, the right 

image uses a red colour fi lter and the left image 

hemispheric images  

software browser spherical image  

+ 

a) b) 

c) 

Fig. 9.32 The method of obtaining images for documentation of a modelled forest using spherical 
projection: a) a camera with a fi sh-eye lens and a rotator, which fi xes images in two opposite points, b) 

a preview of components of a set including a tripod, software and additional equipment (an example 
presents iPIX Image Creator System set), c) method of connecting two hemispheric images into one 
spherical image and its spherical projection with a multimedia fi le and a suitable software browser.
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Fig. 9.33 Principle of stereoscopic projection for simulating a three dimensional image.

Fig. 9.34 Tools for generating a stereoscopic image: a) anaglyph glasses, b) polarising glasses, c) 
INFITEC technology glasses, d) shutter glasses, e) virtual reality helmet (images are extracted from the 
websites of producers or distributors).

left eye right eye 

modelled original image for left eye image for right eye 

stereoscopic 
image 

stereoscopic 
projection 

a) b) c) 

d) e) 
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uses a blue, green or green-and-blue fi lter. These 

are so called complementary colours. A three 

dimensional perception of the image is obtained 

by combined projection of both images on the 

same background (screen) and using special 

equipment for decoding the appropriate image 

with the right and left eyes. Anaglyph glasses 

with coloured fi lters identical to the coloured fi lters 

of the images can be used for decoding (fi gure 

9.34a). Each eye then receives only the image 

designed for it. Anaglyph glasses belong to the 

group of passive image projection. Apart from 

changing the coloured fi lter, it is also possible to 

provide passive separation of projected images 

using polarised light. For example, for one eye, 

we can use polarisation in a vertical direction 

and for the other eye, polarisation in a horizontal 

direction or polarisation at an angle of 45° can be 

used with a different slope direction for the right 

and the left eye. For such an image, appropriate 

polarising glasses are used (fi gure 9.34b). 

INFITEC technology represents an improvement 

of this method (fi gure 9.34c) which projects the 

basic colours of images, RGB (red, green, blue) 

at slightly shifted wavelengths. The glasses 

are then able to separate these two images. 

Apart from passive imaging it is also possible to 

separate images using an active method. The 

images projected on the screen alternate between 

the right and the left eye. The frequency of the 

images is, for example, 120 Hz which means 

that each eye sees an image with a frequency of 

60 Hz. Shutter glasses (fi gure 9.34d) contain 

glass made of liquid crystals or other materials 

which synchronically darken with projected 

images (right and left). The glasses must actively 

communicate with the projectors or the graphic 

card using, for example, an infrared wireless 

connection. A three dimensional effect can also 

be achieved using a virtual reality helmet (fi gure 

9.34e). A separate image for the right and the left 

eye is projected directly on the glasses inside the 

helmet. We will address this technology of a three 

dimensional image in more detail in section 10.9.

9.7 Virtual reality

In the last ten years, the visualisation approach 

known from computer games has signifi cantly 

infi ltrated into growth simulators. Whilst older 

growth models contained forest visualisation 

only in the form of static schematic images using 

a projection method (see fi gure 9.18) which 

could only be rotated under a selected angle of 

view, nowadays methods of virtual reality are 

implemented into programs (fi gure 6.98). It is the 

generation of a fully-fl edged three dimensional 

forest model with high visualisation detail, in 

which the user can move and look around in the 

required direction. Therefore, we will illustrate the 

methods used for the creation of a virtual forest.

9.7.1 The principle of virtual reality

Defi nition 9.5

Virtual reality is a fully fl edged three 

dimensional environment modelled using 

a computer and allowing the interaction of 

the user and components (persons, places, 

items) which occur in the environment. It often 

uses special equipment for improving spatial 

perception (3D helmets or glasses, data 

gloves, multi-channel speaker system, etc.).

Virtual reality is often abbreviated to VR. It 

is an environment, in which the user can move 

freely. Movement resembles movement in the 

a) 

b) Avatar 

Fig. 9.35 An example of movement in a virtual 
forest: a) fi rst person (own view: ’I‘, b) third person 
(from the view of another person in the form of an 
avatar: ’he/she‘).
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real world, for example, walking. However, it may 

also contain possibilities which are not accessible 

or are diffi cult to achieve in the real world. For 

example, passing through walls and various 

obstacles, rotating and tilting the virtual world, 

fl ying, etc. Virtual reality has certain properties 

which we list below. The more listed properties 

it contains, the higher the level of virtual reality:

–  an artifi cial world and objects in virtual 

reality have a three dimensional nature or 

at least create its illusion,

–  all events are performed in real time, i.e. 

with an immediate response to user’s 

activities wherever possible,

–  the user not only surveys the virtual world 

from outside, but enters it and moves 

inside it taking various routes (walks, fl ies, 

jumps and teleports). Movement can be 

performed either in the type of the fi rst or 

third person. First person movement is 

movement from the user’s own view (fi gure 

9.35a). Third person movement is carried 

out using a virtual person called an avatar. 

The user sees the third person in the form 

of a pre-selected view (fi gure 9.35b) and his 

movement is often animated,

–  the world is interactive, which means that 

the user manipulates its parts,

–  virtual bodies often act as dynamic objects, 

which move along animation curves and 

react to user’s activities or they react to each 

other.

–  the world is immersive, which means that 

the user is immersed within it as much as 

possible and, at the same time, is isolated 

from the real world as much as possible. 

For these purposes, special hardware tools 

(large screens or projection areas, parabolic 

screens, virtual caves, virtual reality helmets 

or 3D glasses, multi-channel speaker 

systems, surround sound headphones, data 

gloves, devices for detecting movement in 

the space, etc.) are used.

We will demonstrate an example of a virtual 

forest using the growth simulator SIBYLA 

(FABRIKA 2003 and 2005). A virtual forest is used 

for performing interactive thinning (see Chapter 

6.8.3.9) as well as for visualisation of the results 

of growth prognoses (fi gure 9.36). The mentioned 

virtual forest has the fi rst four properties. It has 

a three dimensional nature. Reactions to user’s 

instructions are immediate. The user moves 

Fig. 9.36 A virtual forest stand in the growth simulator SIBYLA displayed using MARCO POLO - 3D 
Explorer module.
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inside the forest. The user can walk, fl y or jump 

to a selected point, rotate and tilt the virtual world 

or even teleport himself to pre-defi ned places 

inside the virtual forest or to another virtual 

forest or time (by clicking at the stone sphere on 

the stone stand). The user can move from his 

view or avatar’s view, whose appearance can 

be selected by the user from provided options. 

The world is interactive. It reacts to clicking at 

selected points. By clicking on a tree at breast 

height, the tree is marked (green circle = target 

tree, red circle = tree for thinning). By clicking on 

a buttress, the tree is cut. By moving the cursor 

above the breast height of a tree, all necessary 

data about the tree will be displayed in a special 

window called a console. In the following text, we 

will describe the method of how this virtual forest 

was created.

9.7.2 VRML as the universal language

Many options exist for implementing virtual 

reality in a computer environment. In forest 

modelling, a universal language for defi ning 

and modelling virtual worlds has become very 

popular. The language is called VRML. It is 

an abbreviation of Virtual Reality Modelling 

Language. It is pronounced ‘vermal’ or simply 

the letters are pronounced. It defi nes the method 

of recording virtual worlds in a text fi le format. 

It is designed for internet environment. It allows 

defi nition of vertices and edges of polygons 

together with the colour of their surfaces or 

surface textures, their shininess, transparency, 

etc. A URL web address can be associated 

with graphical components. That means that 

graphical components may call websites or any 

other VRML fi le from the internet when the user 

clicks on them. Another properties, such as 

animations, sounds, light and other aspects of 

virtual reality, may be in interaction with objects. 

Interaction may be carried out by the user or 

may be connected to external events such 

as a timer. It is also possible to insert special 

sub-programs into the language in the form of 

program codes. Recording in the form of Java 

or JavaScript (ECMAScript) is permitted. VRML 

fi les are generally called ‘worlds’ and have the 

extension *.wrl (for example, forest.wrl). Although 

they use text format, they may be compressed 

using gzip internet service. This means that their 

transfer in internet environment is much faster. 

Some compressed fi les use the extension *.wrz. 

Unpacking is carried out automatically by the 

browser program. Many commercial as well 

as free programs for 3D modelling allow the 

export of 3D objects as well as whole scenes 

(worlds) to VRML format. The VRML language 

is the result of the joint effort of many companies 

and specialists around the world. Therefore, 

it is assumed that it will be generally accepted 

as the standard for modelling virtual reality. 

The fi rst version of VRML was specifi ed in 

November 1994. This version was very similar to 

the application program interface (API) and fi le 

format of the OpenInventor program component 

developed by Silicon Graphics, Inc. (SGI). The 

current completely functioning version is called 

VRML 97 and is standardised by the international 

standard ISO/IEC 14772-1:1997. At present, 

VRML 97 is being replaced by a newer version 

called X3D. It is an extension which allows 

encoding and decoding of virtual worlds using 

XML syntax, which has become the general 

standard for defi ning and exchanging any type 

of data in internet environment. The X3D format 

was codifi ed by the international standard ISO/

IEC 19775-1.

Due to the widespread application of VRML 97 

in forest modelling, we will focus upon describing 

this version. In the following chapter we will give 

a) b) 

c) d) 

Fig. 9.37 Basic solids of VRML and their standard 
position in a Cartesian coordinate system: a) 
sphere, b) box, c) cone, d) cylinder.
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an example of a virtual forest modelled using this 

language. We will now summarise the properties 

of the VRML language:

–  virtual worlds consist of spatial objects and 

are combined with multimedia elements 

(image, video, sound),

–  when creating virtual worlds we can use 

not only the elements written in local fi les 

but anywhere else on the internet. It is also 

possible to move between virtual worlds 

(teleport),

–  animation, interaction and manipulation of 

virtual objects is provided by a unifi ed and 

clear method - following the ISO standard. 

The same tools are used for describing 

static and dynamic worlds, whilst static 

worlds can be easily extended to dynamic 

and vice versa,

–  the language also includes the defi nition 

of user movement (walk, fl y, investigate 

objects), the support of automatic navigation 

in virtual environment and the description of 

the reaction to user’s behaviour,

–  virtual worlds may be inserted into www 

sites or their frameworks,

–  the VRML language allows the cooperation 

with other programming languages (Java, 

JavaScript) and activation of other programs, 

typically www browsers,

–  a description of virtual worlds is stored 

in text (easily readable) form. The size 

of fi les can be signifi cantly decreased by 

compression using gzip without worrying 

about their reverse decoding.

The VRML language directly supports 

modelling of several typical solids. These 

are a sphere, box, cone and cylinder. Their 

standard placement in a Cartesian coordinates 

system is shown in fi gure 9.37. The solids are 

defi ned by dimension parameters such as 

their radii, lengths of sides, heights, etc. (see 

table 9.3). The variables are givem in metres. 

Each object in the VRML language is called a 

node. It is defi ned using node syntax. For the 

basic solids, it is possible to defi ne the position 

(transform) and associated properties (shape). 

The scale, rotation, shift and list of descendants 

(subordinate objects) are defi ned within the 

position. A solid is associated with the shape and 

with the appearance of its surface (see table 9.4). 

Using the following VRML script, we modelled a 

table consisting of one box (table top) and four 

cylinders (table legs):

Tab. 9.3 Basic solids of VRML, nodes, parameters 
and initial values.

#VRML V2.0 utf8

DEF Table Transform {

 scale 0.01 0.01 0.01 

 rotation 0 1 0 0.3

 children [

  Transform { #table top 

   translation 0 80 0

   children Shape {

    geometry Box {size 120 2 60}

    appearance

     DEF Brown_surface Appearance {

      material Material {

       diffuseColor 1 0.6 0.2

      }

     }

   }

  }

  Transform {

   translation -50 40 -25

   children [

    DEF One_leg Shape { #one leg of a table 

     geometry Cylinder {radius 2 height 80 top

          FALSE}

     appearance USE Brown_surface 

    }

   ]

  }

  Transform { translation -50 40 25 children

      USE One_leg }

  Transform { translation 50 40 -25 children 

      USE One_leg }

  Transform { translation 50 40 25 children

      USE One_leg }

]

}

solid node parameter initial value 

sphere Sphere {  radius       1 
} 

box Box {     size         2 2 2 (x,y,z) 
} 

cone Cone {    bottomRadius 1 
          height       2 
} 

cylinder Cylinder {radius       1 
          height       2 
} 
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Figure 9.38a shows a schematic diagram of 

the construction of the table and fi gure 9.38b 

shows the table itself. In table 9.5 we present a 

list of all the important nodes of VRML. The list 

is stated in order to give a general idea about the 

possibilities of this language. If you are interested 

in this language it is necessary to read the 

appropriate manuals or publications (HARTMAN 

and WERNECKE 1996, CAREY and BELL 1997, ŽÁRA 

1999) or the ISO standards. In fi gure 9.39 we 

present the relationships between nodes and 

their parameters in VRML (ŽÁRA 1999, page 191). 

Tab. 9.4 Properties of basic solids, nodes, 
parameters and initial values.

node 
function 

node parameter initial value 

position Transform {scale        1 

           rotation     0 0 1 0 

           translation  0 0 0 

           children     null 

} 

bound 
properties 

Shape {    geometry     null 

           appearance   null 

} 

Transform 

Transform Transform Transform Transform Transform 

Shape 

Box 

Shape 

Cylinder 

USE 
USE 

USE 

Table 

One_leg a) 

b) 

Fig. 9.38 A schematic diagram of the construction of a table (a) and a graphical form of the table (b) 
modelled using the VRML source code in Chapter 9.7.2.

a)

b)
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• informational: NavigatonInfo, Viewpoint, WorldInfo 
• geometry 

• solids: Box, Cone, Cylinder, Sphere 
• surfaces: ElevationGrid, Extrusion, IndexedFaceSet 
• other: IndexedLineSet, PoinSet, Text 
• auxiliary: Shape, FontStyle 
• data: Coordinate, Normal, TextureCoordinate 

• surface appearance: Appearance, Color, ImageTexture, Material, 
                             MovieTexture, PixelTexture, TextureTransform 
• enviroment: AudioClip, Background, DirectionalLight, Fog, PointLihgt, Sound, SpotLight 
• group: Anchor1, Billboard1, Group1, Inline3, LOD5, Switch4, Transform1 
• special: Script, TimeSensor 
• handlers: CylinderSensor, PlaneSensor, SphereSensor 
• interpolators: ColoInterpolator, CoordinateInterpolator, NormalInterpolator, 
                         OrientationInterpolator, PositionInterpolator, ScalarInterpolator 
• detectors: Collision1,2, ProximitySensor, TouchSensor, VisibilitySensor 

Legend: 
• italic =   bounded node, at any time only one is valid (active) 
• red =     nodes, representing parents (they have children1, proxy2, url3, choise4, level5) 
                and can figure as a root node 
• blue =    fixed nodes in tree structure as parent parameter, can not perform root node, 
                because they always have a parent 
• green =  children of parents 

Tab. 9.5 List of all important nodes in VRML.

Fig. 9.39 The relationships 
between nodes and their 
parameters in VRML (ŽÁRA 
1999, page 191).
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Nodes are marked with a rectangle and their 

parameters with an arrow. Nodes may also act 

as node parameters. This creates a hierarchical 

(tree) structure of the virtual world.

9.7.3  Visualisation of a forest stand in 

virtual reality

We will demonstrate the use of VRML for forest 

visualisation using an example of the growth 

simulator SIBYLA (FABRIKA 2005). Visualisation 

uses simple objects for displaying a tree and 

the entire stand (FABRIKA 2003). The principle of 

visualisation is shown in fi gure 9.40. The tree is 

divided into three parts: stem, crown and tree 

buttress. The stem and the buttress are created 

by overlapping cones (cone nodes). The crown is 

created by four planes (IndexedFaceSet nodes) 

which are rotated by 45° (using a Transform 

node). The bark texture of the appropriate tree 

species is placed on the stem and the tree 

buttress (using an ImageTexture node as a 

parameter in an Appearance node). The cross 

section of the base of the tree buttress cone 

has a wood texture, which is important for cut 

trees. The illusion of a real crown is achieved by 

texturing the habitus of the crown into rotated 

planes. Textures have a transparent background 

(PNG format was used). The height of the stem 

cone is identical to tree height h. The radius of 

the base of the stem cone is calculated using 

extrapolation based on tree diameter (d
1.3

 in cm) 

and its height (h in m) in accordance with:

  ( )3.1.200
.3.1

0 −
=

h
hd

r  (9.22)

The radius of the base of the tree buttress 

cone is one third greater than the radius of the 

base of the stem cone and is determined in 

accordance with:

  0
'

0 .
3
4 rr   (9.23)

The height of the tree buttress cone is 

determined in accordance with:

  
30

' hh =  (9.24)

For the crown, SIBYLA simulator uses planes 

with the height identical to the length of the crown 

and the width identical to the crown diameter. 

Planes are placed in such a way that their upper 

edge starts at the tree top. This is how the correct 

height of a tree crown base is achieved. Twenty 

six prototypes of tree species were used in 

visualisation: spruce, fi r, pine, Douglas fi r, larch, 

beech, oak, hornbeam, aspen, birch, cherry, 

willow, poplar, rowan, fi eld maple, sycamore maple, 

Norway maple, elm, acacia, ash, linden, walnut, 

plane, alder, chestnut and yew. Apart from healthy 

trees, two prototypes of dead trees were also 

created (conifer and deciduous) for the purposes 

of visualising the results of the mortality model. All 

prototypes were created by changing the texture 

of the stem, tree buttress and tree crown. Trees 

are placed on a digital model of the terrain. This 

is defi ned using a patch model obtained from a 5 

m x 5 m regular grid (method for deriving a terrain 

model will be described in Chapter 10.6). Individual 

trees are placed in this network based on their 

Cartesian coordinates. Height coordinate of each 

tree (z) is derived using bilinear interpolation based 

on the horizontal coordinates of the tree (x, y) 

and the spatial coordinates of the corners of the 

appropriate square in the grid (x
1
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The corners of the appropriate square are 

numbered in the following order: top left, top 

right, bottom left, bottom right corner. The 

terrain is created using an ElevationGrid node 

and covered with a stand soil texture (using 

an ImageTexture node as a parameter in the 

Appearance node). The stand, with the terrain, is 

placed into a large plane covered with the same 

texture as the soil of the terrain. It is situated in 

the centre of the cube. The surroundings of the 

stand are placed on the inner sides of the cube 

(Background node). Cubic projection is used (see 

fi gure 9.32a). At the same time, the visibility in the 

stand is defi ned using Fog node and light using 

PointLight node. The results then look very real 

(see fi gure 9.40). Figure 9.41 illustrates the view 

of the same stand during day time and at night. 

A change of the time of observation was created 

by changing the texture in the Background node 

and by changing the light (PointLight node) and 

visibility (Fog node).
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9.8  Specialised tools for forest 

visualisation

The majority of forest growth models contain 

some integrated tools for forest visualisation. 

They are often only schematic images of the 

forest structure (see examples in fi gure 9.18) 

in the form of a suitably selected projection 

method (see Chapter 9.5). However, there are 

also some special tools for forest visualisation. 

They can be used universally for displaying the 

structure of research plots, monitoring plots, 

inventory plots, virtual plots, generated plots or 

the results of growth prognoses. They may cover 

not only a limited area of the forest but also entire 

forest complexes. In this Chapter we will focus 

upon a description of these specialised tools. 

Several authors have addressed the issue of 

classifying techniques and approaches in forest 

visualisation (for example, ORLAND 1992 and 

several tree species = texture change 

crown 
(IndexedFaceSet) 

rotated using 
Transform  

stem 
(Cone)  

root stump 
(Cone)  

tree 

ImageTexture 
as a texture parameter 

in Appearance 

terrain 
(ElevationGrid)  

ImageTexture 
as a texture parameter 

in Appearance 
visibility (Fog) 

and light (PointLight) 

surrounding enviroment 
(Background)  

Fig. 9.40 Principle of displaying a forest stand using virtual reality and VRML in the growth simulator 
SIBYLA (FABRIKA 2005).

Fig. 9.41 A comparison of the view into the same stand simulated during day time (left) and night time (right).



502

FOREST ECOSYSTEM ANALYSIS AND MODELLING

1997a, MCGAUGHEY 1997a, BUCKLEY et al. 1998, 

KARJALAINEN and TYRVÄINEN 2002, FABRIKA and 

ĎURSKÝ  2005a, PRETZSCH ET AL. 2007). Considering 

the applied techniques, forest visualisation can 

be classifi ed into geometric models, billboard 

models and photographic models (fi gure 9.42a). 

From the point of the scale, they can be models 

of the plot, stand or landscape (fi gure 9.42b).

Geometric models (category 1) are based 

on drawing a forest using geometric images or 

shapes. This is the approximation of the forest 

structure. The level of simplifi cation depends 

upon the selection of the detail drawn. Some 

models only focus upon the overall shape of 

the crown and some also draw the shape of 

the stem or individual branches and leaves. 

However, various geometric objects are always 

used. These are either very simple or have 

different levels of detail. The simplest models 

include horizontal projections (category 1a). 

They display the forest from an aerial view, 

i.e. from the direction of the zenith. It is the 

plan view of a forest stand (see Chapter 9.5.1). 

This visualisation focuses upon the horizontal 

forest visualization 

1) geometric models 

2) billboard models 

3) photographic models 

I. plot models 

II. stand models 

III. landscape models 

1a) horizontal projections 

1b) vertical profiles 

1c) 3D projections 

1d) rendered scenes 

1e) virtual reality 

2a) single-panel models 

2b) multi-panel models 

3a)  models snapshot

3c) virtual tours 

3b) sightseeing models 

a) depending upon technique b) depending upon the scale 

Fig. 9.42 Classifi cation of 
forest visualisation types: 

a) depending upon 
technique, b) depending 

upon the scale.

Fig. 9.43 The principle of ray tracing method for 
displaying trees with a photographic credibility 
using classical 3D graphic methods in an example 
of a sphere.
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distribution of trees. We can see tree crowns on 

the generated views. They can be in the form of 

circles, ellipsoids or more complicated polygons, 

or more detailed crown shapes created by the 

projection of branches and foliage onto the 

horizontal plane. An example of horizontal 

projection is documented in fi gure 9.47b using 

SVS program. Vertical profi les are slightly 

more complicated (category 1b). They draw a 

forest by selecting a vertical cross section of a 

stand, whilst the user looks in a perpendicular 

direction to the cross section. It means that the 

user looks in the direction of the cross section 

plane normal. It is a side view of a forest stand 

(see Chapter 9.5.1). This visualisation focuses 

upon the vertical structure of a forest. We can 

see tree stems and crowns on the generated 

views. They are either visualised using simple 

or more complicated geometric images or more 

complex polygons, or are also drawn with pre-

selected details (branches, foliage). It is very 

often used for forest visualisation in a selected 

transect. Transects are selected rectangular 

parts of an area, whilst a vertical cross section 

passes through the centre (an axis) of the 

transect. An example is documented in fi gure 

9.47c produced by SVS program, whilst the 

position and the direction of a transect, including 

the position of the vertical cross section, is 

displayed in a horizontal projection (fi gure 9.47b). 

Three dimensional projections (category 1c) 

are more complex and more demanding in terms 

of algorithms. They draw a forest structure in all 

its complexity since they capture the horizontal 

as well as the vertical distribution of trees. The 

method of forest structure visualisation depends 

upon the projection method selected. Parallel as 

well as perspective projections can be used (see 

Chapter 9.5). Program creators most often select 

the perspective projection since images appear 

more natural. Trees are drawn as simplifi ed 

objects (see the SmartForest program in fi gure 

9.48a) or are displayed in more detail (see the 

SVS program in fi gure 9.47a). Rendered scenes 

(category 1d) represent outputs with a high 

degree of detail, with photographic credibility, 

Fig. 9.44 Method of tree visualisation using billboards: a) single panel models, b) multi-panel models, an 
example of textures with a transparent background extracted from the works of ZHANG and TEBOUL (2007).

a) b) 

textures with transparent background: 

billboards: 



504

FOREST ECOSYSTEM ANALYSIS AND MODELLING

although they are modelled using classical 3D 

graphical methods. A realistic view of the fi nal 

scene is achieved using the ray tracing method. 

This method generates an image by tracking the 

light rays through pixels in the projection plane 

(fi gure 9.43). It simulates meeting of rays with 

virtual, three dimensional objects. High-quality 

textures are often mapped onto objects (bark, 

leaf surfaces, etc.). Models contain a high level 

of detail, which focuses not only upon the trees 

themselves but also on the details of the soil and 

ground vegetation. The resulting appearance 

depends upon the simulated light conditions 

such as the position of the sun, cloudiness and 

visibility. Products also often include elements 

such as shadows, the refl ection of light and 

mirroring of glossy areas. Outputs are also often 

suitable for professional presentation purposes. 

However, they require very high performance 

hardware and software. Typical examples are 

outputs from programs such as The Virtual 

Forest (fi gure 9.50), Forester combined with the 

POV-Ray program (fi gure 9.56), Visual Nature 

Studio (fi gure 9.57) or Biosphere3D (fi gure 

9.58). Virtual reality (category 1e) gives forest 

visualisation another dimension of interactivity 

and dynamics. In such visualisations, the 

user may move (walk, fl y, move and teleport). 

Since it requires the graphics speed with an 

immediate response (online), it often simplifi es 

and optimises 3D models. For example, if we are 

in close vicinity of an object, the object is drawn 

with high detail. If we are further from the object, 

it is displayed with lower detail (for example, in 

the form of a silhouette or tilting billboard). If we 

are very far away, the object disappears into a 

mist (behind the visibility boundary). A suitable 

example is the TreeView program (fi gure 9.51) 

and forest visualisations produced in VRML (see 

the previous chapter).

Billboard models (category 2) use planes 

on which textures are projected. They resemble 

large area billboards onto which advertising 

banners are affi xed. That is where the name 

comes from. However, in forest visualisation, 

billboards are represented by thin (invisible) 

planes. The planes are covered with texture, 

which very often have a transparent background 

(transparency effect). Graphic formats, such 

as GIF and PNG that allow these effects are 

used. These formats use additional channels to 

defi ne transparency. For single-panel models 

(category 2a), only one vertical plane with 

texture is used (fi gure 9.44a). Billboards rotate 

automatically so that their normal is always 

perpendicular to the horizontal direction of the 

user’s view. The objects therefore create the 

perception of a fully-fl edged three dimensional 

object. The forest area consists of a number of 

billboards of different sizes depending upon the 

dimensions of trees. The number of billboards is 

identical to the number of trees and they all rotate 

in the direction of the observer. The sequence 

of their displaying follows the painter’s algorithm 

(see Chapter 9.5.4). Visualisation resembles the 

principles of an accordion folded book, i.e. a 

picture book which imitates a three dimensional 

nature in a simple way. The advantage of this 

approach is great simplifi cation of objects. 

It decreases the demands for calculations. 

However, single panel models often create 

a perception of an artifi cial scene since the 

appearance of a tree does not change even if we 

change the direction from which we look at it. In 

Fig. 9.45 Two alternatives for selecting 
forest management created using snapshot 
photographic models based on digital editing of 
images. The fi gure below presents pruning of trees 
and clearing after felling. An example extracted 
from KARJALAINEN and TYRVÄINEN (2002).
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addition, trees would appear deformed if we look 

at them from an upper angle close to the zenith. 

Multi-panel models remove this drawback 

(category 2b). More panels displaying the same 

tree are used. Their axes, or their focal points 

are placed in the same point, but they are rotated 

in other directions and use another image of the 

tree. Textures with a transparent background 

are selected to best mimic the appearance of 

the tree from the given direction of observation. 

Three billboards are most frequently used 

(fi gure 9.44b), each in the direction of one axis 

of a Cartesian coordinate system (x, y, z). The 

displayed billboard is always the one, at which 

the angle between the panel normal and the 

direction of view is less than 60°. Since billboard 

models are optimal in terms of calculations, 

they are also very often used to simplify some 

complicated objects in virtual reality geometric 

models, for example tree crowns (see fi gure 

9.40). At the same time, stems are displayed as 

fully-fl edged three dimensional objects. There 

are even hybrid programs that belong to the 

category of virtual reality, but they use billboard 

principles exclusively. A suitable example is 

ForestRoam program (ZHANG and TEBOUL 2007). 

This software even displays the shadows of 

trees based upon the position of the sun using 

projection mapping of textures onto the planar 

area (see fi gure 9.60).

Photographic models (category 3) are 

included in a special group of forest visualisation 

methods. They are mainly used as a supplement 

to the previous visualisations. They are more 

of a documentary nature. They cannot be used 

for displaying the results of growth prognoses 

using models. However, they are advantageous 

in documenting the appearance of the forest 

structure in real research plots, monitoring 

plots or inventory plots. In some cases, so 

called hotspots are inserted into the previous 

types of models (geometric or billboard). The 

hotspots represent the places, where photo 

documentation of plots was obtained. By clicking 

on them, appropriate photographic models 

appear. Snapshot models (category 3a) belong 

to the simplest types. They consist of classical 

photographs obtained from the particular point in 

Fig. 9.46 A comparison 
between a sightseeing 
photographic model (above) 
and a geometric model in 
the form of virtual reality 
(below). The yellow numbers 
identify Norway spruce trees, 
the green numbers represent 
European beech trees, and 
the red numbers represent 
missing trees (extracted from 
FABRIKA 2005).
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the forest stand. These models may also be used 

for producing alternatives in forest management. 

However, they only serve for presentation 

purposes. In suitable programs for photograph 

digital editing (for example, Adobe PhotoShop 

and Corel PhotoPaint), photographs are modifi ed 

to demonstrate the conditions in the stand after an 

intervention (for example, after thinning, pruning 

of trees, clearing the area after cutting, etc.). 

One example is shown in fi gure 9.45. However, 

these tools are unable to model conditions after 

several years. Sightseeing models (category 

3b) use various panoramic methods which are 

implemented using cubic, spherical or cylindrical 

projection (see Chapter 9.6.1). The observer is 

placed inside a cube, sphere or cylinder and 

looks in the required directions. That is why 

a) b) 

c) 

a) 

b) 

Fig. 9.47 An example of a geometric model of a 
forest visualisation in SVS - Stand Visualisation 
System - program (MCGAUGHEY 1997 and 2003): 
a) three dimensional projection, b) horizontal 
projection, c) vertical profi le.

Fig. 9.48 An example of forest visualisation in the 
SmartForest program (ORLAND 1994 and 1997b): 
a) a geometric model of a three dimensional 
projection in ’management‘ mode, b) a billboard 
single panel model in ’landscape‘ mode.
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these models are called ’sightseeing‘ models. 

Photographs are processed using suitable 

software tools, for example, Panorama Tools, 

Easypano Panoweaver and Tourweaver, 

iPIX Interactive Studio, 0-360 UnWrapper, 

AutoPano Pro, AutoStitch, D Joiner, EyeSee360 

PhotoWarp, etc. They are stored in suitable 

multimedia formats and suitable software such 

as FlashPlayer, QuickTime VR, PanoramaView, 

iPIX Viewer, etc., is used for their display. Figure 

9.46 shows a comparison between a sightseeing 

model and a virtual reality model. It presents 

the forest structure captured by complete 

measurement of the parameters of all trees at 

a selected site, including their coordinates and 

the terrain. The trees in the fi gure are numbered 

in order to explicitly identify identical trees in the 

real situation (above) and the modelled situation 

(below). The yellow numbers (1 to 8) represent 

Norway spruce and the green numbers (9 to 

15) represent European beech trees that were 

identifi ed in both situations. The red numbers 

(16 and 17) mark the trees that are missing in 

virtual reality. This is a measurement error. The 

two trees were accidentally excluded during 

fi eld data collection. In both cases, the view of 

the stand canopy was simulated from the same 

place at the same angle. Virtual tours (category 

3c) extend sightseeing models with the option to 

walk around. The principle is that in sightseeing 

models contact zones of hotspot type are 

created. After clicking on them, the actual image 

is replaced with a new image which comes from 

the place selected in the photograph. This image 

is then created in the form of a cubic, cylindrical 

or spherical projection and may also contain 

further contact zones (hotspots). Virtual tours in 

forest modelling were inspired by tourism that 

motivated various companies to present their 

destinations and hotel rooms in the form of a 

virtual tour in an internet environment. Later, this 

tool was also extended for the presentation of 

a) 

b) c) 
Fig. 9.49 An example of forest visualisation in the EnVision program (MCGAUGHEY 2006): a) trees generated 
in various modes (from left to right: billboard single panel with drawings, geometric simplifi ed coloured, 
geometric simplifi ed textured, geometric detailed with branches and foliage, billboard single panel 
textured), b) plot model, c) stand model.
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interesting places and sites on map servers (e.g. 

GoogleMap).

Visualisation models can also be classifi ed in 

terms of scale (MCGAUGHEY 1997a). Plot models 

(category I) display a forest area smaller than 2 

ha. Their aim is to display the stand structure, 

the appearance of trees, tree quality and thinning 

treatments. They visualise individual trees, their 

diameters, heights, crown parameters or foliage 

characteristics. The characteristics of individual 

trees, individual or aggregate characteristics of 

ground and shrub vegetation, and the spatial 

distribution of species of this layer are required as 

input. Various software tools allowing movement 

around the forest in the form of virtual reality 

are used. Stand models (category II) visualise 

an area from 2 to 200 ha. Their primary aim is 

to modify a forest by cutting and to specify the 

distribution of felling elements. They visualise 

tree species, tree heights, stand density and 

the appearance of tree crowns. As input they 

require the topography of the areas with the 

surface of the terrain, the boundaries of forest 

stands, tree heights and their distribution within 

each stand, or general data about the layer of 

shelterwood. Software tools that allow defi ning 

a) 

b) 

Fig. 9.51 An example of forest visualisation using virtual reality in the TreeView program (SEIFERT 1998). 
Interactive selection of trees for carrying out thinning (PRETZSCH et al. 2007).

Fig. 9.50 An example of forest visualisation in The 
Virtual Forest program (BUCKLEY et al. 1998) using 
a rendered scene: a) stand model, b) landscape 
model. The images were produced by Innovative 
GIS Solutions, Inc.
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the distant view of a forest stand are required. 

Landscape models (category III) focus upon 

the visualisation of an area over 200 ha. They 

focus upon the texture of vegetation, the spatial 

distribution of forest types, the distribution of 

management approaches, the overall visual 

quality of forest ecosystems, the effect of 

different damages to forests (by insects, wind, 

fi re, etc.). They visualise the distribution of tree 

species, stand height and density. As input they 

require topography of the areas with the terrain 

surface, forest stand boundaries or boundaries of 

vegetation types, mean stand characteristics or 

characteristics of vegetation types, the prevailing 

tree species in every stand or every vegetation 

type. Their approach is often linked to geographic 

information system tools. Detailed digital terrain 

models are extended to include the mean stand 

height or height of vegetation types within their 

polygons. Samples of stands or vegetation 

Fig. 9.52 An example of forest visualisation of the landscape in the L-VIS program (SEIFERT 2006) using 
the single-panel billboard method. The visualisation displays the project of a highway in forest landscape. 
Parcels with a high risk of wind damage are coloured in red (PRETZSCH et al. 2007).

Fig. 9.53 A method of forest landscape visualisation in the UVIEW program which is part of the UTOOLS 
package for landscape analysis (MCGAUGHEY and AGER 1996).
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types are textured over such a terrain model. In 

the simplest case, an orthophoto map is used, 

mainly for the visualisation of the actual initial 

state. Various software tools, which enable fl ying 

over the area (in the style of a fl ight simulator), 

are used. They are often parts, extensions 

or superstructures of geographic information 

systems GIS). Well known tools include Skyline 

TerraExplorer, ESRI ArcGlobe, GoogleMap, etc. 

We will mention this type of forest visualisation 

in Chapter 10, where we will address growth 

simulators integrated with GIS. Since these are 

universal tools that were not developed only for 

the purposes of forest visualisation, we will not 

address them further in this text.

In table 9.6, we present a list of the currently 

available specialised tools for forest visualisation. 

We list their name, used visualisation techniques, 

visualisation scale, references to publications, 

companies or websites and references to fi gures 

of this Chapter which present the abilities and the 

visualisation results using a suitable example. 

We state the techniques and visualisation scale 

in the form of categories in accordance with the 

classifi cation in fi gure 9.42. We selected the 

tools, which are generally known and which 

are exclusively designed for forests and forest 

landscape. We have not addressed the modules 

which are part of growth simulators for visualising 

growth prognoses.

Since the tools are universally utilisable 

computer applications which are not linked to 

a particular growth model and therefore not to 

a particular tree species, many (for example, 

SVS, EnVision, The Virtual Forest, AMAP 

and others) contain a tool for generating the 

appearance of the trees displayed. In the 

majority of applications, these tools are called a 

’Tree Designer‘. Apart from that, independent 

computer applications which serve only for 

defi ning the appearance of a tree (for example 

treesDesigner by Pawel Olas from Poland) are 

also available. In these modules, prototypes of 

tree species are created and are archived in a 

format suitable for the particular application or in 

a versatile format (e.g. VRML) for independent 

applications. Programs defi ne the appearance 

of the tree stem and crown. It is achieved, for 

example, by determining tree species type 

Fig. 9.54 An example of forest visualisation in the 
FORSI program: a) a stand model created using 
the single panel billboard method, b) a landscape 
model created using the same method with a 
motorway project inserted. Images according to 
KARJALAINEN and TYRVÄINEN (2002).

Fig. 9.55 Examples of forest visualisation in 
the MONSU program (PUKKALA 1998). The 
software allows forest visualisation in all scales. 
It uses single panel billboard modelling. Images 
according to KARJALAINEN and TYRVÄINEN (2002).
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(tree, shrub, or coniferous tree species with 

one main axis, broadleaved tree species with 

one main axis, broadleaved tree species with 

coaxial growth, special objects, etc.). Textures 

or the colours of bark, branches and leaves are 

defi ned. The overall appearance of a crown is 

determined including the overall morphology, 

branching angles, branch bending, branching 

density, density of leaves or needles, the way 

leaves are placed on branches, etc. Figure 9.61 

shows an example of a tree designer from SVS 

program.

Fig. 9.56 Examples of forest visualisation in the Forester and POV-Ray programs which render quality 
scenes based on ray tracing method. Images are extracted from the website of the developer, STEPHEN 
DARTNALL.

Fig. 9.57 An example of forest landscape visualisation in the Visual Nature Studio program. This 
professional tool produces outputs with photographic accuracy. The example displays the forest before 
and after the building of a footpath with reinforcement of a river. The example was extracted from the 
website of 3D Nature, LLC.
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software
visualisation 

techniques

visualisation 

scale
reference fi gure

SVS – Stand 

Visualization System
1a, 1b, 1c I MCGAUGHEY 1997 and 2003 9.47

SmartForest 1c, 2a I, II, III ORLAND 1994 and 1997b 9.48
EnVision – 

Environmental 

Visualisation System

1c, 2a I, II, III MCGAUGHEY 2006 9.49

The Virtual Forest 1d II, III
Innovative GIS Solutions, Inc.

(www.innovativegis.com)

BUCKLEY ET AL. 1998
9.50

TreeView 1e I SEIFERT 1998 9.51
L-VIS 1e, 2a I, II, III SEIFERT 2006 9.52

UVIEW 1c III MCGAUGHEY and AGER 1996 9.53
FORSI 2a I, II, III PlusTech Ltd. 9.54

MONSU 2a I, II, III PUKKALA 1998 9.55

Forester + POV-Ray 1d I, II, III
STEPHEN DARTNALL

(www.dartnall.f9.co.uk)
9.56

Visual Nature Studio 1d I, II, III
3D Nature, LLC

(3Dnature.com)
9.57

Biosphere3D 1d I, II, III
Lenné3D GmbH

(www.lenne3D.com)
9.58

AMAP 1d, 1e I, II
CIRAD

(www.cirad.fr)
9.59

ForestRoam 1e, 2b I, II ZHANG and TEBOUL 2007 9.60

a) 

b) 

c) 

Fig. 9.59 An example of stand area visualisation 
using the AMAP tool from the CIRAD company. 
The image displays a rendering scene (above) 
and a view of the plot from the zenith (below). The 
example was extracted from the CIRAD company 
website.

Fig. 9.58 An example of forest landscape 
visualisation using the professional tool, 
Biosphere3D, from the Lenné3D GmbH company. 
The example shows the infl uence of fl oods upon 
forest landscape: a) before the fl oods, b) during 
the fl oods, c) after the fl oods. The example was 
extracted from the company website.

Tab. 9.6 A list of specialised tools for forest visualisation.
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a) 

b) 

Fig. 9.60 An example of forest visualisation 
using the ForestRoam program via virtual reality 
produced using the three panel billboard method: 
a) a morning walk in the forest, b) a noon walk in 
the forest. According to ZHANG and TEBOUL (2007).

Fig. 9.61 A tree designer from the SVS – Stand 
Visualisation System - program (MCGAUGHEY 1997 
and 2003) with an example of Norway spruce 
sample design.

a)

b)
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Summary

A tree is an object which has its growing area 

and growing space (fi g. 9.2). Visualisation of a 

forest helps to recognise and understand the 

relationship between the forest structure and 

tree growth. Forest structure can be displayed 

in a two-dimensional area or in a three-

dimensional space. Within a two-dimensional 

area, horizontal projected areas and vertical 

stand profi les are used (fi g. 9.3). In a three-

dimensional space, spatial projection of the 

stand is implemented. For a two-dimensional 

area, Cartesian (fi g. 9.4) and polar (fi g. 9.5) 

coordinates are used. For a three-dimensional 

space, Cartesian, cylindrical and spherical 

coordinates are used (fi g. 9.7). Mathematical 

conversions may be carried out between 

coordinate systems (fi g. 9.6 and 9.9). A forest 

is most frequently visualised using curves and 

planes. They are expressed with analytical 

equations which may be in implicit, explicit 

(fi g. 9.10) and parametric form (fi g. 9.11). 

Parametric equations are most frequently 

applied in computer graphics. Considering 

the shape of tree stems and crowns (fi g. 

9.14), surfaces of revolution that are created 

by the rotation of the generatrix around the 

rotation axis (fi g. 9.13): cylinder, cone, sphere, 

ellipsoid, paraboloid, are frequently used. 

Interpolation and approximation methods 

are used to derive analytical equations for 

the visualisation of trees and stands (fi g. 9.15, 

9.16, 9.17 and tab. 9.2). Considering the planar 

character of screen display, a projection 

method for transforming an image from a three-

dimensional space to a two-dimensional plane 

are applied in computer graphics (fi g. 9.18). 

Parallel projection, perspective projection and 

’fi sh eye‘ projection methods are available. 

Parallel projection (fi g. 9.19) can be basic 

perpendicular (plan view, front view and side 

view - fi g. 9.20), perpendicular axonometric 

(isometric - fi g. 9.21, dimetric, trimetric) or 

oblique - fi g. 9.22 (cavalier and cabinet - fi g. 

9.23). The principle of parallel transformation 

is shown in Figure 9.24. Perspective 

projection (fi g. 9.25) can be defi ned by one, 

two or three centres of projection (fi g. 9.26). 

The principle of perspective transformation 

is shown in Figure 9.27. The ’fi sh eye‘ 

projection method is most frequently used 

for the visualisation of stand canopy and the 

competition pressure between trees. The 

principle of this transformation is shown in 

Figure. 9.28. Painter’s algorithm, ensuring 

the overlapping of invisible parts of the stand 

with visible parts, is frequently used for the 

visualisation of forest stands (fi g. 9.29). 

Projection from a two dimensional plane to a 

three dimensional space is also used for forest 

visualisation, mainly to enhance the sensual 

experience. Cubic, cylindrical or spherical 

projections are used for these purposes (fi g. 

9.31). In addition, stereoscopic principles are 

also used (fi g. 9.33) as they are able to simulate 

spatial perception based on adapted computer 

technology and devices (fi g. 9.34). Forest 

stands are also often visualised using virtual 

reality. VRML language is often applied for its 

production (tab. 9.3 to 9.5, fi g. 39). The results 

are genuine three dimensional visualisations 

of forest stands with the possibility to move 

inside them (fi g. 9.40 and 9.41). Due to the 

complexity of forest visualisation, specialised 

tools are currently used as complements to 

growth simulators. We categorise them on the 

base of the techniques and the scale of forest 

visualisation (fi g. 9.42). In terms of technique, 

there are geometric models (horizontal 

projections, vertical profi les, three dimensional 

projections, rendering scenes, and virtual 

reality), billboard models (single-panel, multi-

panel) and photographic models (snapshot, 

sightseeing, and virtual tours). Depending 

upon the vi sualisation scale, we recognise 

plot, stand and landscape models. Table 

9.6 presents the list of available tools.
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Where is forest modelling heading?

Let us travel to the future for a short while and 

imagine how forest modelling will look in fi fty 

years. A university student studying forestry is 

preparing himself for practical training in forest 

modelling. He is standing in front of a large touch 

panel displaying a three dimensional map of a 

forestry company. He touches the controls on the 

lower part of the panel and fl ies above a terrain 

covered with an orthophoto-map, to points 

marked with a beacon. He selects the beacon 

above research plot number seven. The upper 

part of the panel switches to four square sectors 

displaying images from sphere webcams. 

He gradually records images from individual 

cameras and observes the research plot. He 

activates terrestrial laser scanning of the plot. 

Small laser scanners distributed in a regular, 5 

m x 5 m, horizontal and vertical network within 

the forest plot of 50 m x 50 m start to operate 

and begin to scan the research plot. Webcam 

windows are replaced with one large window 

with a three dimensional model of the stand area. 

Apart from scanning tree biometric parameters, 

automatic identifi cation of tree species also takes 

place using analysis of morphometric features 

and tree bark. Classifi cation of a photographic 

image connected to artifi cial intelligence is used. 

After ten minutes a complete, three dimensional 

model of the forest is available for the student. 

Measurements by portable climate stations 

with automated data recording connected 

to the internet are subsequently activated. 

Measurements from the actual year are used. 

The computer is connected to ALADIN global 

climate model via web services. The student 

enters a fi fty year period using the large area 

touch panel. A time series of future climate 

data is created. The panel will ask for the type 

of thinning action and the required aim of forest 

management. Afterwards, it tells the student that 

the training may start. The student moves into 

a virtual cave. He climbs the stair and enters a 

3 m x 3 m x 3 m cube. He adorns a pair of 3D 

spectacles, puts a data glove on his right hand 

and, with his left hand, he grabs a wireless space 

navigator. He strolls in a virtual model of a forest. 

All the walls around him display a spatial model 

of the forest which, thanks to the 3D spectacles, 

provide a real three dimensional view. He 

touches the trees using a data glove. He selects 

the target and thinning individuals in such a way 

that the thinning will meet the goal. When he 

fi nishes marking the trees, he activates a process 

based forest ecosystem model which teleports 

him to the next period. He proceeds in this way 

until the time period is complete. Twenty high 

performance, multi-core computers connected 

in a cluster and grid network are responsible 

for viewing the virtual forest and calculating 

growth prognoses. After approximately one and 

a half hour work, the student moves back to the 

large area panel and the computer evaluates 

the thinning regime, fi nal forest parameters and 

the required aim of management. Using the 

knowledge base and artifi cial intelligence, the 

computer evaluates the student’s score.

Although the story above is fi ction, all the 

technical and technological elements of the story 

are already available to us. They only need to 

be improved, their price should fall and some 

methodological issues need to be resolved. For 

example, in laser scanning, one issue lies in 

miniaturisation of scanners and their integration 

with other forms of technology, including 

improvements in accuracy and precision in 

the identifi cation of objects and their biometric 

parameters. If we account for the speed of progress 

in technology and electronics, this time horizon is 

quite realistic. For example, many people got they 

fi rst mobile phone in 1990s. Phones were big and 

heavy, signal coverage was only in large cities 

and monthly payments were quite high. Today, 

after a few years, are available mobile phones 

with touch display, which includes a player for 

music and movies, a GPS, a camera, internet 

connection anywhere in Europe or together with 

a package of common offi ce programs and, what 

is most interesting, the phones are smaller, lighter 

10. Computer aided forest modelling

’Anything what one person can imagine, other person can make real.‘

(J. Verne)



518

FOREST ECOSYSTEM ANALYSIS AND MODELLING

and the payments are lower. Development in 

forest modelling technology is closely related to 

the development of computer technology. In 1965, 

GORDON E. MOORE formulated a law (fi gure 10.1) 

stating that the complexity of integrated circuits 

doubles every two years whilst the price remains 

the same. The development to date has really 

followed this trend. In 1865, when JULES VERNE 

wrote his fi ction De la terre à la lune, trajet direct en 

97 heures 20 minutes (From the Earth to the Moon 

Direct in 97 Hours 20 Minutes), he beat progress 

by 104 years. When writing his piece, he based 

it on the recent knowledge from the scientifi c 

community and, therefore, his prediction seems 

surprisingly similar to reality. On 21 July 1969 at 

2.56 UTC, six and a half hours after Apollo 11 

module had landed on the Moon, NEIL ARMSTRONG 

was the fi rst to step on the surface of the Moon and 

spoke the memorable sentence: ’One small step 

for man, one giant leap for mankind.‘ Our thoughts 

are often infl uenced by the facts we already know 

and therefore some visions are often feasible.

What will we learn in this chapter?

So far forest growth models have been used in 

the form of yield tables. These are the tables of 

the development of basic stand values based on 

a small set of input data. They are mainly in the 

form of a compact publication. However, modern 

models are much more complicated. They not 

only use a greater range of input data but they 

are also a more fl exible assembly of mutually 

connected complicated algorithms which, at 

the same time, also produce a large range of 

output data. Whilst in yield tables the number 

of forest development variants was limited, in 

modern simulators the number of variants is very 

large and in some cases even almost infi nite. 

Therefore, every currently existing simulator of a 

forest ecosystem is implemented using computer 

technology. The development of growth models is 

nowadays closely connected to the development 

of software products. In recent years, this fi eld 

has gradually started to use the term ’computer 

Fig. 10.1 Moore’s law is an empirical rule that the complexity of integrated circuits doubles every 24 months 
whilst the price remains constant. The law was formulated in 1965 by GORDON E. MOORE, a future co-founder 
of Intel (the fi gure is drawn from Intel public source).
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aided forest modelling‘ and its abbreviation 

CAFM. This term is still not established in 

professional literature. Its defi nition can be given 

as follows:

Defi nition 10.1

Computer aided forest modelling is the 

fi eld of scientifi c and practical activities 

addressing forest modelling using computer 

technology. Its aim is to develop software 

products for forest modelling as well as 

their practical use and application including 

integration into more complex information 

systems. It addresses assessment of a forest 

state, a prognosis of its development and its 

visualisation using computers. It serves as 

a tool for optimising, decision making and 

deriving new relationships.

In fi gure 10.2 we illustrated individual parts of 

computer aided forest modelling. At the start there 

are progressive methods for obtaining data about 

a forest together with the use of information and 

communication technologies (ICT). These 

include methods of remote sensing (ERS), aerial 

laser scanning, fi eld measurement and terrestrial 

laser scanning. Electronically collected data is 

stored in geographic information systems 

(GIS) or database systems (DBS). They can also 

be used for direct construction, parameterisation 

or calibration of forest models. Geographic 

information systems and database systems 

are used as a data source for generating the 

initial situation in forest models. They determine 

diameter, height and spatial structure of forest 

stands including their geomorphological and 

geographical attributes, together with climate 

infl uences and site characteristics. Knowledge-

based and expert systems are also used 

within CAFM. They focus on seeking solutions 

of complex and complicated issues based on the 

human knowledge and solution methods. They 

also often use elements of artifi cial intelligence 

(AI). Mutual utilisation of database systems, 

geographic information systems, knowledge-

based and expert systems and forest models 

creates SDSS – Spatial Decision Support 

System. Considering the level of details, 

complexity and intricacy of inputs, algorithms 

and outputs, and the number of possible variants, 

scenarios and prognoses, forest modelling is 

performed using high performance computer 

technology such as cluster computing, grid 

computing, cloud computing or supercomputing 

methods. These approaches allow manifold 

shortening of the time for producing prognoses. 

The fact that spatial decision support systems 

produce several possibilities of forest 

development, seek optimisation and provide 

strategic information for decision making and 

management means that they form the basis for 

multi-purpose sustainable forest management 

(MSFM). Such management forms the basis for 

adaptive forest management (AFM) which adapts 

fl exibly to particular environmental conditions and 

the requirements of forest owners and managers. 

The results of adaptive forest management and 

forest models in connection with virtual reality 

methods, strategy games and the internet are 

a very effective tool for public relations (PR). The 

mentioned parts and methods of computer aided 

forest modelling form the basis for precision 

forestry. This term was adopted for forestry 

from agriculture (see ROBERT et al. 1995, RASHER 

2001, ZHENG et al. 2009). A defi nition of precision 

forestry can be found in several works (BARE, 

2003, SOOD 2005, FOX et al. 2006, TAYLOR et al. 

2002 and 2006, WARKOTSCH 2006, ZHENG et al. 

2009, TUČEK and KOREŇ 2010). Simpy speaking 

it focuses upon high details in the assessment 

of forest state (for example, a tree or its organ) 

by determining a large number of investigated 

parameters. Obtained data is used for fl exible 

modelling which accounts for the considered 

site, management, technological, economic and 

social situation. It leads to optimisation of forest 

management and support of decision making for 

adaptive forest management. A typical feature 

of precision forestry is the use of sophisticated 

information and communication technology and 

scientifi c methods.

In this chapter, we will focus upon several basic 

fi elds which are enforced in forest modelling 

or are closely related. We will address modern 

information and communication technologies for 

the collection of data that are necessary for the 

construction of forest models and as input data for 

them. Within the scope of database technology, 

we will address relational data models of forests. 

We will also mention an object functional forest 

model which is related to model programming. We 

will discover the possibilities for using knowledge 

in connection with knowledge-based and expert 

systems in forest modelling. We will mention how 
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new connections from the produced outputs of 

simulations can be derived based on obtaining 

data from data warehouse. We will present GIS 

technology in forest modelling using an example 

of geographical analyses. We will provide 

an overview of techniques for programming 

forest models and we will also address the 

issue of reducing computation time using high 

performance calculation methods. Finally, we 

will introduce some advanced computer based 

techniques of forest visualisation. Considering 

the scope of the publication, we will address these 

issues only in their basic features and principles.

10.1  Progressive methods for obtaining 

data about forests

Whilst in older growth models, e.g. in yield 

tables, when deriving stand stock, it was only 

necessary to know the tree species, their 

percentage and mean height, area, age and 

stand stocking, in modern growth simulators 

the amount of input data is much greater. For 

example, in empirical distance-dependent tree 

models, it is necessary to know the parameters 

of all the trees in the plot: diameter, height, 

crown parameters, coordinates, quality and 

health state. The data can also be derived 

using generators, but this approach decreases 

the accuracy of prognoses. In this Chapter, 

we will focus upon progressive methods of 

obtaining data about a forest. These methods 

can rationalise and automate some of the 

classical cost-demanding fi eld measurements. 

We will focus upon the most frequently used 

progressive technology of data collection for 

forest modelling. They include computer aided 

fi eld data collection, terrestrial laser scanning, 

remote sensing.

remote sensing 

aerial 
laser scanning 

terrain measurement 

terrestrial 
laser scanning 

forest models 

geographic 
information systems 

knowledge- 
based 

and expert 
systems 

database 
systems 

high-performance 
computing 

virtual reality strategic games internet 

spatial 
decision 
support 
systems MSFM 

AFM 

PR 

Fig. 10.2 Computer aided forest modelling (CAFM) and its parts. It is based on the use of information and 
communication technology (ICT). CAFM forms the basis of precision forestry that focuses upon high level of 
details, the use of models and knowledge together with modern ICT. Precision forestry leads to functionally 
integrated sustainable forest management (MSFM) which allows adaptive forest management (AFM). ICT 
and AFM results are also used for effective public relations (PR).
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10.1.1 Computer aided fi eld data collection

Computer aided fi eld data collection for forest 

modelling can be carried out using a semi-

automated or fully automated method. A semi-

automated method uses classical measuring 

tools (see Chapter 3.3.1), but data is recorded 

in electronic form using templates in portable 

computers directly in the fi eld. The systems 

reduce errors since data editing ’in offi ce‘ is no 

longer necessary. The data can be automatically 

processed. However, these systems still contain 

error sources from optical reading from the 

scales of measuring equipment and from the 

electronic recording. At the same time, the 

systems require more advanced preparation of 

electronic recording before the commencement 

of fi eld data collection. The fully automated 

method uses electronic measuring devices 

(electronic callipers, altimeters and range 

fi nders) and portable computers. Systems can 

work on-line or off-line. In off-line systems 

the measured values are only recorded in 

measuring devices, for example, the diameter 

of trees in an electronic recording calliper, and 

are subsequently transferred to the database 

(using wired or wireless system) in the offi ce. 

On-line systems use direct wireless transfer 

(for example, using infrared, bluetooth or WiFi 

systems) from an electronic measuring device to 

the database of a portable computer.

Data collection for forest modelling purposes 

is usually limited to a particular geographic 

area. Depending upon the abovementioned, 

we distinguish between collecting data without 

link, with indirect and direct link to a geographic 

information system (see Chapter 10.6). 

Measurement without link to GIS collects 

information only in the form of database tables 

without any other link to geographic information 

layers. Measurement with indirect link to GIS 

collects information in the form of database 

tables containing an identifi er of geographical 

objects, which can be added to the information 

layer later. Measurement with direct link to 

GIS uses modern fi eld program packages, so-

called ’Field-GIS‘ for portable computers. The 

systems collect GIS data directly in the fi eld and 

Fig. 10.3 Scheme of a modern data collection information system for forest modelling purposes (FABRIKA 2002).
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are connected to a global navigation satellite 

system, e.g. GPS, or to devices measuring the 

position via angles and distances (electronic 

goniometers, altimeters and range fi nders).

From the point of data collection technology, 

measurements can be classifi ed as on-

line and off-line. An on-line measurement 

contains direct feedback. Collected data is 

sent directly to a central data server where 

its plausibility is verifi ed. Implausible data 

can then be corrected directly in the fi eld and 

resent to the data server. Internet connections 

via satellite or internet services of GSM mobile 

network operator are most often used for 

remote access to the data server. An off-line 

measurement does not have direct feedback. 

It is signifi cantly cheaper, but subsequent 

correction of implausible data collected in the 

fi eld is either very expensive (a costly return 

to the site) or is impossible (site conditions 

cannot be repeated). Depending upon the type 

of communication between electronic and 

recording devices, systems can be divided into 

wireless and wired.

Figure 10.3 shows a scheme of an ideal 

sophisticated data collection system for forest 

modelling (FABRIKA 2002). The system represents 

an on-line wireless version with direct link 

to geographic information system with fully 

automated on-line data collection. A modern fi eld 

computer with wireless communication equipped 

with a version of terrain software for collecting 

geographical data - Field GIS - is used for data 

collection. A portable computer communicates 

with other devices for fi eld measurement via 

wireless connection. The system uses an 

electronic calliper with wireless transfer of the 

measured tree diameters, a GPS mapping 

system for localisation of simulation plots and a 

laser range fi nder for electronic measurement of 

distances, angles and azimuth (for example, for 

measuring tree heights, tree polar coordinates, 

horizontal projections and vertical profi les of 

crowns). Immediately after collection, data is sent 

to the central data server via a satellite or GSM 

network. The ETT (extraction, transformation, 

transport) process runs. Data which form an 

immediate part of a data warehouse (see 

Chapter 10.5) are selected from the measured 

data, for example, the diameter and the height 

of a particular tree. New data are derived from 

some data, for example, tree polar coordinates 

and the position of the plot centre are used to 

calculate the geographic coordinates of the 

trees. Extracted and derived data is tested on 

the data server for plausibility. For example, 

diameters and heights of trees are compared 

with the diameters and heights from the previous 

measurements, or the measured altitude above 

sea level is compared with the information 

from a digital terrain model, or the geographic 

coordinates of the plot centre are compared with 

the boundaries of the appropriate area. If the 

a) b) c) 

Fig. 10.4 An example of 
an electronic recording 
calliper from the Swedish 
company, Haglöf: a) a 
Digitech Professional calliper, 
b) recording computer with 
a display and bluetooth 
transmitter, c) measuring a 
tree diameter (fi gures taken 
from the distributor’s website).

Fig. 10.5 An example of an integrated device 
range fi nder - altimeter - clinometer - compass with 
a TruePulse 360 bluetooth transmitter from Laser 
Technology Inc. (fi gure taken from the distributor’s 
website).
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data are marked as implausible (for example, tree 

diameter and height decreased, the difference 

between the measured altitude and the height 

of the digital terrain model is signifi cant, or the 

plot is outside the boundaries of the required 

area), the data are returned to the portable 

computer and its on-line correction is required. 

Data integration and its time labelling takes 

Fig. 10.6 Examples of portable fi eld computers for data collection for forest modelling: a) handheld 
computer, b) tablet PCs (images are extracted from the websites of producers and distributors).

Fig. 10.7 Devices for determining the position of a surveyor that can be connected to a fi eld computer: 
a) GIS mapping systems, b) handheld navigations, c) adaptors for fi eld computers (images are extracted 
from the websites of producers and distributors).
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place together with the plausibility test system. 

After the transformation process, data is fi nally 

transferred to the data warehouse. This process 

is called transport (or sometimes loading). A 

separate server is used for maintaining the data 

warehouse. X-terminals (or workstations) are 

connected to the server and provide local access 

to the data warehouse, and serve also for various 

data pre-processing to derive new information 

layers that are often necessary, for example, for 

model construction. Communication works using 

a client-server system in a local Intranet network. 

We will explain the principles of data processing 

in a data warehouse in Chapter 10.5. The data 

warehouse server is also connected to other 

forestry databases via internet, for example, the 

forestry management information bank. Another 

component of an information system can be a 

clearinghouse. There is a separate server 

created for the purposes of data publishing 

and defi ning the rules of their distribution in 

accordance with world (NSDI) and European 

(EGII) standards. The system uses the Internet 

and standardised metadata (data about data). 

More detailed information about clearinghousing 

will be given in Chapter 10.5. 

Currently, a wide range of measuring devices 

can be used for automated measurement of the 

dendrometric characteristics of trees. They can 

primarily be used for measuring tree diameters 

and heights, measuring horizontal and inclined 

distances and measuring azimuths. Electronic 

recording callipers are suitable for measuring 

tree diameters (see example in fi gure 10.4). 

Callipers contain an automatic recording device, 

an internal memory for recording measured 

diameters, software for inputting and recording 

of other attributes (for example, quality and stem 

damage, height and sociobiology position of 

a tree), and a small display for communicating 

with the calliper. Callipers allow the transport 

of measured data to computers using standard 

communication (wired connection via common 

communications interfaces or wireless infrared, 

bluetooth or WiFi communication). Apart from 

transporting data during offi ce processing 

(off-line), some callipers also allow direct (on-

line) transfer of the measured diameter into a 

portable computer via a wireless connection. 

This approach allows a direct creation of the 

database in the fi eld. Electronic altimeters 

can also be used for measuring tree heights. 

However, combined equipment for measuring 

angles and distances are more effi cient, e.g. 

laser range fi nders or laser hypsometers. 

They allow measurements of horizontal and 

inclined distances, and therefore, measurements 

of tree heights, height to crown base, vertical 

projection of crowns and their horizontal 

projections. In such cases, communication with 

a portable computer is usually common. A great 

number of such devices are available on the 

market (see examples in fi gure 6.1 in Chapter 

6.1.1). For measuring tree positions using polar 

coordinates, azimuth measurement is required 

apart from distance. Electronic compasses 

are also widely available (see example in fi gure 

6.2 in Chapter 6.1.1). These devices have very 

high azimuth sensitivity and communicate with 

portable computers. Some are even directly 

integrated with range fi nders. A suitable example 

is the TruePulse 360 (fi gure 10.5). Tripods are 

also parts of the devices with the possibility for 

horizontal fi xation of measurements.

Field portable computers form an 

inseparable part of fully automated equipment. 

Since they work in diffi cult conditions, they 

must be resistant to temperature, water and 

vibration. Therefore, rugged computers are 

Fig. 10.8 The minimum set for automated data 
collection for forest modelling consists of a 
portable fi eld computer, a navigation device 
and a laser range fi nder (photo from Wikimedia 
Commons).
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preferred. Currently, most suitable are handheld 

computers or tablet PCs. Solutions containing 

wireless communication of infrared, bluetooth 

or WiFi type as well as solutions containing 

a SIM card for a GSM network, providing the 

possibility for remote data transfer are preferred. 

In fi gure 10.6 we illustrated some types of both 

groups of computers from Husky, Latschbacher 

(TimbaTec), Trimble, Psion and Armor. Devices 

from some of the global navigation satellite 

systems – GNSS (GPS, GLONASS, Galileo, 

Beidou) - are used for recording the position of 

the measuring device. In European conditions, 

American GPS system devices are mostly used, 

which will be probably replaced by the European 

Galileo system in the future. Due to the diffi cult 

conditions under the stand canopy, systems that 

are less precise than geodetic ones are used. 

They include GIS mapping systems, handheld 

navigation or adapters for portable fi eld 

computers (fi gure 10.7). Navigation devices are 

more used for recording the position in open area 

outside the stand. From this position, surveyors 

navigate themselves to the stand based on 

compass measurements using directions and 

distances.

Currently, several sets designed for fi eld 

collection of data for the purposes of forest 

inventory are available. The sets are equally 

suitable for forest modelling purposes. In Chapter 

6.3 in fi gure 6.1.1, we showed the most common 

variant from IFER called Field-Map (ČERNÝ and 

BUKŠA 2005), which was implemented also in 

forest inventories of Slovakia and the Czech 

Republic (ŠMELKO et al. 2006, ÚHÚL ČR 2003). A 

minimum set suitable for measurement consists 

of a portable computer (a tablet, for example) 

with a laser range fi nder (a TruePulse 360, for 

example) and a handheld navigational device. 

An example of a set is shown in fi gure 10.8. An 

advantage of integrated sets is in the fact that 

they are supplied with the software. The software 

Fig. 10.9 The results of plot measurements using a Field-Map set (ČERNÝ and BUKŠA 2005) together with 
displaying the plot using SVS program (MCGAUGHEY 2003). Extracted from the research of VLADOVIČ et al. 
(2008).
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allows the preparation of the required project 

for fi eld measurements. We input informational 

geographic layers, types of measured plots, 

data layers and the measured attributes of data 

layers. Thanks to the connection with Field-GIS 

software used directly in the fi eld, the measured 

data is recorded in the database and displayed 

on the screen of the fi eld computer. The result 

of data collection is not only a digital geographic 

database, but also an immediate visual check of 

collected data. Figure 10.9 shows an example 

of a measured research plot using Field-Map 

set with its display using SVS program. The 

example is taken from the research of VLADOVIČ 

et al. (2008).

10.1.2 Terrestrial laser scanning 

In some European broadleaved and coniferous 

forests, trees can reach a height of 50 m or more, 

which is 25 times higher than the height of a 

human. Therefore, tree morphological structures 

are diffi cult to measure. Terrestrial laser scanning 

technology which captures the three dimensional 

forest structure has a potential to overcome the 

difference between a human and a tree. It allows 

more effi cient collection of information (stem 

diameter, tree height) than with classical methods 

and, at the same time, provides completely new 

information (distribution of leaf area, morphology 

of stem and branches, shape of crowns). It is the 

active technology of remote sensing. A thin laser 

beam is transmitted against the measured target 

and the return signal is collected. There are three 

different methods for measuring the beam length: 

triangulation, phase shift and time-of-fl ight 

Fig. 10.10 An example of a terrestrial laser scanner 
(The photo is taken from Wikimedia Commons.).

Fig. 10.11 A fi gure showing the measured distances using a terrestrial laser scanner. It contains measured 
distances of points of a mixed European beech – Norway spruce stand in false colours (red = close, 
green = distant, grey = without measurement). Processed in accordance with SEIFERT (2010).
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method. The triangulation method radiates 

a laser beam to the measured object, whilst it 

uses a sensor to record the position of the point 

on the sensor. Depending upon the distance, at 

which the beam reaches the object surface, it will 

appear at various points on the sensor. The laser 

transmitter and the sensor are separated and the 

distance between them is known. We measure 

the angle between the transmitted and the 

received laser beams, which is determined by 

the shift size of the point captured on the sensor. 

We can determine the distance to the target 

(refl ector) using trigonometric calculation. Such 

systems are limited by the distance from several 

millimetres to 5 m, but they achieve very high 

resolution (high level of detail) and precision. 

Devices based on a phase shift or time-off-fl ight 

method are more often used in stand conditions. 

Scanners based on the phase method send a 

laser impulse in the direction of the measured 

target. The laser impulse is modulated by a 

known signal. The refl ected impulse contains a 

signal identical to the signal of the transmitted 

impulse. Due to the time taken by the impulse 

en route between the transmitter and refl ector, 

there is a phase shift of the signal. The phase 

shift is measured and the distance is calculated. 

These scanners are able to capture distances up 

to approximately 60 m with a defi nition from 3 

mm to 6 mm at frequencies from 100 kHz to 150 

kHz. Targets which are at a greater distance than 

the maximum measurement distance may have 

the same phase shift as those at distances close 

to the scanner. These points are then incorrectly 

mapped into points within a measurable distance 

range. Filtering algorithms exist, which attempt 

to exclude such measurements by comparing 

the strength of the return signal, which is much 

lower than the strength of the signal within 

the measurement range. The last group are 

scanners using the time-off-fl ight method. A 

very short laser impulse (around 1 nm) is aimed 

at the target. The time difference t between the 

transmission and the reception of the impulse 

by the device is measured and, based on 

constant light speed c, the distance of the target 

Fig. 10.12 A cloud of points created based on measurements (TOTH, 2011) using TLS program (KOREŇ 2010a).



528

FOREST ECOSYSTEM ANALYSIS AND MODELLING

is calculated: (c.t)/2. The precision of devices 

depends upon how accurately we are able to 

measure time t. Approximately 3.3 picoseconds 

is the time necessary for the light to travel 1 mm. 

The resolution of such scanners is from 0.6 cm to 

1.2 cm with a frequency of up to a maximum of 24 

kHz, but the reachable distance is as far as 2 km. 

A laser range fi nder is only able to determine 

a distance to one point in the view. The devices 

presented here scan the overall area of the view 

using a continuous change in the direction of 

measurement. That is where the name ‘scanner’ 

comes from (fi gure 10.10). A change in direction 

is carried out by changing the horizontal and 

vertical angles of the sight line in constant 

angle steps. It is achieved by rotating the entire 

device or rotating mirror systems. Scanners are 

typically able to capture 10,000 to 100,000 points 

per second. The rotation of the device creates 

an image in spherical coordinates (azimuth and 

zenith angle of the sight line). A scanner is placed 

in the centre of the image (coordinates 0°,0°). 

Points contain the information about the distance 

(fi gure 10.11). If the scanner is unable to capture 

the target due to an obstacle in front of the target 

(for example, a tree stem or branches), a shadow 

is created carrying unknown information behind 

the obstacle. To reduce shadows, measurements 

from several different scanner positions are used. 

The fi nal scene is then created by combining 

several images which fi ll in the missing gaps 

(shadows). Polar coordinates are transformed 

into a three dimensional Cartesian system which 

creates a so called cloud of points (fi gure 10.12). 

After the classifi cation of points into the required 

categories (tree stem, tree branches, foliage), the 

points are used to derive the required biometric 

values. 

One of the important applications of terrestrial 

laser scanning is deriving stem shape. A tree 

is scanned from at least two opposite sides. 

Subsequently, clouds of points from several 

scans are joined into one and the Earth’s 

surface is removed from the cloud of points. 

Then, the position of the stem is determined. A 

classifi cation method based on the assumption 

that the greatest density of points is on the stem 

surface is used. The core of density clusters 

determines the tree coordinates. Based upon the 

position of the tree, a complete tree is isolated 

from the cloud of points. The interfering branches 

are also removed using a statistical test of good 

Fig. 10.13 A software tool for automated recognition of stem shape and calculation of tree volume using a 
terrestrial laser scanning (KLEMMT and TAUBER 2008).
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compliance with the basic geometric shape. 

The result of stem isolation is a complete object 

consisting of one or more adapted bodies. Based 

upon this information, a morphological curve 

and stem volume are derived, and sometimes 

the lengths of stem parts without branches are 

extracted. Its height and diameter at breast 

height (1.3 m) is then derived from the stem 

shape. The method provides a very detailed 

shape and quality of stem as well as of the overall 

stand (KLEMMT et al. 2009). Figure 10.13 shows an 

example of software developed by the authors.

Apart from the volume and quality of a stem, 

the remaining tree biomass can also be 

derived. Two approaches are generally applied 

for determining crown biomass. The fi rst uses 

the well-known statistical dependence between 

the crown length and its volume. From this 

relationship, we can derive the number and 

the length of branches. Crown dimensions 

and its volume are determined from the cloud 

of points (fi gure 10.14). Thicker branches are 

also extracted from laser measurements. The 

derived geometric parameters are used as 

input variables to a statistical model of biomass. 

The model produces the values of the biomass 

for branches and foliage depending upon the 

position of branches within the crown. That 

is how the distribution of biomass in a crown 

profi le is expressed (SEIFERT and SEIFERT 2006). 

Another approach is based on direct analysis 

of crown biomass on the base of the density of 

points (BAYER et al. 2013). For these purposes, 

the crown is split into spatial segments (voxels). 

The number of captured points is determined 

for each segment. The level of segment density 

is determined based on the number of laser 

impulses entering the segments and the number 

of captured points. The statistical functions 

of biomass are then expressed based on this 

density (HENNING and RADTKE 2006, CÔTÉ et al. 

2009, HUANG and PRETZSCH 2010).

In contrast to traditional measuring techniques 

of the terrestrial laser scanning method, 

several neighbouring trees are captured at the 

same time. This allows measuring not only the 

properties of individual trees, but also describing 

the surrounding individuals of the evaluated 

trees. The mentioned characteristic is used for 

Fig. 10.14 Extraction of a tree crown from a cloud of points of terrestrial laser scanning in order to derive 
the volume and the surface of the crown including the biomass of branches and foliage (SEIFERT and 
SEIFERT 2006).

Fig. 10.15 Remote sensing: a) satellite, b) aerial.

a) b) 
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describing and analysing the stand structure. 

By separating the surrounding trees, the 

morphology of their crowns and the distances 

of crowns, the analysis and the evaluation of 

the relationship to environmental conditions, 

competition indices and species specifi c 

properties can be carried out. Crown shapes 

can be extracted from the cloud of points, and 

from them we can state the parameters such as 

crown diameters, the compactness of crowns 

and crown density. Similarly, we can also 

determine the direction of a tree stem incline or 

the asymmetry of crown growth, which gives us 

information about the direction and the intensity 

of competitive pressure. The gaps between tree 

crowns can be precisely measured and allow 

better understanding of the use of the space for 

growth. All these parameters contribute towards 

understanding the issue of how a stand area is 

structured and which factors infl uence it (KLEMMT 

et al. 2009).

Computer aided forest modelling focuses upon 

the methodological and application issues of 

terrestrial laser scanning such as: a reduction in 

the precision of scanning with increasing distance 

between points (precision is approximately 

one thousandth of the distance), a reduction 

in the density of points with scanning distance 

(caused by an angle step of rotation), precision 

of scanning related to the movement of objects 

(when windy, for example), and a change of 

scanning locations, accuracy and completeness 

of scanning with a number of measured 

locations, methods of point classifi cation, and 

automated identifi cation of objects (qualitative 

attributes, for example, the type of material or 

tree species), automated methods for deriving 

dendrometric characteristics (quantitative 

attributes), the software solution for forest 

scanning, etc. The mentioned problematics can 

be found in appropriate literature (SIMONSE et al. 

2003, ASCHOFF et al. 2004, HAALA et al. 2004, 

HEURICH et al. 2004, HOPKINSON et al. 2004, PFEIFER 

et al. 2004, SEIFERT and SEIFERT 2006, BIENERT et 

al. 2007, KIRÁLY and BROLLY 2007, BIENERT and 

SCHELLER 2008, KLEMMT and TAUBER 2008, KLEMMT 

and SEIFERT 2009).

10.1.3 Remote sensing methods

The development of remote sensing in the 

last 50 years has introduced technologies and 

methods which can signifi cantly contribute 

towards progressive gathering of data suitable 

Landsat SPOT IKONOS 

Terra QuickBird 

Fig. 10.16 Types of selected satellites used in forest modelling.
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for the construction and application of forest 

models. Since this is a demanding and a complex 

issue which requires knowledge of terminology, 

principles and methods, we will only briefl y 

address this in this chapter. We will particularly 

present methods that are most suitable for 

and most frequently used in forest modelling. 

The purpose of this chapter is not to provide a 

detailed description of the methods, but rather 

to explain their basic principles and importance 

Fig. 10.17 An example of identifi cation of tree crown shapes from an aerial image (BRANDTBERG 2002). The 
left side of the fi gure shows placement of classifi ed segments of tree crowns and the right side of the 
fi gure shows a modifi ed aerial image using Gauss fi lter (s

1
 = 1.89). It is a mixed forest and the image size 

is 50 m x 50 m.

Fig. 10.18 Method of hyper-spectral imaging as a promising tool for the identifi cation of the qualitative 
attributes of trees and stands (tree species, health condition, damage, etc.).
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for forest modelling. A more detailed explanation 

of remote sensing methods can be found in 

appropriate publications (ŽÍHLAVNÍK and SCHEER 

2001, WULDER and FRANKLIN 2003, SCHOWENGERDT 

2007, LILLESAND et al. 2008).

Satellite or aerial images are most frequently 

used for forest modelling. Satellite images 

are obtained using satellites. Remote sensing 

satellites commonly use the polar orbit which 

crosses both poles of the Earth. Due to the 

rotation of the Earth passing through the Earth’s 

poles, they gradually capture the whole of Earth 

in narrow bands (fi gure 10.15a). Therefore, the 

entire surface of the Earth is recorded once per 

a particular period. The following satellites are 

most frequently used in forest modelling: Landsat 

7 (ETM+), SPOT 5 (HRG, HRS and VEG2), 

IKONOS, QuickBird, Terra (MODIS and ASTER), 

RADARSAT (SAR), ERS-2 (SAR), IRS-1D (LISS 

and WiFS), EO-1 (Hyperion) and OrbView 3. 

Some are shown in fi gure 10.16. Aerial images 

are taken using imaging of the Earth’s surface 

over an aeroplane’s route (fi gure 10.15b). 

Satellites and aeroplanes use optical cameras 

(analogue or digital), scanners or radars to 

take images of the Earth’s surface. They record 

information about the Earth by taking images 

and analysing the refl ected (or transmitted) 

waves. Information at various wavelengths 

(frequencies) is used. Frequencies depend 

upon the type of sensors used, whilst several 

channels are often recorded at once (frequency 

ranges). We therefore distinguish between, 

for example, panchromatic (the visible part of 

the electromagnetic spectrum), multi-spectral 

(several channels in the optical part of the 

electromagnetic spectrum), and hyper-spectral 

(several tens of channels in the optical part of the 

electromagnetic spectrum) images. At the same 

time, a pair of images of the same area are very 

often taken from various angles which enables 

stereoscopic evaluation and construction of a 

three dimensional image of the Earth’s surface. 

Satellites usually use a pair of sensors set at 

various angles (fi gure 10.15a). Aeroplanes take 

images of the Earth in overlapping zones. This 

means that the speed of image taking and the 

speed of the aeroplane are synchronised to 

ensure that the same area is recorded twice from 

different angles (fi gure 10.15b).

In current forest modelling, high resolution 

images are most frequently used to derive 

quantitative characteristics of individual trees, 

hyper-spectral images to derive some qualitative 

Fig. 10.19 
Method of aerial 
laser scanning 
as a progressive 
tool for deriving 
vertical 
dimensions 
(tree heights, 
altitudes).
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characteristics of trees, and aerial laser 

scanning to ascertain the height of trees and the 

construction of a terrain model. High resolution 

images (from a few centimetres to several tens 

of centimetres per pixel) are used to determine 

tree coordinates, a horizontal projection of the 

crown and the crown diameter. Various methods 

for image classifi cation are used (GOUGEON 1995, 

DRALLE and RUDEMO 1997, BRANDTBERG 1999, 

2002, GITELSON et al. 2002, SUROVÝ et al. 2004, 

2005). The basis is the preparation of images to 

highlight the differences between vegetation and 

the surrounding area. Methods of image rescaling 

and fi ltering, or creating suitable composites 

from various channels are used. Transformation 

of images is also often carried out. Its principle 

is that several channels are combined in such a 

way that maximum variability in the colour density 

of individual pixels of the new image is achieved. 

This means the selection of such a linear 

combination of the original channels that will 

provide maximum variability in the colour density 

of pixels and therefore the best contrast between 

vegetation and its surroundings. For example, 

methods for analysing main components are 

used (see Chapter 3.4.7). Crown borders are 

then identifi ed. Thresholding methods that seek 

border lines separating the areas with the colour 

intensity of vegetation from the colour intensity 

of the surroundings are used. The position of 

tree stems is also determined. When identifying 

for example tree crowns, a pixel with the local 

extreme of colour density is sought (e.g. the 

lightest pixel). The geographic coordinates of the 

pixel determine tree coordinates. An example 

of tree crown identifi cation from an aerial image 

(BRANDTBERG 2002) is shown in fi gure 10.17. The 

success of such classifi cation varies between 

40% and 90% depending upon the forest stand, 

image resolution, image quality and the chosen 

method. So far, methods have been more 

suitable for coniferous stands, even-aged stands, 

older stands and stands with lower density. If 

high resolution images are obtained in pairs 

from different angles, they allow creating of a 

three dimensional image of stand surfaces using 

stereoscopy. Identifi cation of tree coordinates is 

signifi cantly simplifi ed since the local extreme 

Fig. 10.20 Framework methodology for deriving tree height in simulation plots using the aerial laser 
scanning method.
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of pixel colour density is also combined with 

the local maximum of pixel height coordinates. 

Apart from tree coordinates, tree height is also 

obtained. It is also easier to identify the borders 

between crowns since the boundary lines of 

crowns are also determined by the minimum 

height coordinates of the threshold pixels.

Apart from quantitative characteristics of trees, 

it is also necessary to determine some required 

qualitative characteristics, mainly tree species, 

but also tree health (defoliation, death) and 

damage. The hyper-spectral imaging method 

can be used for this purpose (ZARCO-TEJADA et al. 

2004, BUDDENBAUM et al. 2005, CLARK et al. 2005, 

SCHLERF et al. 2005, ARCHER and JONES 2006, 

LUCAS et al. 2008). This method records tens to 

hundreds of channels. The spectral defi nition of 

one channel is up to 10 to 20 nm which means 

that channels register a very narrow frequency 

range. The principle of the method is shown in 

fi gure 10.18. Using a recording spectrometer, an 

aeroplane captures the refl ection from objects on 

the earth in narrow, parallel frequency spectra 

with a high number of channels. We obtain 

three dimensional information about objects 

recorded during one imaging. In horizontal 

directions, these are spatial dimensions. The 

fi rst dimension is in the direction of the fl ight and 

the second crosses the fl ight route. Dimensions 

are identical to the view which can be recorded 

by single imaging using a spectrometer. In a 

vertical direction, it is a spectral dimension. It 

contains tens to hundreds of narrow frequency 

spectra. Information is stored in the form of 

a data cube (see Chapter 10.5). Each image 

element (pixel) is situated in a data cube using 

two spatial dimensions. It contains a data vector. 

Vector size is identical to the number of spectra 

obtained by a spectrometer. A refl ectance 

curve can be constructed for each pixel. On 

the horizontal axis, the wavelength identical to 

the centre of each frequency band is shown 

and on the vertical axis there is the refl ectance 

value (0 to 1). By connecting refl ectances of 

individual frequency bands, we will obtain a 

continuous curve. It has been found that various 

types of terrestrial surfaces may have a typical 

shape of the refl ectance curve. Based on the 

curve shapes, it is possible to classify the type 

of terrestrial surface into various categories; 

for example, tree species, health conditions 

(content of chlorophyll in foliage), damage, etc. 

To create a refl ectance curve, it is necessary to 

carry out atmospheric correction of refl ectance 

values since the values can be distorted due to 

cloudiness and other atmospheric events.

Classical, single-image methods of remote 

sensing are suitable for determining the biometric 

values with the dimension perpendicular to 

the fl ight direction (horizontal dimensions). For 

vertical dimensions such as tree height or altitude 

of the terrain, it is necessary to use stereoscopic 

imaging or, currently a very progressive 

method of aerial laser scanning (MAGNUSSEN 

and BOUDEWYN 1998, HYYPPÄ and INKINEN 1999, 

DUBAYAH et al. 2000, MEANS et al. 2000, HARDING et 

al. 2001, PERSSON et al. 2002, POPESCU et al. 2002, 

HEURICH et al. 2003, LIM et al. 2003, BLASCHKE et al. 

2004, CLARK et al. 2004, HOLMGREN and PERSSON 

2004, KORPELA 2004, MALTAMO et al. 2005). The 

principle of scanning is similar to terrestrial 

scanning. It is illustrated in fi gure 10.19. The area 

under the fl ight route of an aeroplane is scanned 

using a laser pulse with a frequency of 33 kHz. 

At a thirty degree lateral angle of the view and a 

fl ight altitude of 1.2 km, the aeroplane captures a 

650 m wide area. At a frequency of 33 kHz, the 

density of points at a distance of 1,200 m from 

the aeroplane reaches 1.5 m in the fl ight direction 

as well as across the fl ight route. At the same 

time, together with measuring the distances of 

terrain points, the position of these points is also 

recorded using the aeroplane’s GPS navigation 

system. The precision of the aeroplane’s position 

is enhanced by synchronising the measurements 

with a ground GPS station in the form of 

differential navigation. At a laser trail width of 

30 cm, vertical scanning precision is ±15 cm. 

The frequency of laser scanning in connection 

with the fl ying speed determines the density of 

points, and the width of the laser trail determines 

vertical measurement accuracy. The accuracy of 

a GPS measurement determines the positional 

accuracy of scanning. Of course, aerial laser 

scanning is also carried out at other frequencies, 

fl ight altitudes and point densities. This depends 

upon options and choice. Figure 10.20 shows the 

framework methodology for deriving tree heights. 

Aerial laser scanning allows the construction of 

a surface model and a terrain model. A surface 

model represents a refl ection of laser pulses 

from the surface of objects, i.e. trees. A terrain 

model expresses the refl ection of pulses from 

the earth’s surface, without objects. It is created 

by fi ltering pulses which penetrate through the 

stand canopy to the soil surface. By subtracting 
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the surfance and terrain models we obtain a 

model of height profi les. Height profi les express 

the distances from the soil surface to the surface 

of vegetation, which change depending upon the 

position. Tree positions are sought in a model 

of height profi les and their heights are derived. 

Simulation plots of interest are inserted into 

the tree height model and the trees of interest, 

together with their heights, are identifi ed in these 

plots.

A common application for the purposes of 

deriving a phenological curve (see Chapter 8.7) 

is the use of vegetation indices. They are used 

to determine the timing points of phenological 

phases. They are remote sensing analyses, 

which are also called ratio images. Analyses are 

based on dividing the brightness intensity value 

of an image element in one spectrum band by the 

brightness intensity value of an image element in 

another spectrum band. The refl ectance curves 

of vegetation in red (R) and near-infrared (IR) 

band are often used. The method is based on 

the properties of chlorophyll. Chlorophyll largely 

absorbs red light that is used for photosynthesis. 

On the other hand, it intensively refl ects radiation 

in the near-infrared band. Areas covered with 

vegetation have a specifi c vegetation index 

value which is calculated as a ratio of intensity 

in the close infrared band to the intensity in the 

red band: VI = IR/R. The normalised vegetation 

index is more often used: NVI = (IR – R)/(IR + R). 

These methods help to identify, for example, the 

start of leafi ng, full leafage and litterfall (ZHANG et 

al. 2003, FISHER and MUSTARD 2007, SOUDAMI et al. 

2008, BUCHA et al. 2011).

10.2 Relational data model of a forest

Present growth models contain a great amount 

of state, exogenous and intermediary variables. 

This data is often stored for all simulation units 

during the entire period of simulation. The size 

of the database can be demonstrated using an 

example of a tree empirical model depending 

upon tree positions. If the forest contains 1,000 

trees per hectare and the size of the simulation 

plot is 0.25 ha (50 m x 50 m), the simulation area 

contains 250 trees. The following data about 

each tree is stored: tree species, tree diameter 

and height, height to crown base, crown diameter, 

tree coordinates, tree quality, tree condition. If 

we ignore tree species and coordinates, which 

do not change, we get six state variables. If the 

simulation lasts 50 years and we document data 

every 5 years, we obtain 250.6.(50:5) = 15,000 

data records. To maintain such a large data set, 

it is recommended to use database technology. 

Further information about this technology can be 

found in the works of SCHEBER (1988), POKORNÝ 

(1992) or SALEMI (1993).

The basis for optimum use of technology is 

the selection of a suitable data structure. We 

talk about entering data to a model. Currently, 

the most common model is the relational data 

model. Data is integrated into a three level 

structure: entity - relationship - attribute (see 

CHEN, 1976). In forest models entities can be 

e.g. a tree and a stand. There is a relationship 

between the tree and the stand. Every tree grows 

in a stand and, vice versa, a stand contains 

trees. The tree entity has its own attributes: 

stand number, tree number, tree species, height, 

diameter, age, etc. The stand entity also has 

its own attributes: stand number, area, aspect, 

slope, etc. As we can notice, both entities have 

a common attribute - stand number. It is an 

attribute using which we can explicitly defi ne 

the stand the tree belongs to. This attribute is 

called a key (index). Practical implementation 

of a relational database model lies in defi ning 

the tables which gather the information about 

entities. In our case, we would have two tables: 

stand and tree. The tables contain columns 

identical to the attributes. The table rows record 

data about individual units (particular trees or 

stands). Some columns are highlighted in tables 

and we call them keys or indexes. In our case, it 

is the stand number column which is contained in 

both tables. Using this key, it is possible to defi ne 

the stand a tree belongs to upon the identical 

attribute value in both tables. The structure 

tree stand grows in 

stand num., 
tree num., 
tree species., 
h, d, t, ... 

stand num., 
area, 
aspect, 
slope, ... 

E - entity 

R - relationship 
A - attribute 

contains 

Fig. 10.21 An illustration of the structure and 
mutual connection of two tables (stand and tree) 
using an ERA diagram.
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of tables and relationships may be illustrated 

using ERA diagram (abbreviation for Entity – 

Relationship – Attribute). An example is shown 

in fi gure 10.21. Each table has a name (stand 

and tree). Under the name, there are the names 

of attributes (columns). Attributes representing 

keys are underlined. Tables are linked to each 

other with a connecting line that expresses the 

relationship. Above the line there is the name of 

the relationship from left to right and under the 

line, the name of the relationship from right to left. 

The names of the relationships are usually not 

stated in diagrams since they implicitly arise from 

the nature of the tables.

The relationships between tables may 

also vary. We can specify cardinality of 

relationships. Relationship 1:1 (fi gure 10.22a) 

means that one record (row) in the fi rst table is 

only assigned to one record (row) in the second 

table. The relationship is expressed by a simple 

line. It could, for example, be the relationship 

between the stand and its position (each forest 

stand has only one geographical position). 

Relationship 1:n (fi gure 10.22b) means that one 

record from the fi rst table is assigned to several 

records in the second table. The relationship is 

expressed by a line which branches out on the 

appropriate side. It can, for example, be the 

relationship between the stand and a tree (each 

stand may contain several trees). Similarly, 

we can speak about relationship m:n (fi gure 

10.22c). Several records from the fi rst table are 

assigned to several records in the second table. 

The relationship is expressed by branching out 

the line on both sides. It can, for example, be 

the relationship between the stand and the tree 

species (one stand may contain several types of 

tree species and one tree species may appear in 

several stands). However, the relationship m:n is 

usually divided into two relationships 1:n. 

Relationships between tables are not 

compulsory. We call this property as the 

partiality of relationships. If a relationship in 

one of the tables is compulsory, it is indicated 

by a small circle (fi gure 10.22d). For example, 

the relationship between a stand and a tree is 

1:n, whilst n can also equal zero, since not every 

stand has to have trees; for example, clearings 

after felling or disturbance.

Generalisation and specialisation of 

relationships may also be expressed between 

tables. An example is shown in fi gure 10.23. 

A tree species entity contains a tree subset. 

The relationship between a tree species and 

its ecological amplitude is 1:1. This means that 

each tree species has its own specifi c range 

of acceptable environmental conditions for its 

survival. This relationship also applies to trees of a 

given species. This represents the generalisation 

of a relationship. The relationship between a tree 

and a site is n:1. This means that at one site under 

particular conditions within ecological amplitude, 

several trees (branched bond) or no trees (circle 

symbol on the branching of the bond) occur. This 

relationship only applies to a tree (relationship 

specialisation). The nature of the relationship 

depends upon the indicated bond. It is valid that 

the relationship between an entity and another 

entity is also valid for all entities which are their 

subsets, but the relationship between an entity 

subset and another entity does not also apply to 

its superset.

The relational data structure is very effi cient 

since it allows high performance and universal 

operations using relational algebra. Relational 

algebra uses various operations such as 

unifi cation, intersection, difference, Cartesian 

multiplication, projection, restriction, join 

and others. Relational tables enter relational 

algebra. The operations are versatile and may 

be performed for the majority of physical types 

stand location 

stand tree 

stand tree sp. 

tree stand 

a) 

b) 

c) 

d) 

tree species 

tree site 

ecological amplitude 

Fig.10.22 An example of the cardinality of a 
relationship: a) 1:1, b) 1:n, c) m:n, and the partiality 
of a relationship between two tables (d).

Fig. 10.23 The importance of generalisation and 
specialisation of the relationship between tables.
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of databases (MS Access, DBase, Foxpro, 

Paradox, Oracle, MS SQL Server, Informix, 

Sybase, Ingres, etc.). Versatility is ensured by 

the SQL language (Structured Query Language) 

which is normalised by ISO standard (see, for 

example, the publications by POKORNÝ 1994, 

ŠIMŮNEK 1999). Figure 10.24 shows an example 

of a complete relational data structure of the 

growth model SIBYLA (FABRIKA 2005). 

10.3 Object functional forest model 

Existing growth models have not only a 

complex data structure, but also an algorithm of 

model functioning. Whilst in classical yield tables 

there was only a system of several mutually 

linked equations, growth simulators comprise an 

assembly of complicated algorithms, which can 

be divided into certain groups depending upon 

their nature, for example, mortality, competition, 

thinning, growth, etc. These algorithms often 

work in the same or a modifi ed form at various 

levels of a model. For example, mortality and 

growth occur at the level of organ, individual 

and a whole population. To avoid unnecessary 

repetition (redundancies) of source codes at 

several program levels, an object functional 

forest model is often used. We will explain the 

principle using object structured program code of 

the SIBYLA simulator (FABRIKA 2005), which is in 

a simplifi ed form illustrated in fi gure 10.25.

The construction of a growth model program 

lies in the creation of object classes. The class 

defi nes the type of object. Objects in a given 

class have a similar structure and behaviour. 

For example, the TBiomass class expresses any 

component of tree biomass, whether at the level 

of organ, set of organs or the entire individual. 

Classes contain data items, methods and 

properties. We say that they are encapsulated 

in the class. Data items express the state of an 

object. For example, in the TBiomass class, the 

items can be gross and net primary production, 

allocation of carbon and nitrogen in biomass, 

etc. Methods express the state of an object. For 

Fig. 10.24 An example of the relational database structure of the growth model SIBYLA (FABRIKA, 2005).
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example, in the TBiomass class methods can be 

mortality, competition, thinning and growth. The 

mortality method determines the health condition 

or vitality of a biomass component, which 

defi nes the rate of active biological processes. 

The competition method expresses the value of 

competition pressure of the surrounding biomass 

upon the biomass component. The thinning 

method characterises human interference with 

a biomass component, for example, its removal 

or reduction of its parts. The growth method 

defi nes the growth performance of a biomass 

component, for example, its increment. Methods 

are linked, which means that they infl uence the 

condition of the object and the object infl uences 

the methods in return. Whilst data items and 

methods are hidden properties for users of 

objects, properties are specifi c interfaces for 

object classes, which allow users to approach 

data items and methods. Properties are public 

and allow, for example, the initialisation of 

object state or the activation of methods that 

are necessary to change the object state. Not 

all methods and data items may be accessible 

to users, unavailable are particularly those that 

serve as supporting functions or procedures, or 

are semi-results of processing stored in the form 

of local variables. 

A basic feature of objects, due to which 

this programming approach was created, is 

inheritance. Inheritance allows defi ning new 

classes of objects, which are the descendants of 

ancestors. Such classes inherit all the properties 

of their ancestors including their data items and 

methods, whilst other data items, methods and 

properties may be added. For example, classes 

TLeaf, TBranch, TTrunk, TRoot and TTree are 

derived from the TBiomass class. Descendants 

are therefore more specifi c representatives 

of more general ancestors. Whilst TBiomass 

expressed any biomass component, its 

descendants specify its particular type: leaf, 

branch, stem, root or the entire tree. All fi ve 

biomass types contain the same data items, 

methods and properties as their ancestors. This 

means that they contain gross and net primary 

production, carbon and nitrogen allocation and 

undergo the processes of mortality, competition, 

removal or growth. However, they may contain 

other encapsulated components which specify 

the given object compared to its ancestor. For 

example, a leaf object contains leaf area as a 

new data item and assimilation intensity as a new 

method. An object approach allows programmers 

to use ready objects to which other properties 

could be added. At the same time, they also have 

TClass 

TBiomass 

TLeaf 

TBranch 

TTrunk 

TRoot 

TTree 

TEnvironment 

TSoil 

TAtmosphere 

TStand 

inherited inherited 
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Fig. 10.25 An example of an object functional forest model according to program code of the growth 
simulator SIBYLA (FABRIKA, 2005).
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the option to modify inherited methods using a 

property called polymorphism. Such methods 

must be in the parent class of the object defi ned 

as modifi able methods. This programming 

approach signifi cantly clarifi es programming and 

reduces source code redundancies and, at the 

same time, makes the development accessible 

for a wider group of developers.

A fi nal typical feature of object classes is an 

event, which provides automatic management 

of methods. If a specifi c situation occurs, 

it causes automatic inducement of the 

appropriate method without explicit intervention 

by a programmer. For example, if respiration 

exceeds photosynthetic assimilation, it induces 

the mortality method, which may, under defi ned 

conditions, cause a change in the object state 

from living to dead.

In our structure in fi gure 10.25, all classes 

of objects inherited from their ancestors are 

connected with a solid line with an arrow on 

the descendant side. The derived classes of 

objects may, at the same time, contain a set 

of the previous classes of objects, which is 

shown by the dashed line. For example, TTree 

class, inherited from TBiomass, contains a set 

of leaves, branches, stems and roots. These 

classes also pass their properties to a new 

object but they cannot be directly modifi ed. In 

the same way, we could defi ne TEnvironment 

general class, which describes the position 

of an object in a geographic environment and 

the type of environment, for example, latitude 

and longitude, altitude, a type or a model of 

the terrain, type of biome or ecosystem. TSoil 

and TAtmosphere classes describe specifi c 

environmental properties related to the state and 

processes in the soil and atmosphere. Finally, 

the TStand class expresses a set consisting 

of TSoil, TAtmosphere and TTree classes. The 

principle of programming growth models lies 

in the initialisation of particular objects and 

management of their state and coexistence. 

An object is therefore a particular occurrence 

(instance) of a given class. Whilst TTree class 

generally describes the type of object, the Tree: 

TTree object talks about a particular existence. 

For example, it can be a beech tree number 

23, which has particular properties. We can 

become more familiar with object programming 

in the appropriate program language manuals 

(for example, C++, Object Pascal, Visual Basic, 

JAVA).

10.4  Knowledge-based and expert 

systems in forest modelling

Modern growth simulators provide not 

only a large number of outputs but they are 

also able to predict forest development in a 

large number of possible variations: changing 

climate data, alternative methods of forest 

management, changes in technology and 

economic environment, etc. By combining the 

number of variants with the number of outputs, 

we often obtain a confusing tangle of information, 

from which it is very diffi cult to interpret the 

differences and it is even more diffi cult to select 

an optimum variant. In addition, the situation 

is complicated by the fact that some things 

cannot be explicitly described mathematically 

and that a certain degree of subjectivity based 

on intuition and experience enters decision 

making. Computer aided forest modelling has 

since 20-30 years started to be implemented 

into decision making based upon the outputs of 

growth models and the principles of knowledge-

based and expert systems, forming the basis of 

complex systems for decision making support 

(MOWRER et al. 1997, PUKKALA and MIINA 1997, 

RAUSCHER 1999, REYNOLDS 1999, VACIK and LEXER 

2001, SODTKE et al. 2004, FABRIKA 2006, 2007). 

Knowledge-based and expert systems use 

the principles of artifi cial intelligence (AI) as 

well as the algorithms, which were developed 

in relation to artifi cial intelligence. The basis for 

such systems is a knowledge base containing 

a quota of knowledge related to solving a given 

problem. The knowledge is stored in a certain 

structural form, for example, in predicate logic, 

production rules, semantic networks, knowledge 

frameworks, etc., so that they can be used by 

the mechanism used for resolving the problem. 

We call it an inference mechanism (engine). 

It serves for searching the known facts related 

to the problem to be resolved in the knowledge 

base. Facts are stored in a base of fact and 

are often an output of growth models. Problem 

solving often uses uncertainty and various 

heuristic methods. The principles of fuzzy logic or 

group algebra are implemented into algorithms. 

Further information about this topic can be found 

in the appropriate publications (BONCZEK et al. 

1981, ZADEH 1983, ZIMMERMANN 1987, POPPER and 

KELEMEN 1988, MAUS and KEYES 1991).

In the following text, we will present the principle 

of knowledge-based systems used in connection 
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with a growth model on the base of an algorithm 

implemented in SIBYLA model (FABRIKA 2006, 

2007). Our task could be as follows: to evaluate 

the complex quality of a stand by accounting for 

the criteria of production, structure and economic 

benefi ts, if after the growth simulation the stand 

had the following parameters: stand density 0.8, 

increment 17 m3.ha-1, the proportion of quality 

assortments I to IIIA 35%, mean diameter 35cm, 

mean height 25 m, Arten species profi le index 

1.2, Clark and Evans aggregation index 1.05, 

production value 49,790 Eur.ha-1.annum-1 and 

increment value 1660 Eur.ha-1.annum-1. A set of 

outputs from growth simulation is called a base of 

fact. To resolve a problem we will use the base of 

knowledge shown in fi gure 10.26. It is a graphical 

expression of a production network. It contains 

leaf tops A, B, C, D, E, F, G and H, intermediate 

nodes I, J and K, and a root top X. We will try 

to express this knowledge base in words. The 

basis for resolving a problem is the evaluation 

of three criteria by formulating a production 

rule. The stand is of good quality (X) if its natural 

production is good (I, criteria 1), if the forest 

structure is also good (J, criteria 2), and if forest 

yield is also good (K, criteria 3). The criteria I to 

K will be further evaluated using various aspects 

based on other rules. The second rule states that 

natural production is good (I) if there is good use 

of the production area (A), and if there is good 

use of increment potential (B), and if there is 

also a good level of production quality (C) and if 

the safeness of production is also reached (D). 

The third rule states that the forest structure is 

good (J) if the vertical and species structure is 

good (E), if the type of horizontal mixture (F) is 

suitable, and if the safeness of structure (G) is 

also reached. The fourth rule specifi es that forest 

yield is good (K) if the per hectare stand yield is 

good (H). Let us try to express the production 

rules using a symbolic algorithm:

R
1
: A  B  D  I

R
2
: E  F  G  J

R
3
: H  K

R
4
: I  J  K  X

Symbol  expresses the conjunction ’and‘. For 

the disjunction ’or‘, we use  symbol. These are 

four production rules (R
1
 to R

4
), which contain 

the assumption on the left (before the arrow) and 

the result on the right (after the arrow). In three 

cases (R
1
, R

2
 and R

4
), there are assumptions 

consisting of several conditions combined with 

the conjunction ’AND‘. This bond is marked 

with an arch connecting the edges of the rule 

in a graph. One rule (R
3
) contains only a single 

assumption with one condition. In our knowledge 

base, the credibility of conditions is uncertain, 

which means that the credibility varies between 

-1 and +1. The value gives the uncertainty rate. 

It if equals -1 it represents one hundred per 

cent bad state. If it equals +1 it represents one 

hundred per cent good state. Value 0 indicates 

the least certain state (neither bad nor good). 

The more the values approach -1 or +1, the more 

sure we are sure about bad or good state of the 

stand. Since the conditions in assumptions are 

uncertain, assumptions are also uncertain. The 

credibility of conditions (p
i
) is transformed into 

the credibility of an assumption P(p
i
) based on 

the equation (REYNOLDS, 1999): 

         
2

1min.minmin 
 i

iiii
pppppP  (10.1)

The knowledge base solution (inference) 

is based on determining the credibility of 

conditions (p
i
) and their transformation into the 

credibility assumptions and the consequences 

to achieve credibility of the fi nal root node X. In 

X 

I J K 

A B C D E F G H 
assumption 

consequence 

condition 

rule 

conjunction 

Fig. 10.26 An example of a knowledge base for 
evaluating forest stand quality. The knowledge 
base is based upon a production network which 
is illustrated using a graph convention. Individual 
rules consist of assumptions and consequences. 
Some assumptions consist of several conditions 
which include the conjunction ’AND‘.
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our knowledge base we use 7 fuzzy functions 

to derive the credibility of conditions. They 

are shown in fi gure 10.27. Functions on x axis 

contain indicators of individual aspects. These 

are stand density, the potential of the total current 

increment, the percentage of assortments I-IIIA, 

slenderness coeffi cient h/d, species profi le 

index, Clark and Evans aggregation index, and 

the value increment percentage. Indicators 

are determined based on the facts produced 

by a growth simulator. The base of the facts 

is supplemented by the increment standard 

obtained from yield tables (20 m3.ha-1) and the 

bank interest rate (2.5%). The potential of total 

current increment is determined by comparing 

the increments of the stand and the standard: 

17:20=0.85. The slenderness coeffi cient is 

calculated as the ratio of mean height and mean 

diameter of a stand: 25:35=0.714. The value 

increment percentage is obtained by dividing 

the value increment and the production value: 

1,660:49,790.100=3.33%. We will obtain the 

credibility of conditions on y axis using fuzzy 

functions (fi gure 10.27): A=100%, B=56.9%, 

C=75%, D=100%, E=60%, F=80%, G=100% 

and H=100%. Using equation 10.1, we will obtain 

the credibility of intermediate nodes I=77%, 

J=76% and K=100%. These credibilities state 

that natural production is 77% good, the forest 

structure is 76% good and forest yield is 100% 

good. By fi nal calculation using equation 10.1, 

we will obtain the total quality of the stand: X = 

83%. This means that our stand is 83% good.

The methodology based on the principles of 

stand quality evaluation using a knowledge base 

also allows resolving of problems, which utilise 

incomplete and uncertain facts and rules. Using 

this methodology it is also possible to account 

for mutually contradictive criteria (for example, 

economy and ecology). If we evaluate stand 

quality before the simulation [P(1)] and after the 

simulation [P(2)] using equation 10.1, we are able 

to calculate the changes in the quality of the 

stand using the formula:

  ( ) ( ) ( )[ ]50.12% PPdifP −=  (10.2)

Usage of production area Usage of increment potential Quality level of production 

Safeness of production Vertical and tree species structure  Type of horizontal mixture  

Safeness of structure  Stand yield 

Fig. 10.27 Fuzzy functions for evaluating aspects A to H from fi gure 10.26. Fuzzy functions use indicators 
on x axis which are transformed into credibility on y axis. Credibility expresses the rate of certainty that the 
state of the evaluated aspect is good (positive values) or bad (negative values).
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The result says if and how much the original 

state has changed. With this method, we may 

perform simulations for various scenarios or 

variants; for example, with changed climate data 

or for different forest management regimes, 

and select the optimum scenario or variant. 

Figure 10.28 shows an example of selecting the 

optimum thinning regime respect to complex 

criteria in a set of forest stands (FABRIKA 2007).

10.5  A data warehouse and clearinghouse 

in forest modelling

Apart from knowledge-based systems, a large 

range of produced output data from growth 

models also favours the use of data warehouse. 

It is information technology, which found its place 

in economic practice regardless of specialisation 

and which also signifi cantly infl uenced the 

development of various commercial products. 

The principle of this technology and its potential 

in forest modelling will be explained in this 

Chapter.

A data warehouse can be defi ned as a 

company structured depository of data used for 

obtaining information and for supporting decision 

making (CHUA and GREEN 1999). Data in a data 

warehouse must have several basic properties. 

The data are subject orientated and are recorded 

depending upon the subject of interest and not 

depending upon the application in which they 

were created. The data are integrated. Data 

related to a particular subject are stored only 

once in the data warehouse. The data are 

variable in time and they are stored in a data 

warehouse as a series of images, while each 

image represents a certain period. Finally, they 

remain constant. In the data warehouse, they are 

not usually changed or removed; only new data 

are added at regular intervals. Data obtained 

during forest modelling have all of the stated 

properties. They are orientated depending upon 

the subject of interest; for example, data about 

scenarios of exogenous variables (climatic and 

soil characteristics), data about management 

concepts (species and thinning level), data about 

the structure (area structural indexes), data about 

production (tree production parameters), etc. It is 

not important, which format the data have and 

from which growth model the data was collected. 

At the same time, data about a particular item is 

stored only once. For example, a simulation plot 

cannot have a different geographical position or 

the initial state of the tree cannot have different 

diameter and height parameters. At the same 

time, data are strictly time bound since forest 

modelling expresses the actual state and 

simulates the changes over time. At the same 

time, the condition for data constancy applies. 

After checking the credibility of model outputs, 

the data are stored in the database at the time of 

their production and it is not possible to change 

or modify them retrospectively. They represent a 

particular state, which can only be changed by 

another simulation. Another important property 

of data in a data warehouse is the transfer from a 

relational structure (see Chapter 10.2) into multi-

dimensional databases (fi gure 10.29). Outputs 

from forest growth models are usually collected 

as tables of attributes. For example, data about 

production are stored in a relational table where 

each column expresses one attribute (for example, 

diameter, height, and crown parameters) and 

sanitation thinning 
quality assortment thinning 
without thinning 
thinning from below 
crop trees thinning 
thinning from above 

Fig. 10.28 The optimum thinning regime for a 
set of forest stands in Blažová forest district 
in the user’s unit of the University Forestry 
Enterprise of Zvolen Technical University 
selected using a knowledge-based system 
(FABRIKA 2007).
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each row is related to one particular tree. Within 

the ETT process (abbreviation from extraction, 

transformation, transport), data are transformed 

and transported to the data warehouse in such a 

way that it is possible to create multi-dimensional 

data structures. For example, model outputs are 

related to the scenario (development of climate 

characteristics) and the concept (thinning type 

and intensity). This multi-dimensional data 

provides very strong technological apparatus 

for administration and analysis of databases. 

Such an approach then allows uncovering of 

new links which would be much more hidden in 

a classical approach and therefore more diffi cult 

to access. In a better case, much more effort 

and funds would be necessary to disclose them, 

while in a worse case it would not be possible at 

all. The process of disclosing the links in a data 

warehouse is carried out in several steps.

Data pre-processing is a very important 

preparatory element for analyses in a data 

warehouse. It is used for deriving new data 

from known data and growth models, and 

their preparation for the purposes of analyses. 

Successfully executed preparation process is 

the basis for the success of the designed data 

warehouse. Date preparation should be carried 

out via interactive inputs by users of the data 

warehouse in connection with data sources 

(forest inventory) and external models (forest 

models). 

OLAP - online analytical processes create 

multi-dimensional databases (so called OLAP 

cubes), which provide a dimensional frame 

for decision making. At the same time, OLAP 

forms the base for further data mining in a 

data warehouse. Creating multi-dimensional 

databases is based on the defi nition of tables 

of dimensions and tables of facts. Tables of 

dimensions are relational tables defi ning the 

dimensions of monitored data. This could be 

the table of an area defi ning the hierarchy level, 

for example, an ecosystem, population (stand), 

simulation plot and individual (tree), to which 

the modelling and simulation are related. it can 

also be a time table which defi nes the period 

(ten years or fi ve years), year, month, day and 

an hour of simulation. Tables of facts are 

relational tables describing individual objects 

of interest. In forest modelling it could, for 

example, be tables of scenarios (development 

of exogenous climate characteristics), tables of 

concepts (applied thinning type and intensity 

at stated time intervals), tables of structures 

(structural indices of simulation plots) and 

tables of production (biometric values of trees). 

Tables of facts may be original (for example, a 

table describing state variables of trees from 

measurement and simulations) or may be 

derived in data pre-processing (for example, 

a table of derived secondary or tertiary state 

variables). Tables of dimensions and tables of 

facts are mutually related (fi gure 10.30). The 

creation of the mentioned tables is carried out 

using the ETT process when transporting data 

to a data warehouse and using the data pre-

processing process. From a relational data 

structure prepared in this way, OLAP databases 

(data cubes) are generated and archived in a 

data warehouse. The creation of these multi-

dimensional databases is carried out using an 

OLAP Server. OLAP servers are part of modern 

database servers (for example, Microsoft SQL 

Server or Oracle). Apart from archiving OLAP 

results, servers also provide overviews of results 

in the form of contingency tables. In OLAP 

analyses, it is also possible to create several 

multi-dimensional views depending upon the 

purpose of further data mining. For example, one 

OLAP cube can be created for tree characteristics 

(tree dimension) in individual prognosis periods 

(time dimension) and for various management 

methods (concept dimension). Another OLAP 

cube can be created for the results of individual 

prognoses (scenario dimension), for individual 

types of ecosystems (spatial dimension) in 

individual prognosis periods (time dimension). At 

the same time, OLAP servers allow aggregating 

or creating a more detailed level of dimension 

using a system called drill up or drill down. 

This system allows switching between the levels, 

e.g. from the level of individual ecosystems to 

individual simulation plots or vice versa, during 

the analysis and the comparison of the results 

of prognoses.

Data mining serves for ’mining‘ the 

relationships and predicting the future trends 

from multi-dimensional databases. The process 

consists of the following steps:

1.  Selection of an OLAP cube: Before the 

beginning of data mining, it is necessary to 

select an OLAP database in which we wish 

to carry out the process.

2.  Selection of an analytical algorithm: After 

selecting an OLAP cube, it is necessary to 

specify an analytical algorithm. Currently, the 
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majority of OLAP servers contain the option 

for ’clustering‘ and the creation of ’decision 

trees‘. Clustering (multi-dimensional 

cluster diagrams) serves for disclosing 

data clusters in multi-dimensional space. 

Decision trees (imbalanced, disintegrated 

trees) serve for disclosing connections as a 

basis for prediction.

3.  Defi nition of used attributes: After selecting 

an algorithm, we must specify which 

attributes we are going to use for data mining. 

For example, let us assume that we would 

like to predict the development of forest 

production. Let us select the ’decision trees‘ 

algorithm as an example. We must now 

determine input attributes and predictable 

attributes. Those attributes, which are 

likely to affect production, for example, tree 

species, site, age, competitive situation, 

etc., are selected as input attributes. For 

example we can select stock per hectare as 

a predictable attribute.

4.  Resulting diagrams: The OLAP server 

will generate fi nal tree diagrams. They 

categorise production depending upon input 

attributes (levels) using colour shades. The 

darker the shade, the greater the production 

level of the selected attribute.

5.  Dependency Network Browser: It illustrates 

dependencies between input and 

predictable attributes. Using a regulatory 

control bar, we can state the threshold of 

dependency sensitivity, which is determined 

by correlation characteristics. By increasing 

the sensitivity of dependency, less tight 

bonds vanish.

6.  Prediction algorithms: At the end of data 

mining, a prediction algorithm is stated 

and its accuracy is determined based on 

a comparison of reality and predictions. 

The prediction algorithm can then be used 

for other purposes. An advantage of the 

method is that the precision range is also 

stated.

The fi eld of data warehouses and more 

specialised data markets is very large and 

demanding. It belongs to the area of knowledge 

discovery in databases (KDD). It covers 

complicated gathering of implicit previously 

unknown information, which is potentially useful. 

The fi eld utilises informatics, artifi cial intelligence 

and statistical methods. For more details see 

MITCHELL (1997), BERKA (2003), HAN et al. (2011) 

and WITTEN et al. (2011).

Due to progress in the creation of data 

warehouses in various areas of human 

activities, some attempts to standardise and 

clarify the content of data sources have been 

made. One of the fi rst actions towards data 

standardisation and creation of data warehouses 

is the standardisation of geographic information. 

This information is produced and archived via 

time 

tree 

plot 

aggregation 
for time 

aggregation 
for tree 

aggregation 
for plot 

data cube 
(development of trees 

on plots over time) 

 

tree 

plot 

time 

Fig. 10.29 Transport of relational data to multi-dimensional databases of data warehouses.
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geographic information systems. We will address 

GIS systems in the following sub-chapter. The 

beginnings of this standardisation date back 

to 1994 when the US President, Bill Clinton, 

issued the executive regulation ’Coordinating 

Geographic Data Acquisition and Access. 

The National Spatial Data Infrastructure‘ (JEC 

Conference, The Hague, 1995). The executive 

regulations established the NSDI (National 

Spatial Data Infrastructure), which covers 

acts, regulations, standards, organisations 

and data which provide wide accessibility of 

high quality geographic data and technology. 

Various programs were created under the 

NSDI, for example, NSDI Data Clearinghouse, 

Geospatial Data Standards, Framework Data, 

NSDI Partnership. As a response to the NSDI, 

the EGII (European Geographic Information 

Infrastructure) was created in Europe. The 

EGII was established by the document ’The 

GI 2000 Discussion Document: Toward a 

European Geographic Information Framework‘ 

in 1995. This initiative was founded thanks to 

EUROGI (European Umbrella Organisation for 

Geographical Information). In Europe, EGII fulfi ls 

the same functions as the NSDI in USA. The 

American and European initiatives, NSDI and 

EGII, issue standards for the standardisation of 

geographic metadata. The task of metadata is to 

describe geographic databases depending upon 

individual regulations, regardless of the source 

or place of creation. Subsequently, on 14th March 

2007, the European Parliament issued the Inspire 

directive, which establishes an infrastructure for 

spatial information in the European Community. It 

addresses issues related to accessibility, quality, 

organisation, and sharing of spatial information, 

to which the outputs of forest growth models are 

often related. 

At the same time, clearinghouse centres are 

created. The role of a clearinghouse is to use 

the standardised metadata and the internet 

to facilitate searching for and accessing of 

geographic data. It is responsible for documents 

about geographic data and maintenance of 

metadata standards, and provides its transfer to 

Fig. 10.30 An example of a multi-dimensional database created by linking tables of dimensions and tables 
of facts within a data warehouse for forest modelling.
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the internet. A number of software tools support 

search and access to metadata. This method 

allows the acquisition, control and analysis of 

information about the existing geographic data 

even before they are obtained (or purchased). 

This approach clarifi es the information market 

and reduces investments. As an immediate 

response to this trend, centres for clearinghouse 

data from forest inventories are also created. 

An example is the establishment of the so-

called ’Forest Inventory and Analysis Data Base 

Retrieval System‘. The system was founded 

by the USDA Forest Service organisation and 

serves as a centre for gathering and analysing 

of the data related to US forest inventories. It 

makes inventory metadata accessible to the 

wide public via industrial web applications. 

Similar clearinghouse centres are also being 

established in EU countries. These centres also 

often form the basis for a source of inventory data 

for forest modelling purposes. Standardisation is 

also taking place in the area of forest modelling, 

although the efforts are focusing more upon 

unifi cation of a description of growth simulators. 

Models work at varied spatial and time levels; they 

use a varying scale of input data and produce a 

different range of output data. All these issues 

make the clarifi cation and the interpretation of 

the results, as well as the integration into data 

warehouses, more diffi cult. The IEFC.NET portal 

is a suitable example for a clearinghouse in 

forest modelling.

10.6  Geographic information systems in 

forest modelling

The growth of trees and stands is infl uenced 

by geographic position (latitude and longitude, 

altitude) and the character of the terrain (slope, 

aspect, variability). Due to these properties, 

another information technology that addresses 

Fig. 10.31 Cartographer unit from program solution of the growth simulator SIBYLA (FABRIKA 2005). It is 
a component with the properties of a geographic information system. On the toolbar (an icon with small 
trees) and in the main menu (’Modules‘ item) it contains the option to run growth simulation for a selected 
forest stand or a group of stands.
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geographic information systems (GIS) is also 

suitable for forest modelling. GIS are systems 

used for acquisition, storing, modifi cation, 

management, analysis and displaying of all 

forms of geographic data. Data may be in 

vector, raster or database form, or in the form 

digital 
terrain 
model meteorological 

stations - precipitation 
meteorological 

stations - temperatures 
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Fig. 10.32 Regionalisation of climatic characteristics using GIS tools for the purposes of climate inputs into 
the growth simulator SIBYLA (FABRIKA et al. 2005).
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of surface models. Geographic information 

systems use a very wide set of tools. From the 

many, we may mention queries to a geographic 

database, analysis of spatial relationships, map 

algebra, distance analysis, network analysis, 

image analysis, analysis of digital elevation 

models or geo-statistical analysis. It is a 

complex and a large fi eld, which is thoroughly 

addressed in appropriate publications (BILL 

and FRITSCH 1991, MAGUIRE et al. 1991, TUČEK 

1998, HLÁSNY 2007).

Forest management is always linked to 

geographic area. Forest stands are situated in 

a particular geographic location that often limits 

management methods. These are infl uenced 

by the character of the terrain and gravity 

conditions, stand accessibility, climate and soil 

properties based on their localisation, as well as 

by the state of neighbouring stands. Therefore, 

there are aims to combine growth models with 

geographic information systems using a logical 

implication only (FABRIKA 2006, 2007, SUROVÝ 

et al. 2007). Most frequent coupling of growth 

simulators with GIS is based on vector data. 

Such an information system contains a map of 

forest stands. Boundaries of forest stands are 

defi ned using vector polygons. Each polygon 

contains a position identifi er. A GIS database 

contains records which are linked to individual 

areas. These are very often the results of 

forest inventory with information about species 

composition, their mean characteristics, stock, 

etc. Based on this data, input information for a 

growth simulator is prepared; for example, data 

generated for individual trees (see Chapter 6.10). 

The growth simulator is connected to a database, 

whilst simulation plots contain a sample of every 

forest stand and have an identifi er identical to the 

appropriate forest stand. Subsequently, in the 

environment of geographic information system, 

selection of forest stands takes place. It is 

possible to select a group of forest stands based 

on selected attributes (or a combination), for 

example, using SQL language. A group of stands 

can also be selected by direct multi-selection of 

stands from a map on the computer screen. It is 

also possible to select a single stand by clicking 

on the required polygon. In the selected stands, 

growth simulations will run either directly through 

a defi ned menu item or via a button on the 

toolbar (fi gure 10.31), or indirectly by running the 

growth simulator from a computer disk. When the 

growth simulation is completed, the results are 

inputted into the database that is interconnected 

with stand polygons. In this way, it is possible to 

produce thematic maps of the development of 

selected characteristics over time and carry out 

subsequent analyses.
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Fig. 10.33 The principle of spatial 
interpolation of characteristics using 
geo-statistical methods is also suitable 
for the regionalisation of climatic 
characteristics.
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Apart from the direct connection of growth 

models with GIS, this technology is also used 

for various analyses related to the preparation 

of input data for growth simulations. Very often, 

raster data are used. A suitable example is 

regionalisation of climate characteristics. We will 

demonstrate the approach as it is implemented 

in SIBYLA model (FABRIKA, et al. 2005). The 

method is illustrated in fi gure 10.32. Point data 

of measured precipitation and temperatures 

at meteorological stations in Slovakia are 

input data for regionalisation (522 stations for 

precipitation and 175 stations for temperatures). 

Regionalisation is used to derive the following 

climate variables: the number of days in the year 

with an average daily temperature over 10°C (S
4
), 

annual temperature amplitude which means the 

difference between maximum average monthly 

temperature and minimum average monthly 

temperature (S
5
), average temperature in the 

months from April to September (S
6
), and the 

average sum of precipitation for the months 

from April to September (S
8
). At the same time, 

we have a digital terrain model of Slovakia. It 

is a raster model, which means that Slovakia 

is divided into a regular network of pixels of a 

selected size (90 m x 90 m) and each pixel 

contains data about the average altitude. We will 

create a regression model between altitude and 

a sought climatic characteristic (S
4
 – S

6
, S

8
). For 

the model, we will use data from meteorological 

stations for which we know the altitude as well 

as actual climatic characteristics. It is a known 

fact that climate data change with an increasing 

altitude, for example, the temperature decreases 

and precipitation increases. We derive climatic 

rasters for all pixels in Slovakia using derived 

regression models and the terrain model of 

Slovakia. For meteorological stations, we can 

calculate the differences between the real data 

and the data derived from the regression model. 

We will obtain differences for all meteorological 

stations. The differences only cover those 

pixels in Slovakia where the meteorological 

Fig. 10.34 The infl uence of ground surface on modelling tree competition. When evaluating competition 
of the trees with the same dendrometric parameters (diameter and height of trees, crown parameters and 
tree positions) we obtain different competition pressure depending upon the character of the terrain: a) 
trees on a plane, b) trees on a uniform slope, c) trees in a depression, d) trees on a ridge.

Fig. 10.35 GenRPlot module (KOREŇ 2007) for 
automatic derivation of the terrain model of 
simulation plots in forest stands for modelling their 
development with SIBYLA model.

a) b) c) d) 
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stations are located. Therefore, we carry out 

spatial interpolation of the differences for all 

pixels in Slovakia. The majority of GIS software 

environments contain several tools for such 

interpolation. Therefore, it is suffi cient to select a 

suitable method. In our case, we use IDW method 

(Inverted Distance Weighted) of interpolation 

from the six stations closest to each pixel. Thus, 

we will obtain the raster differences covering all 

pixels in Slovakia. The original climatic rasters 

derived by regression analysis will be corrected 

using the raster of differences. We will carry 

out the correction by adding rasters (map 

algebra method). We will obtain the corrected 

climatic rasters for all four modelled climatic 

characteristics. These rasters maintain the 

values measured in meteorological stations and, 

at the same time, they also determine the values 

for points outside meteorological stations which 

account for altitude as well as spatial variability. 

It is suffi cient to select a pixel which contains the 

simulation plot and, based on its position, we will 

determine all input values for growth simulation.

Geo-statistical methods are also used for 

the purposes of spatial interpolation (UPTON 

and FINGELTON 1989, KÖHL and GERTNER 1992, 

WACKERNAGEL 1998, SCHEER 2002). They are 

based on the principle shown in fi gure 10.33. 

The principle states that points lying close to 

each other have lower variability of values and 

greater auto-correlation than more distanced 

points. For each known point of an area (for 

example, a meteorological station) we select the 

direction of variability evaluation or we evaluate 

the variability regardless of direction. We then 

gradually increase the distance. In individual 

distance zones from each known point we 

determine the differences. We calculate their 

variability and obtain an experimental variogram. 

The x axis shows distances and the y axis shows 

the variability at a given distance. We balance 

the experimental variogram with a variogram 

model that is used for spatial interpolation called 

kriging for all pixels of a raster.

Surface models are also often used in forest 

modelling. They can be in the form of a vector 

(for example, TIN models - Triangulated Irregular 

Network) or a raster. We will give an example of 

both types. In the fi rst case, we defi ne the terrain 

model, which serves to determine the mutual 

position of trees and therefore their competitive 

relationships. The terrain model describes the 

soil surface on which trees are situated. The 

terrain has a signifi cant role when determining 

the intensity of competition pressure. The 

importance of the slope and the character of the 

terrain in modelling competition relationships is 

demonstrated in fi gure 10.34. Even if the trees 

have completely identical parameters (diameters, 

heights, sizes and shapes of crowns, mutual 

positions), competition pressure upon the central 

tree changes. It increases in the direction from 

the ridge, through the plane, a uniform slope to 

the position in a depression. The key problem in 

accounting for these changes is modelling of the 

terrain. Simulation plots usually represent only 

certain representative parts of forest stands and 

therefore, the terrain construction encounters 

methodological problems (PAPAJ 2004). One 

option is random selection of a part of the terrain 

north east south west 

Fig. 10.36 An example of four from eight raster layers used to derive the vertical skyline angle (KOREŇ 
2010b). The rasters illustrate four cardinal points: north, east, south and west. Sought vertical skyline 
angles are determined based on the position of the pixel with the simulation plot. Vertical skyline angles 
are archived in the pixel values. Rasters serve for modelling direct solar radiation to downscale growth 
simulations in SIBYLA model.
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within the stand, with the size of the simulation 

plot. Another option is to place this part into the 

centroid of the stand. A more objective method 

is to construct a circumscribed or inscribed 

object (for example, a square or rectangle) in 

the stand area, to cut this part out of the terrain 

and to reduce it to the size of the simulation plot 

including maintaining the slope ratios. Example 

of how to use the character of the terrain for 

modelling competition relationships is SIBYLA 

model (FABRIKA 2005). A square patch model is 

used for terrain modelling (see chapter 9.4.2). 

A patch model is formed based on a regular 

network of points with a derived altitude. We use 

the tools of the ArcGIS geographic information 

system based on which the GenRPlot was 

created (KOREŇ 2007, fi gure 10.35).

We will demonstrate the use of a surface 

growth model in the second case, which aims at 

deriving the horizon for modelling solar radiation 

(see Chapter 8.1.1 and fi gure 8.3). The model 

was derived for the purposes of process-based 

downscaling of the growth simulator SIBYLA, 

particularly for modelling the amount of solar 

radiation (FABRIKA and MERGANIČ 2010). Based 

on a digital terrain model of the whole Slovakia 

in a 90 m x 90 m grid, the elevation angles of 

the skyline in the direction from the centre of the 

image element (pixel) of the grid to 8 cardinal 

points (north, north east, east, south east, 

south, south west, west and north west) were 

derived in ArcGIS environment (KOREŇ 2010b). 

Vertical skyline angles were determined based 

on modelling the tangent of the terrain in a given 

direction. The result of analysis is eight raster 

layers (one for each cardinal point), where each 

pixel (90 m x 90 m) contains the vertical skyline 

angle. An example of raster layers is shown 

in fi gure 10.36. Based on the geographical 

coordinates describing the position of the 

selected stand, the appropriate pixel is selected 

from the raster layer and the vertical angles of 

the horizon for all eight directions are deducted. 

Using cubic splines (see the algorithm in Chapter 

6.1.2), we will then derive a continuous model of 

the horizon for each azimuth. 

10.7 Programming forest models

Current growth models are too complicated 

to exist as common tables or a set of equations 

that can be solved using pocket calculators. 

Specialised computer programs have been 

created with an adapted user environment and 

functionality. Development of these products is 

a key area in computer aided forest modelling. 

In terms of software development, it is a very 

demanding work that requires the use of 

complicated algorithms and techniques. Apart 

from the complicated mathematical methods, 

advanced functions of database technology, 

GIS technology and computer graphics are 

also used. In case virtual reality is used, the 

complexity of programming can be compared to 

the development of computer games.

The development of forest modelling software 

follows a certain method, especially in terms 

of systematic targeted development. At the 

commencement of development, the algorithms 

and their mutual sequence are prepared. The 

environments of mathematical packages are 

very often used, in which individual algorithms 

can be tested. Usually, the reactions of 

algorithms to inputs and the overall behaviour of 

the model are tested. Matlab, Mathcad or other 

mathematical software can be considered as 

suitable tools. After verifying the algorithms, data 

and functional models of a forest simulator are 

prepared. A data model includes the structure 

of input and output data. It contains database 

tables and the links between them. At the level 

of tables, it defi nes individual items (attributes) 

and their types (domains). It defi nes key items 

(indexes) which serve for identifi cation, search 

and sorting of records as well as for related tables. 

Various diagram techniques for documenting 

a data model, for example, ERD, E-R, ERA or 

ELH diagrams, are used. Description of diagram 

techniques can be found in the publications by 

CHEN (1976), RUSSEV et al. (1993) and FABRIKA 

(2008). A data model therefore integrates 

exogenous, intermediary and state variables, 

and also the system parameters of the model 

(see Chapter 5.1.1). 

A functional model focuses upon the 

mathematical approach of forest modelling 

including the link to a data model and the 

interaction with the user in a user environment. 

To document a functional model, suitable 

diagram techniques, for example, fl ow charts, 

structural diagrams, HIPO, DFD diagrams or 

diagrams by Yourdon and Constantine are used. 

Description of diagram techniques can be found 

in appropriate standards (STN 369030) or in 

the publications by VOLKER and SCHWILL (1986), 
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RUSSEV et al. (1993), DE MARCO (1978), YOURDON 

and CONSTANTINE (1979), FABRIKA (2008). We used 

fl ow charts in fi gure 2.38 in Chapter 2.2.5 and 

fi gures 6.108 and 6.109 in Chapter 6.10.

The physical development of a forest simulator 

is based on writing a program source code. 

This is a notation of a program using symbolic 

expressions of the selected program language. 

It is either an interpretative or a compiled 

language. Interpretative languages translate 

the source code into the machine code of the 

computer, command after command at each 

run of the program. Although they are slower, 

they are independent from a platform and 

computer operating system. In the past, BASIC 

was very popular and currently JAVA is most 

popular. Compiled languages translate the 

source code already during the development of 

the program. They are translated into machine 

code before the program is run. Such simulators 

are faster but dependent upon the platform 

and operating system. C type languages and 

PASCAL are amongst the most popular. In 

terms of programming level, basic, structural, 

modular, object or aspect programming 

approaches are used. Basic programming 

contains one program block which includes 

a list of subsequent commands. Commands 

are executed in the sequence as stated in 

the program, from the beginning to the end of 

the program. Exceptions are return (GOTO) 

commands that go to a defi ned command, which 

causes that the position in the program returns 

to this particular command, and the sequence 

of steps carries on from this position. A typical 

example of such programming language is 

BASIC which contains commands in the form of 

numbered lines and the GOTO command is used 

to go to a particular ’line number‘. Structured 

programming divides a program into program 

blocks which are inserted into the main program. 

It is even permitted to structure the program at 

several levels and therefore insert blocks into 

the blocks. Program blocks are separated using 

dedicated syntax units (commands). The blocks 

may have various functions. For example, they 

may detach a part with defi nitions of types and 

constants, or with declaration of variables, or they 

may defi ne executable program parts. Typical 

executable blocks are procedures and functions. 

A procedure is a program block containing an 

independently executable part. We call it a sub-

program. A procedure has a name and a list of 

input parameters, and it then functions as a new 

language command. This is how a programmer 

can defi ne his own commands and use them (call) 

when necessary. The function is then a special 

example of a procedure and its typical property 

is that after it fi nishes, it returns the value with 

the type pre-defi ned by the user. The returned 

value may then be directly inserted in another 

variable by assigning a function. The creation 

of independent program units which may share 

their code is typical of modular programming. 

They are most frequently implemented as 

individual fi les with a source code. These units 

usually contain a thematically orientated list of 

defi ned types and constants, declared variables, 

procedures and functions. It could, for example, 

be a module for modelling competition or a 

module for modelling mortality. Program modules 

may then share their code, which means that 

from one module we can call the program blocks 

that are in another module. For object-oriented 

programming is typical that it creates classes 

of objects which include (encapsulate) data, 

methods and properties. These classes have 

a special position or functionality, and defi ne 

a set of all entities, which use this position 

or have the given functionality. Classes then 

form a hierarchical ’family tree‘, whilst it is 

valid that a class derived from its predecessor 

basic 
programming 

structured 
programming 

modular 
programming 

object-oriented 
programming 

aspect-oriented 
programming 

Fig. 10.37 The evolution principle of the level of 
programming. Programming level situated higher 
in diagram contains all features of lower levels in 
the diagram.
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inherits all its properties. A derived class is 

called a ’descendant‘ and the ’predecessor‘ is 

called a ’parent‘ or an ’ascendant‘. However, 

descendants may also change their properties 

obtained from an ascendant by modifi cation 

called polymorphism. Objects (instances) that 

represent a particular output of the given class 

of objects are then initialised in the program. 

Individual objects react to each other via so 

called events. It is a particular situation to which 

the object is sensitive. If such a situation arises, 

the object is activated and performs its pre-

determined program code. An event may be, 

for example, a click of the cursor on an icon or 

selection of an item from the program menu. 

Aspect-oriented programming attempts to 

assist the programmer in creating so called 

concerns, i.e. it breaks the program into clear 

parts which in their functionality overlap as little 

as possible. It focuses upon modularisation and 

encapsulation of cross-cutting concerns. Above-

mentioned programming levels, from procedural 

to object-oriented, also focused upon dividing 

the code into individual parts, for example, 

procedures, modules, classes, etc. However, 

some entities are diffi cult to be separated into 

individual parts. We call them cross-cutting 

concerns since they exist in several parts of the 

program. Implementation of aspect-oriented 

programming is based on encapsulating of these 

cross-cutting concerns via the introduction of a 

new constructor called an aspect. An aspect can 

change the behaviour of the basic code of a non-

aspect part of a program by applying so called 

advice to program pointcuts. Pointcuts may, for 

example, consist of all references to a certain set 

of properties. The evolution applies to individual 

programming levels (fi gure 10.37) which means 

that a higher level is an extended version of the 

lower level. The fi nal result is that the evolutionary 

highest language contains all features from the 

lowest level up to the given level.

Specialised software environments called 

RAD tools are currently used to facilitate 

Fig. 10.38 An example of modular construction of a forest simulator. Individual units are specialised for 
selected parts of the simulation process and prognoses of forest development. An example comes from 
the complete structure of SIBYLA Suite software (FABRIKA 2010).
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routine programming activities. RAD is short for 

Rapid Application Development which means 

tools for quick development of applications. 

These programs contain a well-prepared user 

environment, which assists in developing 

software using a simple and a clear method. 

For example, a visually oriented method assists 

the developer in assembling a program from 

predefi ned components. Components are 

modifi ed and amended to meet the required 

functionality. It is important that a source code 

skeleton is automatically generated. This 

skeleton is then supplemented with types, 

variables, procedures, functions and properties, 

or a performance code for the appropriate events 

of the object is added. In this way, programming 

also becomes widely accessible to even less 

experienced users and is not just limited to 

very experienced programmers. Even in forest 

modelling, it has currently become apparent that 

developers from forestry-oriented specialists 

create the best forest simulators in terms of their 

functionality. Even in terms of the complexity 

of problems, they prevail over IT specialists. 

Team work of forestry-oriented specialists 

and IT specialists is best. From the most often 

used RAD tools for the development of forest 

simulators, we can mention Visual Basic, Visual 

C++ and Delphi.    

The levels of programming and used RAD 

tools describe the approach of simulator 

developers to programming, and are often 

hidden for simulator users. For program users, 

the character of the resulting forest simulators is 

important. They can either be classical desktop 

(standalone) applications, or applications which 

are linked to a network environment. Desktop 

applications are installed in a particular computer 

whilst all the software is integrated into its 

operating system environment. It is run from a 

given computer and a given operating system. 

Software is physically installed in the computer 

hardware and is hardware dependent (for 

example, SILVA, SIBYLA, MOSES, BWINPro, 

GOTILWA+, Biome-BGC, PICUS, GroIMP, 

etc.). Network-oriented forest simulators may 

use fat clients, thin clients or zero clients. Fat 

client is software in a computer (client) in client-

server network architecture, which is run within 

an operating system of a given client and its 

functionality is mainly on the client’s side. It is 

also called a strong client, or a thick, heavy or 

rich client. Fat clients are usually applications 

that use data or databases stored on a server 

whilst the client works with the data. Typical 

examples are programs for work with virtual 

reality in forest visualisation, such as the Marco 

Polo 3D Explorer module based on Blaxxun 

name of the 
model

type of the model link for download

3-PG
eco-physiological 

big leaf model
http://www.fsl.orst.edu/~waring/3-PG_Workshops/Workshop-

Contents.htm

Biome-BGC
eco-physiological 

big leaf model
http://www.ntsg.umt.edu/project/biome-bgc

BWINPro
distance-indepen-
dent tree empiri-

cal model 
+http://www.nw-fva.de/index.php?id=194

GOTILWA+
eco-physiological 
model of an aver-

age tree
http://www.creaf.uab.es/gotilwa%2B/

GroIMP
tree functional-

structural model

http://wwwuser.gwdg.de/~groimp/grogra.de/software/groimp/

index.html

JABOWA III tree gap model http://www.naturestudy.org/services/jabowa/

PnET
eco-physiological 

big leaf model
http://www.pnet.sr.unh.edu/index.html

SIBYLA
distance-depen-
dent tree semi-

empirical model 

http://etools.tuzvo.sk/sibyla/slovensky/model.htm

Tab. 10.1 List of some freely accessible forest models (freeware and shareware).
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Contact 3D component from SIBYLA simulator 

or a GIS superstructure for simulating a forest, 

such as TerraExplorer within SIBYLA model 

(FABRIKA 2007a, b, 2010). Both modules use data 

from a server, which means a description of a 

virtual forest, or a geographic database, whilst 

the operations themselves such as movement in 

a virtual forest or a fl ight above the terrain model 

are processed on the client’s side. Thin client 

is client software in a client-server environment, 

which for its functioning requires that the 

data will be processed by the server. It is also 

called a lean client or a slim client. The client 

contains its own operating system which serves 

as an environment to run a suitable interface 

for communicating with the server. These are 

typically internet browsers such as Internet 

Explorer, Mozilla Firefox or Opera. In such a case, 

a forest simulator functions as a web application. 

Web services, which are programmed using 

C# (C sharp) language, or ASP.NET, PHP or 

JAVA platforms, are very often used. A high 

performance computer is not required for working 

with such forest simulators. It is suffi cient to have 

a faster internet connection. Forest models 

running on a thin client platform are currently 

being developed. Their advantage is that their 

upgrades take place only on the server. The 

clients do not have to exchange their installation. 

The future in forest modelling will also probably 

be affected by promising new technology based 

on zero client. The concept is also called ultra-

thin client. In this case, a client’s hardware does 

not need a fully functioning operating system. 

It only uses basic core software (kernel) which 

initialises the network, contains a network 

protocol and provides a display of results from 

the server. In this case, hardware requirements 

are minimised just to a monitor, keyboard and a 

central lightweight unit.

Network versions of forest models promise 

wider accessibility. This is either totally free or 

controlled via authentication and authorisation. 

Authentication is carried out via logging in into 

the system based on a username and password. 

Authorisation addresses the assignment 

of rights the user has when modelling a 

forest. Models based on desktop applications 

(standalone) are accessible upon request from 

the model developers or by downloading it from 

the internet. Since these programs had often 

been created within various institutional research 

projects in an academic environment, and due to 

the fact that they are mainly orientated towards 

a narrower user group, they are often freeware 

or are provided for a symbolic fee after previous 

testing of the software - shareware. We list 

some of them in Table 10.1. The models are also 

sometimes distributed with their source code - 

open source. A suitable example is TreeGrOSS 

simulator (NAGEL 2003). Users have the possibility 

to modify the simulator. They should inform the 

main developer of any changes and they should 

also make the changed source code public for 

further use.

Since modelling a forest is a very complex 

issue which covers a number of processes, 

modular construction of forest simulators has 

shown to be very promising. The program is 

controlled by a control module which administers 

running and cooperation between individual 

modules. Communication between modules is 

performed via changing data in the database or 

via a change in the confi guration fi les. Example 

of modular construction of tha growth simulator 

(FABRIKA 2010) is in fi gure 10.38.

Modelling and the development of forest 

simulators is currently developing at an 

unprecedented tempo. A number of models and 

software products are being created. They differ 

in many basic features as well as in the number 

of details and it is very diffi cult to get the picture 

of them. Therefore, in the world and in Europe, 

some efforts are being made to clarify the 

situation and standardise model descriptions. 

In Europe conditions standardisation created 

by the German Union of Forest Research 

Associations (DVFF – Deutscher Verband 

Forstlicher Forschungsanstalten) in 2000 is 

used (PRETZSCH et al. 2002). It is an example of 

creating metadata of models which should be 

a part of each forest modelling clearinghouse 

(see Chapter 10.5). It introduces a certain 

standard into the description of models. The 

description should contain information about the 

modelling approach, the scope of application, 

demands and methods for parameterisation 

and calibration of the model, a list of inputs and 

outputs, options for directing a simulation, the 

structure of the growth model and supplementing 

algorithms, data about the precision, bias and 

accuracy of the model, documentation related 

to software and hardware requirements. Further 

information can be found in publications by 

PRETZSCH et al. (2002) or in Chapter 12.3 of the 

book by PRETZSCH (2009).
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10.8  High performance computing 

methods in forest modelling

Growth models are often constructed for 

the hierarchy level of a tree or a tree organ. Of 

course, such models are much more complicated 

than classical stand models. They require greater 

calculation performance and are more demanding 

in terms of calculation time. Some models use 

stochastic properties which allow repetition of 

a simulation with different results. Based on the 

varying results, it is then possible to consider 

the precision range or carry out statistical tests 

of the differences between various variants (see 

Chapter 3.5). If, e.g. for the same initial data we 

generate the structure of a simulation plot ten 

times using a tree coordinate generator and we 

also carry out forest development simulation 

with stochastic properties ten times, we will 

obtain one hundred different variants. If we 

have for example twenty such stands in order to 

capture several forest types, and if we have two 

different scenarios of the development of climatic 

characteristics and fi ve different methods of forest 

management (thinning regimes), we obtain a total 

of 20,000 resulting variants. If a simulation of 

one variant takes approximately one minute, we 

will come to a resulting time of 20,000 minutes, 

which is 13 days, 21 hours and 20 minutes. High 

performance calculation techniques are used for 

such purposes. We will address their utilisation in 

this Chapter. It is a very wide issue and therefore 

we will only touch on its principles. Further 

information about the mentioned problematics 

can be found in appropriate literature (DOWD 1993, 

QUINN 1994, KUMAR 2002, BERMAN et al. 2003).

The following technology may currently be 

used to shorten the extensive forest development 

simulations: super computing, cluster computing, 

grid computing and cloud computing. Their use 

is based on suitable forest simulator architecture, 

which allows processes to be divided into smaller 

parts and subsequently to be processed in 

parallel. So called batch or command line 

architecture brings many advantages. They divide 

the simulation process into several modules 

that communicate between each other using 

database fi les or external confi guration fi les. 

We will demonstrate the principle using SIBYLA 

model with modular construction addressed in 

the previous Chapter. The condition is that all 

simulation settings that are normally carried out 

interactively via a dialogue menu of modules could 

also be carried out via settings in confi guration 

fi les (e.g. a ’run.ini‘ fi le). All inputs and outputs of 

the simulation are stored in an external database. 

For example, in STRUGEN table of the database 

structure shown in Figure 10.24, we set the 

’fi lter‘ item to 1 for those stands (’stand‘ item), for 

which we wish to generate the structure. In the 

’repeatStructure‘ item, we set the value to 10 

which will ensure the repetition of the structure 

generation ten times. In the ’run.ini‘ confi guration 

fi le, we specify the path to the database fi le and 

set the following parameters:

Calculate=True

Close=True

Object=All

Age=True

Storey=False

PeriodNumber=10

PeriodLength=5

NewTables=False

The parameters state that after the Generator 

module is activated, structure generation should 

start automatically (Calculate=True), and after the 

completion of generation, the program should 

close (Close=True). We carry out generation for all 

fi ltered plots (Object=All). The input age is kept the 

same during generation (Age=True), and the plot 

is not to be divided into storeys (Storey=False). 

Generation is prepared for 10 periods of simulation 

(PeriodNumber=10) with a period length of 5 years 

(PeriodLength=5). Site and thinning data will 

not be generated, but the data from the SITES, 

PROGNOSIS and THINNINGS (NewTables=False) 

tables will be used. The Generator module is 

started after this preparation. Particular database 

tables are created after generating the structure 

of plots (for example PLOTS and INITIAL). At the 

same time, the ’fi lter‘ item in the PLOTS table is 

set to 1 for generated areas. Afterwards, we can 

prepare the simulation itself for the Prophesier 

module. In the ’run.ini‘ confi guration fi le, we set the 

following parameters:

Calculate=True

Close=True

Mortality=True

Residual=True

EdgeEffect=True

repeatPrognosis=10
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We again set an automatic start of the simulation 

(Calculate=True) and closing of the program at the 

end of simulation (Close=True). We activated the 

mortality model (Mortality=True), the stochastic 

component of diameter and height increment 

(Residual=True) and the correction of edge effects 

(EdgeEffect=True). We inputted the number 

of prognosis repetitions (repeatPrognose=10). 

Then, we just run the Prophesier module. After 

the simulation, all the results for individual trees 

are stored in the appropriate database tables 

(for example, INDIVIDUAL and ELEMENTS). 

Using a similar method we can subsequently 

run also the Calculator module, which will 

produce summary tables of results (for example, 

PRODUCTION, BIOMASS, BIODIVERSITY, 

COSTS and RETURNS tables). The preparation 

of a database, confi guration fi le and calling of 

modules can be carried out externally using 

a special program or in another software 

environment using a macrolanguage. It is 

important that modules are run in series, which 

means that each module waits until the previous 

module is fi nished. From such software structure 

there is only a small step to high performance 

computing. The simplest method is to divide 

Fig. 10.39 The Blue Gene/P supercomputer from the National Laboratory in Argonne (fi gure extracted 
from Wikimedia Commons).

Fig. 10.40 A Beowulf-type cluster of several 
identical commercial computers connected in a 
local network (fi gure extracted from Wikimedia 
Commons).
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databases into several parts, for example into 

individual plots or small sets of plots, and start 

these simulations on several computers in 

parallel. The fi nal databases are then combined 

into one database, in which the analysis of the 

results is performed, or they are integrated into a 

data warehouse. A similar method for shortening 

the simulation time was also used for analysing 

the future of forests in Beskydy Mountains and in 

Central Europe under the conditions of climate 

change using the growth simulator SIBYLA 

(HLÁSNY et al. 2010 and 2011).

The future of simulations is their even 

better integration into the technology of high 

performance computing. We will now briefl y 

introduce this technology. High performance 

computing is abbreviated to HPC. It integrates 

system administration and parallel programming 

into a multi-disciplinary area, which combines 

digital electronics, computer architecture, system 

software, programming languages, algorithms 

and computer techniques. HPC technology 

is currently shifting from supercomputing into 

cluster, grid or cloud computing.

Supercomputing uses supercomputers. 

Supercomputers are currently the best from the 

point of data processing capacity, particularly 

the speed of calculations. They are used 

for resolving the tasks, which require time-

demanding calculations such as tasks from the 

fi eld of quantum physics, weather forecasting, 

climatic research, molecular modelling and 

graphic accelerator accelerator of 
physical processes multi-channel 

sound card 

speakers 
or headphones 

wide screen or data projector 

Fig. 10.41 Standard hardware for visualising a forest in virtual reality.
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physics simulations. Commercial products 

are currently produced by Cray, IBM, Hewlett-

Packard and others. Today’s supercomputers of 

highest performance use hundreds to thousands 

of processors (CPUs) of server class such as 

PowerPC, Opteron, Xeon and coprocessors 

such as NVIDIA Tesla GPUs, AMD GPUs, 

IBM Cell, FPGAs, etc. Figure 10.39 shows an 

example of a supercomputer called Blue Gene/P 

from the National Laboratory in Argonne.

Cluster computing is based on a group of 

freely linked computers which closely cooperate, 

so from some points of view we can say that it is 

one robust computer. Clusters consist of several 

independent (standalone) computers mutually 

interconnected via a computer network. The 

most typical example of a cluster is the Beowulf 

cluster, which consists of several identical 

commercial computers interconnected using 

a local Ethernet network based on a TCP/IP 

protocol (fi gure 10.40). Computers are placed 

in special racks and are situated in specially 

prepared air conditioned rooms with reduced 

dustiness.

Grid computing is a highly distributed form 

of parallel data processing. It is based on the 

Fig. 10.42 Elumens Vision station displays an image on a wide parabolic screen which gives the image a 
strong immersive nature (fi gure extracted from the Elumens website).

Fig. 10.43 A data glove 
provides interaction 
between the user 
of the virtual world 
and the objects of 
the virtual world. It 
allows touch and 
simple manipulation of 
objects.
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use of computers communicating via internet 

that work on a common problem. The majority of 

grid computer applications use middleware. It is 

software located between an operating system 

and applications. It serves for processing and 

managing network sources and for standardising 

software interface. The most common 

middleware architecture is BOINC (Berkeley 

Open Infrastructure for Network Computing). Grid 

software often uses the saving regimes of shared 

computers so that the calculations take place 

when the hardware is not used. Many applications 

based on grid architecture were created under 

known academic projects. The most well-known 

include SETI@home and Folding@home. The 

SETI@home project is a distributed project 

that uses computers connected to the internet 

via BOINC infrastructure. It is operated by the 

University of Berkeley, California, in the United 

States. The project focuses upon the search 

for extra-terrestrial intelligence in universe 

by analysing the samples of signals from the 

largest radio telescope in the world situated 

in Arecibo. Thanks to the project focus, this 

project is one of the most popular within the 

BOINC infrastructure. In September 2001, it 

was using more than 3 million computers. The 

Folding@home project was established for 

demanding computing simulations of protein 

folding and other molecular dynamics in order to 

enhance chemical methods. It was created on 

1st October 2000. It is currently managed by a 

group of chemists at Stanford University under 

the guidance of Professor Vijay Pande. In August 

2009, this grid network achieved the connection 

of 350,000 computers.

Cloud computing represents a model of 

the development and the use of computer 

technology based on the internet. It can also 

be characterised as the provision of services 

or programs stored on servers on the internet, 

allowing users to access it using, for example, a 

a) 

b) 

c) 
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Fig. 10.44 Motion Capture technology allows transfer of user’s complex movement into the virtual world 
environment: a) placement of sensors on user’s key points, b) principle of optical recording of movement, 
c) mechanical recording of movement (fi gures are extracted from the websites of producers and system 
suppliers).
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web browser or the client of a given application 

and use it practically from anywhere. Users do 

not pay (under the assumption that the server is 

paid for) for their own software but for its use. 

The choice of applications varies from offi ce 

applications, through systems for distributed 

calculations, up to operating systems in 

browsers, such as eyeOS, Cloud or iCloud. Cloud 

computing can also be the source for the use of 

shared calculation in a distribution network. It is 

an extended form of grid technology.

10.9  Advanced techniques in forest 

visualisation

Displaying the results of forest growth 

prognoses via forest visualisation or using 

a virtual forest signifi cantly improves our 

perception of the fi nal forest and, at the same 

time, enhances the experience and provides 

new options. The development in computer 

technology is also signifi cantly refl ected in 

the development of computer graphics and in 

the development of 3D technology based on 

stereoscopy. Forest visualisation is supported 

by high-powered hardware. Nowadays, a virtual 

forest can be displayed using normal computing 

technology. Processing rate and the quality of 

perception is provided by appropriate hardware 

(fi gure 10.41). It can be a powerful graphics 

card (accelerator) such as, for example, nVidia 

GeForce or ATI Radeon, or possibly also an 

accelerator of physical processes, a sound 

card, optimally with a 5.1 channel regime (Dolby 

Digital or DTS) with speakers or Dolby Digital 

headphones and a wide screen (LCD, plasma or 

LED), or a data projector. Specialised versatile 

software is responsible for the full use of the 

hardware. Smooth display of three dimensional 

graphics and working with multimedia is provided 

by API (Application Programming Interface) 

program library. Typical API libraries are OpenGL 

(Open Graphics Library) or DirectX. OpenGL 

is an industrial standard specifying a multi-

platform interface for accelerated graphics cards 

Fig. 10.45 A virtual 
cave as equipment 
for interactive and 
immersive movement 
in a virtual forest. A 
virtual cave project 
from Slovakia 
Supercomputers 
Košice constructed by 
Technical University of 
Zvolen (photo: J. JUNEK 
2013, technical layout 
in ArchiCAD 15.0: D. 
BÚRYOVÁ 2013)
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or whole graphics sub-systems. It serves for 

the creation of applications working mainly with 

three dimensional computer graphics rewritten in 

real time. It is used for the creation of computer 

games, CAD programs, virtual reality applications 

or for scientifi c-technical visualisations. DirectX 

is a collection of programming interfaces for 

multimedia applications (mainly computer 

games) running solely on Microsoft Windows 

platform. Unlike OpenGL, DirectX covers 

almost the entire multimedia area, i.e. not only 

three dimensional graphics (Direct3D) but also, 

for example, working with two dimensional 

vector graphics (Direct2D) and raster graphics 

(DirectDraw), playing soundtracks (DirectMusic), 

working with sound records (DirectSound), 

communicating via a local or a global computer 

network for smooth sharing of multimedia 

(DirectPlay), etc. Apart from these common 

API libraries, there are also other additional 

tools such as SDK (Software Development 

Kit) libraries. Amongst the most well-known is 

PhysX used for the work with physical effects or 

Euphoria for animating the movement based on 

common physical properties and the anatomy 

of an organism (skeleton, muscles and nerve 

system).

Teacher 

Student 

CHAT 

SESSION 

unlimited 
movement 
(AVATAR) 

tree infomation 
in 

CONSOLE 

felling 

jump to next 
period or plot 
(crystall ball) 

thinned 
tree 

future 
crop tree 

Fig. 10.46 A virtual sphere serves for active 
transfer of user’s movements (walking or 
running) into a virtual world environment. A three 
dimensional image is provided via a virtual reality 
helmet.

Fig. 10.47 Sharing of a virtual forest in an internet browser environment.
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In order to achieve an immersive level of virtual 

reality (see Chapter 9.7.1), hardware systems 

that improve the visual perception and systems 

for movement recording for the interaction with a 

virtual world are used. Enhancement of visual 

perception may be achieved, for example, by 

using large parabolic monitors (fi gure 10.42) or 

classical stereoscopy using 3D spectacles or 

helmets for virtual reality (see Chapter 9.6.2). 

movement recording may be provided, for 

example, using a simple data glove (fi gure 10.43) 

or using a Motion Capture type systems which 

contain magnetic, optical or mechanical sensors 

on the user’s body to transfer his movement into 

the virtual world (fi gure 10.44). Virtual caves and 

virtual spheres are amongst the most advanced 

systems for interactive and immersive movement 

in a virtual world. A virtual cave (cave system) 

represents a ’surround screen‘ and ’surround 

sound‘ type system. It is a system based on cubic 

projection on the walls of a large cube. The user 

is inside the cube. He wears 3D spectacles and 

holds equipment for the control of movement in 

his hands (for example, a space pilot, or a game 

pad). A stereoscopic image is projected on 

the inner walls of the cube. The image is most 

frequently transferred using back projection 

from an assembly of projectors and mirrors 

(fi gure 10.45). There are also several speakers 

in the cube and they provide a spatial acoustic 

perception. A virtual sphere is equipment which 

actively transfers user’s movement (walking or 

running) into a virtual world environment. The 

user is inside the large sphere. The sphere 

is fi xed at one point with a system of rotation 

sensors. The person walks or runs inside the 

sphere and thus turns (rolls) the sphere on the 

rotation sensors. The sensors control user’s 

movement inside the sphere (fi gure 10.46). A 

three dimensional image is provided via a virtual 

reality helmet.

By joining the technology of a virtual cave or 

a virtual sphere with a data glove (or another 

Motion Capture system) and a growth simulator, 

sophisticated forest training tools can be 

developed (FABRIKA 2007a). A user marks trees 

for thinning with a data glove, and the growth 

simulator teleports the user into the forest future. 

In this way the user may get a strong sense of 

the forest’s reaction to performed thinnings. 

The system allows the user to analyse the 

consequences of the long term infl uence of 

management upon the forest ecosystem in real 

time. It can therefore be used as a teaching aid 

for training of various management measures of 

forest tending, and for subsequent evaluation 

of their infl uence upon the structure, production 

and ecological stability of the forest. Since such 

feedback does not exist in forestry practice 

(the cycle of a forest stand is circa 100 years), 

this tool appears to be a pioneering form of 

educating forestry students. Another advantage 

is that a student does not need to be afraid of 

experimenting with a stand because after the 

total disturbance of stand structure and stability, 

he has the option to return to the initial state, 

which is impossible in the real nature. The 

training process is reminiscent of a computer 

game, even if we only use a personal computer 

with a model of a virtual forest and a growth 

simulator, without a virtual cave or a virtual 

sphere. This is currently the simplest, cheapest 

and therefore most accessible form of a forest 

training tool. A virtual forest may even be shared 

on the internet with students around the world, 

who can have online discussions between 

themselves and with lecturers about the results 

of individual interventions into a forest ecosystem 

(FABRIKA 2007b and 2010). The results of growth 

simulations carried out using an application 

server are stored on a web server as a series 

of virtual stands, for example, in VRML format. 

Using a web browser, clients (students and 

teachers) log in to a server for sharing virtual 

worlds and select the virtual forest in which 

they would like to appear together. The server 

provides connection to a virtual forest in the form 

of sessions, unlimited movement in the virtual 

forest using ‘avatars’ and mutual monitoring of 

this movement. Movement is usually animated. 

Users see all the ‘avatars’ and can mutually 

communicate via chat (or voice) and various 

gestures of their ‘avatars’. An example is shown 

in fi gure 10.47.
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Summary

Progressive methods are currently used 

when collecting data for forest modelling. 

Computer-aided fi eld data collection in 

the fi eld uses various electronic recording 

callipers (fi g. 10.4), laser range fi nders or 

laser hypsometers, electronic compasses 

and fi eld portable computers (fi g. 10.6) 

which contain special Field GIS software. 

Navigation tools using global navigation 

satellite systems are used for navigation (fi g. 

10.7). A combination of these technologies 

(fi g. 10.8) allows automated collection of a 

number of dendrometric data about forests 

(fi g. 10.9). Terrestrial laser scanning (fi g. 

10.10) can record clouds of points (fi g. 10.12) 

that contain spatial coordinates (or attributes) 

of individual objects in a forest ecosystem 

(fi g. 10.11). It captures the whole surrounding 

area at a particular density and based on this, 

the following characteristics can be derived: 

stem shapes (fi g. 10.13), tree biomass (fi g. 

10.14) or stand structure. Methods of remote 

sensing allow us to derive some tree or stand 

characteristics suitable for forest modelling 

from aerial and satellite images (fi g. 10.15). We 

are able to derive crown shapes (fi g. 10.17) as 

well as tree positions using high-resolution 

images. Hyperspectral imaging (fi g. 10.18) 

helps to derive some qualitative attributes 

of trees and stands. Aerial laser scanning 

(fi g. 10.19) allows to model surfaces and 

tree heights can be derived (fi g. 10.20). The 

vegetation index method helps with obtaining 

some important timing points for modelling a 

phenological curve. A large amount of input 

data and the results of growth simulations 

are archived using database systems. A 

relational database model is often used, 

which can be described using ERA diagrams 

(fi g. 10.21). The diagrams describe cardinality, 

partiality, generalisation and specialisation of 

the relationships between tables (fi g. 10.22 

and 10.23). Operations with tables are carried 

out on the base of relational algebra and 

SQL language. Computer programmes 

for forest simulators often use an object 

functional model (fi g. 10.25). A model uses 

classes which contain encapsulated data 

items, methods and properties. Classes are 

hereditary; their  components are polymorphic 

and are controlled by events. Classes 

fi gure in models based on their activation 

via objects. Knowledge-based or expert 

systems are used to resolve complicated 

problems related to the forest models which 

do not have an explicit algorithm, which 

contain elements of uncertainty and are 

based upon experience and intuition. They 

are connected to knowledge base which 

often uses production rules (fi g. 10.26). 

Elements of uncertainty are resolved via 

fuzzy based functions (fi g. 10.27). Methods 

may, for example, serve for selecting an 

optimal variant for forest management on the 

base of the results of growth simulations (fi g. 

10.28). A large amount of data produced by 

growth simulations can be archived in data 

warehouse. Data warehouse uses multi-

dimensional structures (fi g. 10.29) called 

OLAP cubes (data cubes). They allow new 

patterns to be derived using data mining 

technology. Multi-dimensional databases 

contain related tables of dimensions and 

tables of facts (fi g. 10.30). Centres for 

clearinghouse are used to facilitate search 

and access to data. Forest modelling is linked 

to a geographical area. It uses methods 

of geographical information systems 

which, for example, serve for the creation of 

simulation systems linked to maps (fi g. 10.31) 

for regionalisation of input characteristics 

for forest modelling (fi g. 10.32 and 10.33), 

for modelling the infl uence of the terrain 

upon tree growth (fi g. 10.34), for modelling 

elevation of a skyline in order to ascertain the 

amount of direct solar radiation (fi g. 10.36) 

and more. Programming of forest models is 

a key problem in the development of forest 

simulators. It uses interpretation or compilation 

languages, basic, structured, modular, object-

oriented or aspect-oriented programming (fi g. 

10.37) and various RAD tools. Applications 

can function as standalone, fat client, thin 

client or zero client. They can be commercial, 

freely accessible (tab. 10.1) or ’open source‘. 

Modular creation of software is frequently 

used (fi g. 10.38). Due to the fact that forest 

models are demanding in terms of algorithms 

and time, high performance computing 

methods are used. Software architecture 
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is often suitable for parallel computing and 

uses the technology of supercomputers (fi g. 

10.39), clusters (fi g. 10.40), grid networks or 

cloud networks. For a graphic display and 

virtual reality of a forest, powerful hardware 

(fi g. 10.41) and standardised software 

(OpenGL, DirectX, PhysX, Euphoria) are 

used. To achieve an immersive level of virtual 

reality, for example, parabolic monitors (fi g. 

10.42), stereoscopic systems, 3D glasses 

and helmets, data gloves or magnetic, optical 

or mechanical systems for capturing motion 

(Motion Capture, fi g. 10.44) are used. Virtual 

caves (fi g. 10.45) or virtual spheres (fi g. 

10.46) are used. A virtual forest can be shared 

in an internet environment (fi g.10.47).
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trees 319

Model of threshold stand density 320

Model parameterisation 152

Model precision 146

Model PROGNAUS 217

Model SIBYLA 215

Model SILVA 215

Model STAOET 225

Model TREEDYN 229

Model validation 152

Modelling skyline 419

Modelling stand macrostructure 293

Modelling stand microstructure 294

Modelling tree competition 299

Monopodial development 401

Monotonous structure 400

Monte Carlo method 141, 155, 325, 327

Morpheme 374

Morphological curve of a crown 247, 250

Mortality 315, 316, 317, 456

Mortality discriminant function 318

Multiplication growth model 352

Münch theory 449

N

Natural cubic splines 239

Natural forest 36

Natural mortality 315, 316

Natural stocking 281

Nitrogen cycle 46

NWP models 462

O

Object functional model 537

Occam razor 97

"Off-the-shelf" systems 442

Omega factor 441

Ontogenesis 87

Optimum basal area 187

Optimum stocking 281

P

Painter ś algorithm 489

Pair correlation function by Stoyans 280

Parallel processing 556

Parallel projection 485 

Parametric equation of a curve 478

Pedotransfer functions 435

Penman-Monteith equation 431

Percent canopy cover 282, 285

Perspective projection 487

Phenological curve 456

Phenological phases 456

Phenology 456

Photographic models 505

Photorespiration 448 

Photosynthesis 58, 442

 Photosynthesis model according to Farquhar 

and von Caemmerer 445

Photosynthetically active radiation 48

Phyllotaxy 389

Phylogeny 87
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Phytothrons 84, 442

Pipe-model 454 

Pipe-model theory 454

Plot models 508

Poisson forest 272 

Polar coordinates 474

Polymorphic interpolation 356 

Population 33

Population models 224

Pressler rule 451, 454

Primary production 464

 Gross 464

 Net 464

Process-based models 197, 199

Programming of forest models 551

Proportional model of photosynthesis 442

R

Ray tracing model 427, 504

Reduced area 282

Refl ected radiation 48, 423

Regeneration elements 346

Regression analysis 124

Regression model of growth 347

Reineke rule 172, 286, 320, 459

Relational data model 535 

Relative growth rate 162

Relative increment 162

Relative variance by Clapham 276

Remaining score of a tree 336

Remaining stand 120

Remote sensing 530

Removal stand 120

Removal function 262, 342

Removal score of a tree 336

Reproduction of variability 139

Respiration 59, 448

Risk 322

Root 53, 361

Rule 97

S

Saturated water capacity 434

Segregation index according to Pielou 291

Selection forest 41, 102, 260, 268, 270, 342

Self-similarity 374

Self-thinning 459 

Senescence 458

Sensitivity analysis 152

Sharing of virtual forest 563

Shelterwood forest 39

Sierpinski triangle 375

Signal 90

Simulation 194

Simulator 152, 194

Skyline (horizon) 49, 419

Sociobiology position of a tree 333

Soil hydro-limits 434

Soil moisture 434

Solar constant 421

Solar declination 49, 419

Solar inclination 49, 419

Solar radiation 47, 420

Solar rectascence 49, 419

Solar trajectory 418

Species 33

Species models 224

 Species profi le index according to Pretzsch 

288

Specifi c leaf area 463

Spherical densiometer 283

Spherical projection 490

Stand density 172, 281

 Stand density index according to Reineke 

(SDI) 286

Stand diameter structure 256 

Stand models 508

Stand site class 185

Stand spatial structure 85

Stand structure generators 293, 360

State variables 101, 195, 360, 409, 462

Static vegetation models 205

Stefan-Boltzmann constant 438

Stem 54, 236

Stem analyses 81, 236, 350

Stem profi le 238

Stem shape 236

Stereoscopy 492

Stocking 281

Stochastic model 140

Stomatal conductance 440

Stress 458

Strip method 349

Structural models 197, 199, 210

Succession 35

Successional line 35

Successional models 202

Successional stage 35

Supercomputing 558

Surface run-off 44, 433

Surfaces of revolution 479 

Symmetrical and asymmetrical crowns 252
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Sympodial development 401

System 71, 79-94, 195

System analysis 94

System behaviour 102

System diagram 99, 106, 436

System parameters 101, 363, 410, 466

System reaction time 73 

System regulation 76

System steering 76

System structure 105

System synthesis 94

T

Tabular stocking 281

Tangent method 350

Taper curve of a stem 238, 240-243

Target frequency curve 342

Terrestrial laser scanning 526

Theory 97

Thin client 555

Thinning indices 343

Thinning line 343

Thomasius function 178

Time series 81

Topological and fractal dimension 375

Topological model 399

Topology of tree organs 399 

Total current increment 122

Total mean increment 122

Total stand 120

Total volume production 121, 123

Touch sensors 396

Transfer function 265

Transformation function of a system 72

Translocation 63, 449

Transpiration 43, 430, 439

Tree architecture 399

Tree designers 510  

Tree diameter 119

Tree eco-physiological models 208

Tree functional-structural models 210

Tree gap models 219

Tree height 119

Tree models 202

Tree patch models 219

Tropism 57, 403 

Tropism vector 403

Turtle graphics 373

Two phase Ritchie model 432

U

Unimodal function of dose and response 176

Unimorphic interpolation 356 

Upscale 203

V

Vegetation indices 535

Vegetation zones 31

Vertical stand profi le 474 

Virtual cave 563

Virtual forest 500, 563

Virtual sphere 563

Vitality 458

Volume equations 245

Voxel space automata 404

VRML 496

Vulnerability 322

W

Water cycle 43

Water potential 61, 434

Weather generators 461

Wilting point 434

Y

Yield function 160, 167

Yield level 186, 348

Yield tables 18, 202, 224, 347

Yoda‘s rule 173, 459

Z

Zenith angle of the sun 49, 419 

Zero client 555
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